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Abstract
We study Schrödinger operators on metric and discrete
decorated graphs. The values taken by the integrated
density of states (IDS) on spectral gaps are called gap
labels. A natural question is which gap labels can
occur. We answer this for graphs arising from uniquely
ergodic one-dimensional dynamical systems by proving
Johnson–Schwartzman gap-labeling theorems in both
the metric and discrete settings. Our results extend
Johnson–Schwartzman gap labeling beyond the stan-
dard one-dimensional setting. Unlike in one dimension,
these graphs may contain cycles, which prevent the use
of Sturm oscillation theory and require different spectral
methods. We also analyze discontinuities of the IDS for
certain graph families and show that not every admis-
sible label corresponds to an open spectral gap. This
reveals a mechanism of gap closing driven by graph
geometry rather than by the underlying dynamics.
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81Q35 (primary) 47A35 (secondary)

1 INTRODUCTION ANDMAIN RESULTS

This paper studies the integrated density of states (IDS) of Schrödinger operators on discrete
and metric graphs constructed through ergodic one-dimensional dynamical systems. The IDS,
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F IGURE 1 A Sturmian comb (top), along with a decorated ℤ-graph with more complex decorations.

which roughly counts the number of eigenstates per unit volume below a given energy level,
is a widely studied object in spectral theory, quantum mechanics, and solid state physics. It
is an important tool for characterizing the spectral gaps, the connected components of the
spectrum’s complement.
Since the IDS is monotone increasing and is constant at spectral gaps, each gap can be assigned

a specific label based on the value of the IDS within the gap. The gap labels of an operator are
of significant physical importance, for instance, for characterizing the Hall conductance in the
Integer Quantum Hall Effect [5].
Traditionally, the first step in deriving the gap labels is by determining the set of their allowed

values, in the form of a gap labeling theorem (GLT). Historically, proving gap labeling theorems
often involved using K-theory, as originated in [12, 13] (see also [36] for a modern review). Nev-
ertheless, for one-dimensional ergodic systems, there is an alternative approach to gap labeling.
This was first done by Johnson [33] (see [34, 55] for additional background), who showed that
for certain Schrödinger operators on ℝ, the IDS takes values in a countable group that can be
explicitly computed via a homomorphism introduced by Schwartzman. Since then, and espe-
cially in recent years, this approach (known as Johnson–Schwartzman gap labeling) has been
successfully extended to ergodic Schrödinger operators on ℤ, Jacobi matrices, CMV matrices,
and operators on 𝓁2(ℤ, ℂ𝑚) (see [24, 25, 27, 28, 43] and references therein). It is known that for
one-dimensional systems and whenever both approaches (K-theory and Johnson–Schwartzman)
provide a well-defined label set, these label sets agree, see [11] and [37, Corollary 4.2].
While Johnson–Schwartzman gap labeling has been developed for various one-dimensional

systems, many physical systems are modeled by more complicated network-like structures.
This naturally leads to the study of Schrödinger operators on discrete and metric (quantum)
graphs, which serve as models for such systems and often exhibit interesting spectral properties
which are not found in standard one-dimensional systems. In the usual one-dimensional ergodic
Schrödinger setting, the aperiodicity is encoded by a potential on the fixed underlying space ℝ or
ℤ. In the models considered here, it is instead encoded by the geometry of the graph. This point
of view is natural, for instance, in the study of aperiodic tilings, where aperiodicity may be car-
ried by the geometry of the underlying space [7, 36]. The graphs studied here, called decorated
ℤ-graphs, provide a simple model of this type: each symbol is assigned a compact graph, and
the subshift determines the order in which these graphs are attached along ℤ (see Figure 1). Our
main question is whether Johnson–Schwartzman gap labeling still holds under this transition
from potentials to geometry. We answer this question affirmatively, showing that the gap labels
for these graphs belong to the Schwartzman group, up to a natural normalization which depends
on the graph’s geometry.
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In contrast to𝐾-theoretic methods, Johnson–Schwartzman gap labeling is more directly tied to
oscillatory properties of eigenfunctions, making it particularly suitable for Schrödinger operators
on graphs. However, developing Johnson–Schwartzman gap labeling for these graphs requires
going beyond classical arguments based on Sturm’s oscillation theorem, which does not apply
since these graphs contain may cycles. We provide this extension through an analysis of these
graphs’ nontrivial nodal count, together with further tools from the spectral analysis on metric
graphs. We then use this result to prove an analogous gap labeling theorem for discrete decorated
ℤ-graphs.
Finally, we show that for certain nongeneric metric graphs, not all predicted labels actually

appear as IDS gap labels. This happens due to a phenomenon specific to the graph setting: for
certain choices of the edge lengths, the decorations give rise to compactly supported eigenfunc-
tions, resulting in jump discontinuities in the IDS. We explicitly express all the energies of these
discontinuities and the corresponding jump values for the class of Sturmian comb graphs. IDS
discontinuities caused by compactly supported eigenfunctions have also been studied in both ape-
riodic and periodic graph models; see a forthcoming paper by Levi and [20, 22, 38, 42, 50, 51, 54]
and the discussion following Theorem 4.1.
The remainder of the paper is structured as follows: the following subsections provide the

necessary background for stating our main results, which are then presented in Subsection 1.6.
Section 2 presents additional necessary tools, followed by a proof of the GLT for metric graphs
(Theorem 1.7). Section 3 then presents the proof of the GLT for discrete graphs (Theorem 1.9). Sec-
tion 4 studies the existence of discontinuities in the IDS for Sturmian comb graphs. Appendix A
presents results about the existence of the IDS for metric decorated graphs (Proposition 1.4), and
Appendix B contains the proof of Lemma 2.1, which is needed for proving the metric GLT.

1.1 Discrete and metric graphs

The discrete graphs in this work are denoted by 𝐺 = ( , ) (with the vertex and edge sets some-
times denoted 𝐺 , 𝐺 for emphasis). For a vertex 𝑣 ∈ 𝐺 , let 𝑣 denote the set of edges incident
to 𝑣. The degree of a vertex 𝑣, denoted deg(𝑣), is the number of edges in 𝑣. The discrete graphs
here are equipped with the normalized discrete Laplacian Δ, acting on 𝓁2 (𝐺) as

Δ𝜓(𝑣) = 𝜓(𝑣) −
∑

𝑢∈𝑣

1√
deg (𝑣) deg (𝑢)

𝜓(𝑢). (1.1)

We consider infinite, connected graphs, with vertex degrees deg (𝑣) uniformly bounded from
above. With these assumptions, Δ is bounded and self-adjoint, and its spectrum Spec (Δ) is
contained in [0, 2].
A metric graph Γ = (𝐺,𝓁) consists of a discrete graph 𝐺, together with a length function 𝓁 ∶

 → ℝ+ which assigns a positive length 𝓁𝑒 to each edge 𝑒 ∈  . This equips Γ with the natural
structure of a metric space, by identifying each edge 𝑒 ∈  with the interval [0,𝓁𝑒].
A quantum graph is a metric graph Γ equipped with a self-adjoint differential operator𝐻 acting

on the Sobolev space 𝐻2 (Γ) ∶= ⊕𝑒∈𝐻2 (0,𝓁𝑒). The most common example is the Schrödinger
operator 𝐻 = − 𝑑2

𝑑𝑥2 + 𝑞(𝑥), where 𝑞 ∈ 𝐿∞ (Γ) is real-valued, along with vertex conditions which
render 𝐻 self-adjoint. The most common choice for the vertex conditions is known as the
Neumann–Kirchhoff conditions (or standard conditions), which require:
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(1) The function 𝑓 is continuous at each 𝑣 ∈  , that is,
𝑓|𝑒(𝑣) = 𝑓|𝑒′ (𝑣), ∀𝑒, 𝑒′ ∈ 𝑣. (1.2)

(2) The sum of the derivatives of 𝑓 at 𝑣, taken in the outward direction along each edge, is zero:∑
𝑒∈𝑣

𝑓′|𝑒(𝑣) = 0. (1.3)

In this work, we assume that the edge lengths 𝓁𝑒 are uniformly bounded from above and below.
Under this condition (together with the assumptions above regarding the combinatorial structure
of 𝐺), the associated Neumann–Kirchhoff Laplacian is self-adjoint and nonnegative (see [15, 16,
29, 39] for an extensive introduction to quantum graphs).

1.2 Dynamics

The graphs considered here are defined through one-dimensional dynamical systems, which gov-
ern their geometric structure. The symbolic dynamical framework used here goes back to Morse
and Hedlund [46, 47] and is standard in the study of one-dimensional aperiodic systems. We now
introduce the relevant definitions, and refer to [7, 24, 26, 45] for additional background.
Let be a finite set, called an alphabet, and consider the space of bi-infinite sequencesℤ. We

equip this space with the product topology, as induced by the following metric:

𝐷
(
𝜔, 𝜔′

)
=
∑
𝑛∈ℤ

1 − 𝛿𝜔(𝑛),𝜔′(𝑛)

2|𝑛| , (1.4)

where 𝛿𝑖,𝑗 is the Kronecker delta. The space ℤ is naturally equipped with the shift map (or left
shift):

𝑇 ∶ ℤ → ℤ, (1.5)

𝑇𝜔(𝑛) = 𝜔(𝑛 + 1). (1.6)

Definition 1.1. A subshift is a closed, 𝑇-invariant subset Ω ⊂ ℤ. We say that Ω is uniquely
ergodic if there exists a unique 𝑇-invariant probability measure 𝜇 on Ω.

We define the letter counting function for 𝑎 ∈  on 𝜔 ∈ Ω, by

#𝑁
𝑎 (𝜔) ∶= #{𝑛 ∈ {0, … , 𝑁 − 1} ∶ 𝜔(𝑛) = 𝑎}. (1.7)

For a uniquely ergodic subshift Ω, the letter frequencies

𝜈𝑎 = lim
𝑁→∞

#𝑁
𝑎 (𝜔)

𝑁
, (1.8)

are well-defined, independent of 𝜔 ∈ Ω, and satisfy
∑

𝑎∈ 𝜈𝑎 = 1 [7, Proposition 4.4; 48].
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Example 1.2. Let 𝛼 ∈ (0, 1) ∖ℚ and 𝜃 ∈ [0, 1). A Sturmian sequence 𝜔𝛼,𝜃 over the alphabet =

{0, 1} is defined by

𝜔𝛼,𝜃(𝑛) = 𝜒[1−𝛼,1)(𝑛𝛼 + 𝜃 mod 1). (1.9)

This sequence codes the orbit of an initial angle 𝜃 ∈ 𝑆1 under the irrational rotation 𝑥 ↦ 𝑥 +

𝛼 according to the partition [0, 1 − 𝛼) ∪ [1 − 𝛼, 1), and is one of the most basic examples of an
aperiodic sequence [45, 47]. The Sturmian subshift is then given by

Ω𝛼 ∶=
{

𝜔𝛼,𝜃 ∶ 𝜃 ∈ [0, 1)
}

⊂ ℤ,

and is a uniquely ergodic subshift, with letter frequencies 𝛼 and 1 − 𝛼 for 1 and 0, respectively,
[52].

Let 𝜇 denote the unique 𝑇-invariant Borel probability measure on Ω. We assume throughout
that 𝜇 has full topological support, that is,

supp(𝜇) = Ω, (1.10)

where the support is taken with respect to the product topology introduced above:

supp(𝜇) ∶= {𝜔 ∈ Ω ∶ 𝜇(𝑈) > 0 for every open neighborhood 𝑈 ⊂ Ω of 𝜔}. (1.11)

This assumption is nonrestrictive. Indeed, supp (𝜇) is a closed, 𝑇-invariant subset ofΩ, and hence
is itself a subshift. The restriction of 𝑇 to supp (𝜇) is again uniquely ergodic, with invariant mea-
sure𝜇. Thus, if needed,wemay replaceΩwith supp (𝜇), whichwill not affect any of the arguments
in the paper.

1.3 Decorated ℤ-graphs

We now introduce the class of decorated ℤ-graphs, which are the graphs whose IDS is analyzed
in this paper. This construction is the geometric analogue of the usual construction of an ergodic
Schrödinger operator from a subshift: instead of assigning a potential value to each symbol, we
assign it a finite graph. To define those graphs, we fix a uniquely ergodic subshift (Ω, 𝑇) over a
finite alphabet. We use these dynamics to define both metric and discrete families of graphs.

1.3.1 Metric decorated ℤ-graphs

To each 𝑎 ∈ , we associate a compact metric graph Γ𝑎, which we call a decoration; it may consist
of just a single vertex.We also select a distinguished base vertex 𝑣𝑎 ∈ Γ𝑎

in each decoration. Given
𝐿 > 0, we construct a family of infinite metric graphs ΓΩ ∶= (Γ𝜔)𝜔∈Ω as follows: for each 𝜔 ∈ Ω,
we begin with the bi-infinite chain graph whose vertices are 𝐿ℤ. To each vertex 𝐿𝑛 ∈ 𝐿ℤ, attach
the graph Γ𝜔(𝑛), by identifying the base vertex 𝑣𝑎 ∈ Γ𝜔(𝑛)

with the vertex 𝐿𝑛 (see Figure 1). This
produces an infinite metric graph Γ𝜔, obtained by decorating the chain graph ℤ with the graphs
{Γ𝑎}𝑎∈ according to 𝜔 ∈ Ω.
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6 of 38 BAND and SOFER

We define the normalized length which is assigned to the graph family ΓΩ by

𝐿(ΓΩ) ∶= 𝐿 +
∑
𝑎∈

𝜈𝑎𝓁𝑎, (1.12)

where 𝐿 is the horizontal distance between consecutive decorations, 𝜈𝑎 is the frequency of 𝑎 ∈ 
(1.8), and 𝓁𝑎 is the total length of the decoration Γ𝑎. Since the frequencies 𝑣𝑎 are independent
of 𝜔 ∈ Ω, the normalized length (1.12) may also be expressed through the average growth rate of
geodesic balls (which is independent of the choice of 𝜔 ∈ Ω):

𝐿(ΓΩ) = lim
𝑟→∞

|||Γ𝜔
||𝐵(𝑥,𝑟)

|||
2 𝑟

𝐿

, ∀𝜔 ∈ Ω, 𝑥 ∈ Γ𝜔, (1.13)

where 𝐵𝜔 (𝑥, 𝑟) is the geodesic ball of radius 𝑟 around 𝑥 ∈ Γ𝜔, and |⋅| is the standard Lebesgue
measure.

Example 1.3 (Sturmian comb). Taking the Sturmian subshiftΩ𝛼 from Example 1.2, onemay con-
struct for each 𝜔 ∈ Ω𝛼 a decorated ℤ-graph Γ𝜔 by taking the bi-infinite chain with vertices 𝐿ℤ,
and attaching a dangling edge of length 𝓁 > 0 at all vertices 𝐿𝑛 such that 𝜔 (𝑛) = 1 (see Figure 1).
In the notations above, this means that Γ1 is a single edge graph of length 𝓁 and Γ0 is the single
vertex graph. In this case,

𝐿(ΓΩ) = 𝐿 + 𝛼𝓁. (1.14)

Any family of graphs ΓΩ is equipped with a naturally induced shift,

𝑇 ∶ ΓΩ → ΓΩ, (1.15)

𝑇Γ𝜔 = Γ𝑇𝜔, (1.16)

where we abuse the notation 𝑇. We denote by 𝑇♯ ∶ 𝐶 (Γ𝑇𝜔) → 𝐶 (Γ𝜔) the pullback of 𝑇, that is,(
𝑇♯𝑓

)
(𝑥) = 𝑓(𝑇𝑥). (1.17)

Equipping each decorated graph Γ𝜔 with the Kirchhoff Laplacian𝐻𝜔, one can consider the family
𝐻Ω ∶= (𝐻𝜔)𝜔∈Ω as a dynamical system of operators, and get that the family 𝐻Ω is covariant, that
is,

𝐻𝑇𝜔 =
(

𝑇♯
)−1

𝐻𝜔𝑇♯, ∀𝜔 ∈ Ω, (1.18)

which means that the operators 𝐻𝜔 and 𝐻𝑇𝜔 are unitarily equivalent. Unique ergodicity implies
that Spec (𝐻𝜔) is in fact almost-surely independent of 𝜔 ∈ Ω (see also [8]), and so we can simply
denote it by Spec (𝐻Ω).

Remark. Most results in this work should also hold true when the decorated graphs are equipped
with Schrödinger operators whose potentials and vertex conditions are naturally compatible with
the subshift (Ω, 𝑇). For simplicity, we focus here on the Kirchhoff Laplacian.
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 7 of 38

F IGURE 2 The compact graph Γ𝜔|[0,4], constructed by truncating the infinite graph Γ𝜔 and keeping five
decorations.

1.3.2 Discrete decorated ℤ-graphs

We consider a discrete version of decorated ℤ-graphs, constructed in the samemanner. Let (Ω, 𝑇)
be a uniquely ergodic subshift over an alphabet . Let (𝐺𝑎)𝑎∈ be a set of discrete graphs (the
possible decorations), each assigned a base vertex 𝑣𝑎 ∈ 𝐺𝑎

. Form a family of discrete decorated
ℤ-graphs𝐺Ω ∶= (𝐺𝜔)𝜔∈Ω as follows: the graph𝐺𝜔 is constructed from the chain graphℤby attach-
ing to each vertex 𝑛 ∈ ℤ the decoration 𝐺𝜔(𝑛), via the identification of the vertex 𝑛 ∈ ℤ with the
base vertex of 𝐺𝜔(𝑛). Each graph 𝐺𝜔 is equipped with the normalized discrete Laplacian, Δ𝜔. We
get the operator family ΔΩ ∶= (Δ𝜔)𝜔∈Ω, and as above, Spec (Δ𝜔) is almost-surely independent of
𝜔 ∈ Ω, and is simply denoted by Spec (ΔΩ).
In this setting, the analogue of the normalized length will be the average number of vertices:

𝑉(𝐺Ω) ∶=
∑
𝑎∈

𝜈𝑎
|||𝐺𝑎

|||. (1.19)

1.4 Integrated density of states

1.4.1 IDS for metric graphs

Let (Ω, 𝑇) be a uniquely ergodic subshift, with an associated family of metric decorated ℤ-graphs
ΓΩ. For 𝜔 ∈ Ω and 𝑛 ∈ ℕ, we restrict Γ𝜔 to a compact graph by removing the edges (−1, 0) ⋅ 𝐿 and
(𝑛, 𝑛 + 1) ⋅ 𝐿 from Γ𝜔, and denote by Γ𝜔

||[0,𝑛] the resulting compact connected component (see
Figure 2). At the cut vertices, 0 and 𝑛𝐿, impose Neumann–Kirchhoff vertex conditions (though
the results below do not depend on the vertex conditions as long as they render the operator
self-adjoint). The corresponding Kirchhoff Laplacian 𝐻𝜔

||[0,𝑛] is bounded from below and has
a compact resolvent, and thus has purely discrete spectrum accumulating at infinity. Denote the
associated normalized spectral counting function by

𝑁(𝑛)
𝜔 (𝐸) ∶=

#
{

𝜆 ∈ Spec
(

𝐻𝜔
||[0,𝑛]

)
∶ 𝜆 ⩽ 𝐸

}
|||Γ𝜔

||[0,𝑛]
||| . (1.20)

Proposition 1.4. For almost all 𝜔 ∈ Ω, the sequence of functions 𝑁(𝑛)
𝜔 (𝐸) converges uniformly as

𝑛 → ∞ to a function 𝑁Ω (𝐸) ∶ ℝ → ℝ. We call the function 𝑁Ω (𝐸) the IDS of the family 𝐻Ω.

The proof of the proposition above relies on an adaptation of a method from [31] and appears
in Appendix A.
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The IDS is a nondecreasing function which is constant at each connected component of the
complement of the spectrum (called spectral gaps). We are interested in the gap labels of 𝑁Ω:

(𝑁Ω) ∶= {𝑁Ω(𝐸) ∶ 𝐸 ∈ ℝ∖Spec(𝐻Ω)} ⊂ ℝ. (1.21)

1.4.2 IDS for discrete graphs

The IDS 𝑁Δ
Ω

(𝐸) for the discrete Laplacian is defined similarly to the metric case discussed above.
Remove from𝐺𝜔 the two edges (−1, 0) and (𝑛, 𝑛 + 1) and denote by 𝐺𝜔

||[0,𝑛] the resulting compact
connected component. The resulting operator Δ𝜔

||[0,𝑛] is a self-adjoint matrix. We define the IDS
as the limit of associated normalized spectral counting functions,

𝑁Δ
Ω(𝐸) ∶= lim

𝑛→∞

#
{

𝜆 ∈ Spec
(

Δ𝜔
||[0,𝑛]

)
∶ 𝜆 ⩽ 𝐸

}
||||𝐺𝜔|[0,𝑛]

||||
, (1.22)

where the limit exists for almost all 𝜔 ∈ Ω and its value is independent of 𝜔 (the proof is similar
to that of Proposition 1.4, see Appendix A).

1.5 The Schwartzman group

We now define the Schwartzman group, which plays a central role in Theorems 1.7 and 1.9. For
more details, see [23–25, 27] and references therein.
Let (Ω, 𝑇) be a uniquely ergodic subshift, equipped with a (unique) invariant probability

measure 𝜇. We associate with this dynamical system a suspension space:

𝑋Ω ∶= Ω × [0, 1]∕{(𝜔, 1) ∼ (𝑇𝜔, 0)}. (1.23)

The space 𝑋Ω is naturally endowed with the translation flow in the second factor:

𝜏𝑡 ∶ 𝑋Ω → 𝑋Ω (𝑡 ∈ ℝ), (1.24)

𝜏𝑡(𝜔, 𝑠) = (𝜔, 𝑡 + 𝑠 mod 1), (1.25)

and with a probability measure 𝜂:

∫𝑋Ω

𝑓𝑑𝜂 = ∫
1

0 ∫Ω
𝑓([𝜔, 𝑡])𝑑𝜇(𝜔)𝑑𝑡. (1.26)

Let 𝐶♯ (𝑋Ω) be the space of homotopy classes of functions from 𝑋Ω to the one-dimensional
torus 𝕋 ∶= ℝ∕ℤ. For a given function 𝜙 ∶ 𝑋Ω → 𝕋, let 𝜙𝑥 denote the restriction of 𝜙 to the orbit
of a point 𝑥 = (𝜔, 𝑠) ∈ 𝑋Ω under the flow 𝜏𝑡:

𝜙𝑥 ∶ ℝ → 𝕋, (1.27)

𝜙𝑥(𝑡) = 𝜙
(
𝜏𝑡𝑥

)
. (1.28)
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 9 of 38

Since ℝ is the universal cover of 𝕋, the function 𝜙𝑥 is naturally lifted to a map 𝜙𝑥 (𝑡) ∶ ℝ → ℝ.
With this in mind, define the Schwartzman homomorphism by

𝑆Ω ∶ 𝐶♯(𝑋Ω) → ℝ, (1.29)

𝑆Ω([𝜙]) = lim
𝑡→∞

𝜙𝑥(𝑡)

𝑡
, (1.30)

where the limit above is 𝜇 almost-surely independent of𝜔 (where 𝑥 = (𝜔, 𝑠)) [24, Theorem 3.9.13].
In other words, the Schwartzman homomorphism is the average rate of rotation of 𝜙𝑥 along the
flow.

Definition 1.5. The Schwartzman group 𝔖Ω is the image of 𝑆Ω.

The Schwartzman group is a countable subgroup of ℝ, which depends on the full dynamical
system (Ω, 𝑇, 𝜇), but for brevity we denote it by 𝔖Ω.

Example 1.6. Let 𝛼 ∈ (0, 1) ∖ℚ and let (Ω𝛼, 𝑇) be the Sturmian subshift from Example 1.2. Its
Schwartzman group is given by

𝔖Ω𝛼
= {𝛼𝑛 + 𝑚 ∶ 𝑚, 𝑛 ∈ ℤ}, (1.31)

see [26, Theorem 10.9.3].

1.6 Main results

Our first main result is a GLT for the metric graph operator family 𝐻Ω.

Theorem 1.7. Let (Ω, 𝑇) be a uniquely ergodic subshift, with an associated family of metric
decorated ℤ-graphs ΓΩ, equipped with the Kirchhoff Laplacian. Then,

(𝑁Ω) ⊂
1

𝐿(ΓΩ)
𝔖Ω ∩ [0, ∞), (1.32)

where 𝔖Ω is the Schwartzman group.

The following is an immediate application of the theorem above to the Sturmian subshift Ω𝛼:

Corollary 1.8. For a Sturmian decorated ℤ-graph, the possible gap labels are given by

(𝑁Ω𝛼

)
⊂

{
𝛼𝑛 + 𝑚

𝐿 + 𝛼𝓁1 + (1 − 𝛼)𝓁2
∶ 𝑚, 𝑛 ∈ ℤ

}
∩ [0, ∞), (1.33)

where 𝓁1,𝓁2 are the total lengths of the decorations, and 𝐿 is the horizontal distance between
the decorations.

Our next main result is a GLT for discrete decorated ℤ-graphs:
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10 of 38 BAND and SOFER

Theorem 1.9. Let (Ω, 𝑇) be a uniquely ergodic subshift, with an associated family of discrete
decorated ℤ-graphs 𝐺Ω, equipped with the normalized discrete Laplacian. Then

(𝑁Δ
Ω

)
⊂

1

𝑉(𝐺Ω)
𝔖Ω ∩ [0, 1]. (1.34)

As we shall see, for some nongeneric choices of the edge lengths, Spec (𝐻Ω) may contain iso-
lated eigenvalues, corresponding to jump discontinuities in the IDS. For Sturmian comb graphs
(defined in Example 1.3), these eigenvalues and IDS jumps are fully characterized:

Theorem 1.10. Let ΓΩ𝛼
be a metric Sturmian comb graph.

If 𝐸 ∈ Spec
(

𝐻Ω𝛼

)
is an eigenvalue then 𝐸 is of infinite multiplicity, with compactly sup-

ported eigenfunctions.
The resulting jump in the IDS takes one of the following values

Δ𝑁Ω𝛼
(𝐸) ∈

1

𝓁𝛼 + 𝐿
{(𝑐1 + 1)𝛼 − 1, −𝑐1𝛼 + 1, 𝛼}, (1.35)

where 𝓁 is the length of the decoration, 𝐿 is the decoration spacing, and 𝑐1 is the first digit in the
continued fraction expansion of 𝛼:

𝛼 =
1

𝑐1 + 1

𝑐2+⋯

. (1.36)

A more detailed version of Theorem 1.10, which also contains the explicit expressions for the
eigenvalues, is presented as Theorem 4.1.

2 GAP LABELING FORMETRIC GRAPHS: PROOF OF THEOREM 1.7

We begin by introducing the nodal count of metric graphs, which is later used for the proof of
Theorem 1.7.

2.1 The nodal surplus of a tile

Let Γ𝑎 be a decoration of type 𝑎 ∈  with base vertex 𝑣𝑎. For an energy 𝐸 ∈ ℝ, consider the
differential equation on Γ𝑎,

−
𝑑2

𝑑𝑥2
𝑓 = 𝐸𝑓, (2.1)

subject to the Kirchhoff conditions at all vertices of Γ𝑎, except for 𝑣𝑎, where we impose only a
continuity condition (1.2), but no condition on the derivatives. Then for all but a discrete subset of
𝐸 ∈ ℝ, this equation has a unique solution (up to a scalar multiple), denoted by 𝑓𝐸 . This discrete
set is exactly the spectrum of the Kirchhoff Laplacian on Γ𝑎 with a Dirichlet condition imposed
at 𝑣𝑎 (see, e.g., [9, Theorem 2.1 and Corollary 2.4]). For 𝐸 values outside of this discrete set we
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 11 of 38

denote

𝑚𝑎(𝐸) ∶=
∑

𝑒∈𝑣𝑎

𝑓′
𝐸
|𝑒(𝑣𝑎)

𝑓𝐸(𝑣𝑎)
. (2.2)

We use this to define an (energy dependent) Robin vertex condition at 𝑣𝑎:

g|𝑒(𝑣𝑎) = g|𝑒′ (𝑣𝑎), ∀𝑒, 𝑒′ ∈ 𝑣𝑎
, (2.3)

∑
𝑒∈𝑣𝑎

g ′|𝑒(𝑣𝑎) = 𝑚𝑎(𝐸)g(𝑣𝑎). (2.4)

By construction, (𝐸, 𝑓𝐸) is an eigenpair of − 𝑑2

𝑑𝑥2 on Γ𝑎, with Kirchhoff condition imposed at all
vertices except for 𝑣𝑎, where the Robin condition (2.3), (2.4) is imposed. We denote the resulting
operator by 𝐻|Γ𝑎

, keeping in mind that this operator depends on 𝐸 (but do not indicate this in the
notation for brevity).
Denoting the (nonnormalized) spectral counting function of 𝐻|Γ𝑎

by

𝑛(𝑎)(𝐸) ∶= #
{

𝜆 ∈ Spec
(

𝐻|Γ𝑎

)
∶ 𝜆 ⩽ 𝐸

}
, (2.5)

we define the nodal surplus of 𝐸 in Γ𝑎 by

𝜎(𝑎)(𝐸) ∶= #{zeros of 𝑓𝐸 in Γ𝑎} −
(
𝑛(𝑎)(𝐸) − 1

)
. (2.6)

Outside a discrete set of 𝐸 values, the eigenfunction 𝑓𝐸 does not vanish at any vertex of Γ𝑎 [9,
Corollary 2.4] (This discrete set contains the discrete set mentioned above, and in general might
be larger). Restricting 𝐸 to be outside the mentioned set, and using the unique continuation of 𝑓𝐸

at every edge of Γ𝑎, we conclude that the zero set of 𝑓𝐸 is discrete. Hence, the surplus 𝜎(𝑎) (𝐸) is
well-defined for all such 𝐸 values.
The nodal surplus has been extensively studied for quantum graphs starting from [30]. For

additional background, see [2–4, 9, 14].

2.2 Proof of Theorem 1.7

The proof proceeds in five main steps: first, for each gap of 𝐻𝜔 we construct an appropriate fam-
ily of generalized eigenfunctions. Second, we construct auxiliary metrics which allow to directly
count zeros of these eigenfunctions. Third, we use these eigenfunctions to define a function on
the suspension space 𝑋Ω for which the Schwartzman homomorphism will be evaluated. Fourth,
we relate this function to the nodal count of the generalized eigenfunctions. Finally, we combine
these results to express the IDS value at the gap in terms of the Schwartzman group.
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12 of 38 BAND and SOFER

Step 1: Constructing generalized eigenfunctions

Fix 𝐸 ∈ ℝ∖Spec (𝐻Ω). For 𝜔 ∈ Ω, consider the ordinary differential equation (ODE) on Γ+
𝜔 ,

−
𝑑2

𝑑𝑥2
𝑢(𝑥) = 𝐸𝑢(𝑥), (2.7)

with the Kirchhoff condition imposed at all vertices, except the origin where no boundary
condition is imposed. Since 𝜇 has full support, it follows as in [27, Remark 3.1] that

Spec(𝐻𝜔) ⊆ Spec(𝐻Ω), 𝜔 ∈ Ω. (2.8)

Hence, 𝐸 ∉ Spec (𝐻𝜔), and Equation (2.7) has a unique solution (up to a scalar multiple) which is
in 𝐿2(Γ+

𝜔), denoted 𝑓𝜔,𝐸 (the proof is similar to that of [58, Lemma 9.7]). In addition, the unique-

ness of the solution guarantees that, up to normalization, 𝑓𝑇𝜔,𝐸
||𝑇Γ+

𝜔
=
(

𝑇♯
)−1

𝑓𝜔,𝐸

||||𝑇Γ+
𝜔

, where𝑇♯

acts as in (1.17). Each solution 𝑓𝜔,𝐸 may be also extended to the left (i.e., to Γ𝜔∖Γ+
𝜔) by solving the

ODE (2.7), starting from the initial conditions given by the value and derivative of 𝑓𝜔,𝐸 . We hence
may adopt the notation 𝑓𝜔,𝐸 for a function on the whole Γ𝜔 and we get that 𝑓𝑇𝜔,𝐸

||Γ+
𝜔

∈ 𝐿2(Γ+
𝜔)

and 𝑓𝑇𝜔,𝐸 =
(

𝑇♯
)−1

𝑓𝜔,𝐸 .

Step 2: Defining an auxiliary metric on the graph

We establish a notion of propagation along Γ𝜔. For this purpose, for each 𝜔 ∈ Ω, we define an
auxiliary metric 𝑑𝜔 on Γ𝜔. We start by taking 𝑑𝜔 to be the geodesic metric induced by the edge
lengths of Γ𝜔, but then modify it for the purposes explained below.
We further change the metrics within the decorations as follows. Fix 𝜔 ∈ Ω, and consider the

subgraph consisting of the horizontal edge [0, 𝐿] and the decoration attached at the origin. We
note that for all 𝑡 ∈ [0, 1], the resulting 𝑠𝜔 (𝑡) is containedwithin this subgraph (actually the union⨆

𝑡∈[0,1]𝑠𝜔 (𝑡) equals this subgraph). Since the zero set of𝑓𝜔,𝐸 is discrete (see discussion after (2.6)),
this subgraph contains only finitely many zeros. We may therefore modify the metric within this
subgraph so that for all 𝑡 ∈ [0, 1], the resulting 𝑠𝜔 (𝑡) contains at most one zero of 𝑓𝜔,𝐸 . Call this
the zero separating property. Themodification of themetricmay be done, for instance, by an edge-
wise rescaling or by a change of parameterization, and can be chosen such that the metric on the
horizontal segment [0, 𝐿] is unchanged, and so that 𝑠𝜔 (1) = {𝐿}, as we had before. We denote this
modified metric by 𝑝𝜔.
For 𝜔 ∈ Ω, set the origin 𝑜 (Γ𝜔) to be the vertex with 0 coordinate of the ℤ-graph (which is

identified with the base vertex of Γ𝜔(0)). For 𝑡 ⩾ 0, set

𝑠𝜔(𝑡) ∶=
{

𝑥 ∈ Γ+
𝜔 ∶ 𝑑𝜔(𝑜(Γ𝜔), 𝑥) = 𝑡𝐿

}
, (2.9)

where Γ+
𝜔 is the right part of Γ𝜔, that is, the half positive ray, [0, ∞), together with all decorations

attached to it (see Figure 3). We now modify the metrics 𝑑𝜔 as follows. First, if the total geodesic
length of some decoration Γ𝑎 is greater than or equal to 𝐿 (the horizontal distance between adja-
cent decorations), we rescale 𝑑𝜔 inside Γ𝑎 by the factor

𝐿

2|Γ𝑎| . This guarantees that 𝑠𝜔 (𝑛) = {𝑛𝐿}
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 13 of 38

F IGURE 3 The compact graph Γ𝜔 (𝑡) (2.15), where the boundary 𝑠𝜔 (𝑡) (2.9) consists of two points marked by
x signs.

for 𝑛 ∈ ℕ, namely, that these spheres consist of a single point, positioned on the horizontal line
at a base vertex of some decoration. In addition, we note that 𝑠𝜔 (0) = {𝑜 (Γ𝜔)} holds trivially.
Note that for small enough neighborhoods of 𝜔, all elements in the neighborhood share the

same first decoration (and so the same subgraphmentioned above) with𝜔; this follows from (1.4).
Since the zeros of 𝑓𝜔,𝐸 depend continuously on 𝜔, we may choose a neighborhood 𝑈𝜔 of 𝜔 such
that the same metric 𝑝𝜔 satisfies the zero separation property for every 𝜔 in 𝑈𝜔. Since cylinder
sets form a clopen basis for the topology on Ω, we may take 𝑈𝜔 to be clopen. Since Ω is compact,
finitely many such

(
𝑈𝜔1

, … , 𝑈𝜔𝑁

)
cover Ω. Replacing this cover by the clopen partition

𝑃1 = 𝑈𝜔1
, 𝑃𝑗 = 𝑈𝜔𝑗

⧵
⋃
𝑖<𝑗

𝑈𝜔𝑖
, 2 ⩽ 𝑗 ⩽ 𝑁, (2.10)

we obtain a locally constant choice 𝑝 ∶ Ω → {𝑝𝜔1
, … , 𝑝𝜔𝑁

} of metric on the mentioned first
subgraph of every Γ𝜔 which separates the zeros in that subgraph.
We now extend 𝑝 to the whole graph. For each 𝜔 ∈ Ω we take the metric on the decora-

tion attached at 𝑛𝐿 to be given by 𝑝(𝑇𝑛𝜔), while leaving the metric on the horizontal segment
[𝑛𝐿, (𝑛 + 1)𝐿] unchanged. We note that the restriction of 𝑓𝜔,𝐸 to the 𝑛th subgraph of Γ𝜔 is equal
to the restriction of 𝑓𝑇𝑛𝜔,𝐸 to the first subgraph of Γ𝑇𝑛𝜔. Thus, for this metric we constructed, 𝑠𝜔(𝑡)

contains at most one zero of 𝑓𝜔,𝐸 for 𝑡 ∈ [𝑛, 𝑛 + 1]. Consequently, 𝑠𝜔(𝑡) contains at most one zero
for every 𝜔 ∈ Ω and 𝑡 ⩾ 0.
We emphasize that this modified metric is used only to define the sets 𝑠𝜔(𝑡). It does not change

the actual edge lengths of Γ𝜔.

Step 3: Defining an appropriate function on the suspension

We use the function 𝑓𝜔,𝐸 to define a function from the suspension space to the one-dimensional
torus. Consider the following form of the Cayley transform:

𝐶(𝑡) =
𝑡 + 𝐢

𝑡 − 𝐢
, (2.11)

whichmaps the left to right oriented real lineℝ (augmentedwith±∞) onto the clockwise oriented
unit circle. Using this, we define the following function on the suspension space:

𝜙 ∶ 𝑋Ω → 𝕋, (2.12)

 14697750, 2026, 5, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70748, W

iley O
nline L

ibrary on [30/10/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



14 of 38 BAND and SOFER

𝜙(𝜔, 𝑡) =
1

2𝜋
𝐴𝑟g

[
𝐶

( ∑
𝑥∈𝑠𝜔(𝑡)

𝑓′
𝜔,𝐸(𝑥)

𝑓𝜔,𝐸(𝑥)

)]
, (2.13)

where 𝑠𝜔 (𝑡) is given in (2.9), and 𝐴𝑟g is the argument function mapping complex numbers onto
the one-dimensional torus [0, 2𝜋). In the sum over 𝑥 ∈ 𝑠𝜔 (𝑡) above, a special emphasis should be
given to the case when 𝑥 is a vertex. The derivative 𝑓′

𝜔,𝐸 (𝑥) at a vertex 𝑥 is defined by parame-
terizing the elements of 𝑠𝜔 (𝑡) as 𝑥(𝑡) and setting 𝑓′

𝜔,𝐸 (𝑥(𝑡)) ∶= lim𝑡→𝑡− 𝑓′
𝜔,𝐸 (𝑥 (𝑡)). For 𝑡 = 0 and

𝑥 = 𝑜(Γ), we similarly set 𝑓′
𝜔,𝐸 (𝑥) ∶= lim𝑥̃→𝑥− 𝑓′

𝜔,𝐸 (𝑥̃). The function 𝜙 may be considered as a
generalized Prüfer angle. Straightforward computation shows that 𝜙 is well-defined on 𝑋Ω, as

𝜙(𝜔, 1) =
1

2𝜋
𝐴𝑟g

[
𝐶

( ∑
𝑥∈𝑠𝜔(1)

𝑓′
𝜔,𝐸(𝑥)

𝑓𝜔,𝐸(𝑥)

)]
(2.14)

=
1

2𝜋
𝐴𝑟g

[
𝐶

( ∑
𝑥∈𝑠𝑇𝜔(0)

𝑓′
𝑇𝜔,𝐸(𝑥)

𝑓𝑇𝜔,𝐸(𝑥)

)]
= 𝜙(𝑇𝜔, 0),

where we have used that 𝑓𝑇𝜔,𝐸 =
(

𝑇♯
)−1

𝑓𝜔,𝐸 = 𝑓𝜔,𝐸◦ (𝑇)−1 and also the equivalence between
𝑠𝜔 (1) in Γ𝜔 and 𝑠𝑇𝜔 (0) in Γ𝑇𝜔 (both consist of a single point, which is the same up to the isomor-
phism between Γ𝜔 and Γ𝑇𝜔). We further argue that 𝜙 is continuous on 𝑋Ω. First, we show that
𝜙(𝜔, 𝑡) is continuous in 𝜔 ∈ Ω using the Titchmarsh-Weyl 𝑚-function of the half infinite graph
Γ+

𝜔 , denoted𝑚+
𝜔(𝑧). The values 𝑓𝜔,𝐸 (𝑥) and 𝑓′

𝜔,𝐸 (𝑥) depend continuously on the Robin boundary

condition
𝑓′

𝜔,𝐸(𝑜(Γ+
𝜔))

𝑓𝜔,𝐸(𝑜(Γ+
𝜔))

at the origin, as solutions of the ODE (2.7). Together with the local constancy

of 𝑠𝜔 (𝑡) in 𝜔, this shows that the RHS of (2.13) depends continuously on𝑚+
𝜔(𝐸) =

𝑓′
𝜔,𝐸(𝑜(Γ+

𝜔))
𝑓𝜔,𝐸(𝑜(Γ+

𝜔))
, and

since the𝑚-function𝑚+
𝜔(𝐸) is continuous in 𝜔 (see, e.g., [8]), we conclude that 𝜙(𝜔, 𝑡) is continu-

ous in 𝜔. Next, we show that 𝜙(𝜔, 𝑡) is also continuous in 𝑡. Clearly the expression
∑

𝑥∈𝑠𝜔(𝑡)

𝑓′
𝜔,𝐸(𝑥)

𝑓𝜔,𝐸(𝑥)

is continuous in 𝑡, when 𝑠𝜔 (𝑡) does not contain any vertex of Γ+
𝜔 . In addition, the Kirchhoff ver-

tex conditions (1.2),(1.3) ensure the continuity of
∑

𝑥∈𝑠𝜔(𝑡)

𝑓′
𝜔,𝐸(𝑥)

𝑓𝜔,𝐸(𝑥)
in 𝑡 also when 𝑠𝜔 (𝑡) contains a

vertex. Overall, we conclude that the function 𝜙 is well-defined and continuous on 𝑋Ω.

Step 4: Expressing 𝜙 (𝜔, 𝑡) using the nodal count of 𝑓𝜔,𝐸

Having defined 𝜙 ∶ 𝑋Ω → 𝕋 in (2.13) we wish to apply the Schwartzman homomorphism to it via
(1.30). At this point, fix 𝜔 ∈ Ω to be in the full measure set for which (1.30) holds. Define

Γ𝜔(𝑡) ∶=
{

𝑥 ∈ Γ+
𝜔 ∶ 𝑑𝜔(𝑜(Γ𝜔), 𝑥) ⩽ 𝑡𝐿

}
, (2.15)

see Figure 3, and note that 𝑠𝜔 (𝑡) forms part of the boundary of Γ𝜔 (𝑡). By (2.13) the function 𝜙 (𝜔, 𝑡)
equals 0 ∈ 𝕋 precisely when 𝑓𝜔,𝐸 (𝑥) = 0 for some 𝑥 ∈ 𝑠𝜔 (𝑡). With this observation, we use the
values of 𝜙 (𝜔, 𝑡) (or more precisely its lift) to count the zeros of 𝑓𝜔,𝐸 . To do so, recall the notation
𝜙(𝜔,0)(𝑡) ∶= 𝜙(𝜏𝑡(𝜔, 0)) and𝜙(𝜔,0)(𝑡) for its lift (see Section 1.5). By the choice of the auxiliarymetric
𝑑𝜔, at most one such zero occurs for each value of 𝑡 (see explanation in Step 2). Therefore, the
number of zeros of 𝑓𝜔,𝐸 in Γ𝜔 (𝑡) is precisely the number of times that the function 𝜙(𝜔,0) intersects
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 15 of 38

0 mod 1 in the interval [0, 𝑡]. We use this observation to connect between the (average) zero count
of 𝑓𝜔,𝐸 and the value of the Schwartzman homomorphism 𝑆Ω ([𝜙]). Explicitly, using the notation

𝑍𝜔,𝑡 ∶= #
{

𝑥 ∈ Γ𝜔(𝑡) ∶ 𝑓𝜔,𝐸(𝑥) = 0
}

, (2.16)

we have

𝑍𝜔,𝑡 =
⌊
𝜙(𝜔,0)(𝑡)

⌋
, (2.17)

where ⌊ ⌋ denotes the floor function. Therefore, by (1.30),
𝑆Ω([𝜙]) = lim

𝑡→∞

𝜙̃(𝜔,0)(𝑡)

𝑡
= lim

𝑡→∞

1

𝑡

⌊
𝜙(𝜔,0)(𝑡)

⌋
= lim

𝑡→∞

1

𝑡
𝑍𝜔,𝑡. (2.18)

Having this connection between the Schwartzman homomorphism and the nodal count, we
analyze 𝑍𝜔,𝑡 . In what follows we decompose the total nodal count on Γ𝜔(𝑡) via the nodal count of
its subgraphs: the decorations, and the horizontal path. Outside a discrete set of energies 𝐸, the
solution to the ODE (2.1) on each decoration Γ𝑎 is unique up to scalar multiple (as discussed in
Subsection 2.1). Hence, the nodal count on each decoration of a given type does not depend on the
location of this decoration within Γ𝜔(𝑡). Denoting this nodal count function by 𝑍(𝑎)(𝐸), we write

𝑍𝜔,𝑡 = 𝑍horiz
𝜔,𝑡 +

∑
𝑎∈

#𝑡
𝑎(𝜔)𝑍(𝑎), (2.19)

where 𝑍horiz
𝜔,𝑡 is the nodal count function of 𝑓𝜔,𝐸 on the path graph [0, 𝑡𝐿] (which is a subgraph of

Γ𝜔(𝑡)), and we extend the definition of the letter counting function (1.7) to noninteger 𝑡 values by
setting #𝑡

𝑎 (𝜔) ∶= #
⌊𝑡⌋
𝑎 (𝜔) to be the number of decorations of type 𝑎 in Γ𝜔(𝑡). Note that (2.19) is

an equality between functions in 𝐸, but for brevity we omit the 𝐸-dependence. As already men-
tioned, these functions are well-defined up to a discrete set of𝐸 values.We further use the spectral
counting functions (2.5) and nodal surplus functions (2.6) to write

𝑍𝜔,𝑡 =𝑍horiz
𝜔,𝑡 +

∑
𝑎∈

#𝑡
𝑎(𝜔)

(
𝑛(𝑎) + 𝜎(𝑎) − 1

)
, (2.20)

We next express the nodal counting functions 𝑍𝜔,𝑡 and 𝑍horiz
𝜔,𝑡 through spectral counting func-

tions of suitable operators. Toward this, we define the corresponding operators. First, consider the
restriction of 𝐻𝜔 to the finite graph Γ𝜔(𝑡). At the vertices 𝑢 ∈ 𝑠𝜔(𝑡) ∪ 𝑜(Γ𝜔) we impose the Robin
condition

𝑓′(𝑢)

𝑓(𝑢)
=

𝑓′
𝜔,𝐸(𝑢)

𝑓𝜔,𝐸(𝑢)
, (2.21)

and at all other vertices of Γ𝜔(𝑡) we impose the Neumann–Kirchhoff vertex conditions as in 𝐻𝜔.
We naturally denote the resulting operator 𝐻𝜔

||Γ𝜔(𝑡). We describe now an operator associated with
the horizontal subgraph [0, 𝑡𝐿]. Let 𝑣𝑚 be an interior vertex of [0, 𝑡𝐿], which is positioned at 𝑚𝐿,
where 𝑚 ∈ ℤ ∩ (0, 𝑡). Denote its two neighboring edges by 𝑒±

𝑚. We impose at the vertex 𝑣𝑚 the
Robin-type conditions
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16 of 38 BAND and SOFER

𝑓|𝑒+
𝑣

(𝑣𝑚) = 𝑓|𝑒−
𝑣

(𝑣𝑚) =∶ 𝑓(𝑣𝑚), (2.22)

𝑓′|𝑒+
𝑣

(𝑣𝑚) + 𝑓′|𝑒−
𝑣

(𝑣𝑚) = −𝑚𝜔(𝑚)(𝐸)𝑓(𝑣𝑚), (2.23)

where the Robin parameter 𝑚𝜔(𝑚) (𝐸) is as in (2.2), and takes into account that in Γ𝜔(𝑡) the dec-
oration Γ𝜔(𝑚) is glued to 𝑣𝑚. At the boundary vertices 𝑢 ∈ {𝑜(Γ𝜔), 𝑡𝐿} we impose the same Robin
conditions (2.21) as were imposed for 𝐻𝜔

||Γ𝜔(𝑡). Overall these vertex conditions render the one-
dimensional Laplacian on [0, 𝑡𝐿] a self-adjoint operator, which we denote by 𝐻𝜔

||[0,𝑡𝐿]. These

particular choices of vertex conditions guarantee that
(

𝐸, 𝑓𝜔,𝐸
||[0,𝑡𝐿]

)
is an eigenpair of 𝐻𝜔

||[0,𝑡𝐿]

and
(

𝐸, 𝑓𝜔,𝐸
||Γ𝜔(𝑡)

)
is an eigenpair of 𝐻𝜔

||Γ𝜔(𝑡).
Denoting the spectral counting function of 𝐻𝜔

||[0,𝑡𝐿] by

𝑛horiz𝜔,𝑡 ∶= #
{

𝜆 ∈ Spec
(

𝐻𝜔
||[0,𝑡𝐿]

)
∶ 𝜆 ⩽ 𝐸

}
, (2.24)

Sturm’s oscillation theorem (see [14] and [53]) yields

𝑛horiz𝜔,𝑡 (𝐸) = 𝑍horiz
𝜔,𝑡 (𝐸) + 1. (2.25)

Substituting this in (2.20) gives

𝑍𝜔,𝑡 = 𝑛horiz𝜔,𝑡 − 1 +
∑
𝑎∈

#𝑡
𝑎(𝜔)

(
𝑛(𝑎) + 𝜎(𝑎) − 1

)
. (2.26)

We next relate the spectral counting functions of the three operators 𝐻𝜔
||Γ𝜔(𝑡), 𝐻𝜔

||[0,𝑡𝐿], 𝐻𝜔
||Γ𝑎

discussed above (the operator 𝐻𝜔
||Γ𝑎

was presented in Section 2.1, where it was denoted by
𝐻|Γ𝑎

).

Lemma 2.1. Let 𝐸 ∉ Spec (𝐻𝜔). Assume that for all 𝑎 ∈ , the spectrum of the Kirchhoff
Laplacian on Γ𝑎 with Dirichlet condition imposed at 𝑣𝑎 does not contain 𝐸. Denote the spec-
tral counting functions of 𝐻𝜔

||Γ𝜔(𝑡), 𝐻𝜔
||[0,𝑡𝐿] and 𝐻𝜔

||Γ𝑎
by 𝑛𝜔,𝑡 , 𝑛horiz𝜔,𝑡 and 𝑛(𝑎), respectively.

Then,

𝑛𝜔,𝑡(𝐸) = 𝑛horiz𝜔,𝑡 (𝐸) +
∑
𝑎∈

#𝑡
𝑎(𝜔)

(
𝑛(𝑎)(𝐸) − 1

)
. (2.27)

The proof of the lemma involves a continuous interpolation between the relevant opera-
tors. While this is an interesting method, the proof is somewhat technical and is postponed to
Appendix B.

Step 5: Computing the Schwartzman homomorphism of ϕ. Using Lemma 2.1, Equation (2.26) gives

𝑍𝜔,𝑡 = 𝑛𝜔,𝑡 − 1 +
∑
𝑎∈

#𝑡
𝑎(𝜔)𝜎(𝑎). (2.28)

Now, computing the Schwartzman homomorphism as in (2.18) gives
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 17 of 38

𝑆Ω([𝜙]) = lim
𝑡→∞

1

𝑡
𝑍𝜔,𝑡(𝐸)

= lim
𝑡→∞

1

𝑡

(
𝑛𝜔,𝑡(𝐸) − 1 +

∑
𝑎∈

#𝑡
𝑎(𝜔)𝜎(𝑎)(𝐸)

)

= lim
𝑡→∞

𝑛𝜔,𝑡(𝐸) − 1

𝑡
+
∑
𝑎∈

lim
𝑡→∞

#𝑡
𝑎(𝜔)

𝑡
𝜎(𝑎)(𝐸)

= lim
𝑡→∞

[(
𝑛𝜔,𝑡(𝐸)||Γ𝜔,𝑡

|| −
1||Γ𝜔,𝑡
||
)

⋅
||Γ𝜔,𝑡

||
𝑡

]
+
∑
𝑎∈

𝜈𝑎𝜎(𝑎)(𝐸)

= 𝑁Ω(𝐸) ⋅ 𝐿(ΓΩ) +
∑
𝑎∈

𝜈𝑎𝜎(𝑎)(𝐸). (2.29)

We thus finally obtain

𝑁Ω(𝐸) =
𝑆Ω([𝜙]) −

∑
𝑎∈ 𝜈𝑎𝜎(𝑎)(𝐸)

𝐿(ΓΩ)
. (2.30)

To complete the proof, we need to show that the numerator of (2.30) belongs to the Schwartz-
man group,𝔖Ω. By definition this group is the image of the Schwartzman homomorphism so that
𝑆Ω ([𝜙]) ∈ 𝔖Ω. Since𝔖Ω is an additive group, it is left to prove that

∑
𝑎∈ 𝜈𝑎𝜎(𝑎) (𝐸) ∈ 𝔖Ω. From

[25, Theorem 7.1], we know that 𝔖Ω is the ℤ-module generated by

{𝜇(Ξ) ∶ Ξ is a cylinder set in Ω}, (2.31)

where a cylinder set is a subset of Ω, for which a finite subword is fixed to be a given value. In
particular, we consider cylinder sets with a single letter being fixed, which are of the form

Ξ𝑎 ∶= {𝜔 ∈ Ω ∶ 𝜔(0) = 𝑎}, 𝑎 ∈ . (2.32)

Since 𝜇 (Ξ𝑎) = 𝜈𝑎 for a uniquely ergodic subshift, and 𝜎(𝑎) (𝐸) is an integer for all 𝑎 ∈ , we get∑
𝑎∈ 𝜈𝑎𝜎(𝑎) (𝐸) ∈ 𝔖Ω, as required. □

3 GAP LABELING FOR DISCRETE GRAPHS: PROOF OF
THEOREM 1.9

In this section,we prove the gap labeling theorem for discrete decorated graphs (Theorem 1.9). The
main tool is the well-known spectral relation between the discrete Laplacian and the Kirchhoff
Laplacian on the corresponding equilateral metric graph, summarized below.

Theorem3.1. LetΓ be an equilateralmetric graphwith all edge lengths equal to 1, equippedwith the
Kirchhoff Laplacian𝐻. Let𝐺 be the associated discrete graph, equipped with the normalized discrete
Laplacian Δ.

(1) For all 𝑘 ∉ {𝜋𝑚 ∶ 𝑚 ∈ ℕ},

𝑘2 ∈ Spec(𝐻) ⟺ 1 − cos (𝑘) ∈ Spec(Δ). (3.1)
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18 of 38 BAND and SOFER

Furthermore, if the corresponding points in the spectrum (𝑘2 and 1 − cos(𝑘)) are eigenvalues,
then they have the same multiplicities.

(2) If, in addition, Γ is compact and connected, then its spectral counting function at 𝑘2 = 𝜋2𝑚2

equals

#
{

𝜆 ∈ Spec(𝐻) ∶ 𝜆 ⩽ 𝜋2𝑚2
}

= ||Γ
||𝑚 + 𝑀, (3.2)

where 𝑀 ∈ {0, 1} is the multiplicity of 1 − cos (𝜋𝑚) ∈ {0, 2} in Spec (Δ).

The first part of the theorem is standard (see, e.g., [21, 44, 49, 59]). The second part follows from
the case-by-case eigenvalue count in [44, Proposition 6.2], together with some basic properties of
the normalized discrete Laplacian.
Using Theorem 3.1, we relate the IDS of the discrete and metric decorated graphs. The

“conversion factor” which connects between the discrete and metric IDS is given by

𝐶(𝐺Ω) ∶=
(𝐺Ω)

(𝐺Ω)
=

∑
𝑎∈ 𝜈𝑎

|||𝐺𝑎

|||
1 +

∑
𝑎∈ 𝜈𝑎

|||𝐺𝑎

||| , (3.3)

which is the ratio between the average number of vertices and the average number of edges.

Proposition 3.2. Let (Ω, 𝑇) be a uniquely ergodic subshift. Let {Γ𝜔}𝜔∈Ω be a family of decorated
ℤ-graphs, such that each Γ𝜔 is an equilateral graph with all edge lengths equal to 1. Let {𝐺𝜔}𝜔∈Ω be
the associated discrete graphs. Denote the corresponding IDS functions by 𝑁𝐻

Ω
(𝐸) , 𝑁Δ

Ω
(𝐸). Then at

every point 𝐸, where 𝑁𝐻
Ω
is continuous we have

𝑁𝐻
Ω (𝐸) =

⌊√
𝐸

𝜋

⌋
+ 𝐶(𝐺Ω) ⋅

⎧⎪⎨⎪⎩
𝑁Δ

Ω

(
1 − cos

(√
𝐸
))

,

⌊√
𝐸

𝜋

⌋
is even,

1 − 𝑁Δ
Ω

(
1 − cos

(√
𝐸
))

,

⌊√
𝐸

𝜋

⌋
is odd.

(3.4)

Proof. We first relate the spectral counting functions of compact discrete and metric graphs. We
then take the limit as in Proposition 1.4 and (1.22) in order to compare the corresponding IDS.
Let Γ be an equilateral compact metric graph with all edge lengths equal to 1, and equipped

with the Kirchhoff Laplacian 𝐻. Let 𝐺 be the associated discrete graph equipped with Δ.
Let 𝐸 ⩾ 0. Write 𝐸 = 𝑘2, and count the total number of square roots of eigenvalues of 𝐻 in

[0, 𝑘] (with multiplicity). We write 𝑘 = 𝜋𝑚 + 𝑟, with 𝑚 ∈ ℕ and 𝑟 ∈ [0, 𝜋). We use Theorem 3.1
to present the number of (square roots of) eigenvalues in [0, 𝑘] as the sum of eigenvalue counts in
[0, 𝜋𝑚] and in [𝜋𝑚, 𝑘]. Noting that 𝑚 =

⌊
𝑘

𝜋

⌋
and applying Theorem 3.1 we get

#{𝜆 ∈ Spec(𝐻) ∶ 𝜆 ⩽ 𝑘2
}

−

⌊
𝑘

𝜋

⌋ ||𝐺
|| =

=

⎧⎪⎨⎪⎩
#{𝜇 ∈ Spec(Δ) ∶ 𝜇 ⩽ 1 − cos (𝑘)},

⌊
𝑘

𝜋

⌋
is even,

#{𝜇 ∈ Spec(Δ) ∶ 𝜇 ⩾ 1 − cos (𝑘)},
⌊

𝑘

𝜋

⌋
is odd,
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 19 of 38

F IGURE 4 The dispersion relation 𝑘 (𝜇) = arccos (1 − 𝜇) from Theorem 3.1 relating Spec (Δ) (horizontal)
and Spec (𝐻) (vertical). Each 𝜇 ∈ Spec (Δ) corresponds to a point 𝑘 (𝜇)2 ∈ Spec (𝐻). The dispersion relation 𝑘 (𝜇)

is either monotone increasing or monotone decreasing, depending on the parity of
⌊

𝑘(𝜇)

𝜋

⌋
.

=

⎧⎪⎨⎪⎩
#{𝜇 ∈ Spec(Δ) ∶ 𝜇 ⩽ 1 − cos (𝑘)},

⌊
𝑘

𝜋

⌋
is even,

||𝐺
|| − #{𝜇 ∈ Spec(Δ) ∶ 𝜇 < 1 − cos (𝑘)},

⌊
𝑘

𝜋

⌋
is odd,

(3.5)

where all eigenvalue counts above are with multiplicities (i.e., # { } is considered as element
counting of a multi-set). In the first equality above we need to separate cases according to the
parity of 𝑚 =

⌊
𝑘

𝜋

⌋
, since the dispersion relation 1 − cos(𝑘) in (3.1) is monotone increasing when⌊

𝑘

𝜋

⌋
is even and decreasing when

⌊
𝑘

𝜋

⌋
is odd. See Figure 4, where the inverse dispersion relation

𝜆 (𝜇) = arccos (1 − 𝜇) is depicted.
Next, let 𝜔 ∈ Ω be in the full measure set for which Proposition 1.4 holds and choose the

sequences of compact graphs Γ(𝑛) ∶= Γ𝜔
||[0,𝑛] and 𝐺(𝑛) ∶= 𝐺𝜔

||[0,𝑛] as in (1.20),(1.22) and take the

limit 𝑛 → ∞ to get the IDS. We perform the computation only for the case of odd
⌊

𝑘

𝜋

⌋
. The com-

plementary case involves a similar (and slightly simpler) computation. Using the convergence
stated in Proposition 1.4 and applying (3.5) we compute:

𝑁𝐻
Ω

(
𝑘2
)

= lim
𝑛→∞

#
{

𝜆 ∈ Spec
(

𝐻𝜔
||Γ(𝑛)

)
∶ 𝜆 ⩽ 𝑘2

}
||Γ(𝑛)||

= lim
𝑛→∞

#
{

𝜆 ∈ Spec
(

𝐻𝜔
||Γ(𝑛)

)
∶ 𝜆 ⩽ 𝑘2

}
||𝐺(𝑛)

||
= lim

𝑛→∞

1||𝐺(𝑛)
|| ⋅
⌊

𝑘

𝜋

⌋ ||𝐺(𝑛)
||

+ lim
𝑛→∞

||𝐺(𝑛)
|| − #

{
𝜇 ∈ Spec

(
Δ|𝐺(𝑛)

)
∶ 𝜇 < 1 − cos (𝑘)

}
||𝐺(𝑛)

||
=

⌊
𝑘

𝜋

⌋
+ lim

𝑛→∞

||𝐺(𝑛)
||||𝐺(𝑛)
||
||𝐺(𝑛)

|| −
{

𝜇 ∈ Spec
(

Δ|𝐺(𝑛)

)
∶ 𝜇 < 1 − cos (𝑘)

}
||𝐺(𝑛)

|| , (3.6)
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20 of 38 BAND and SOFER

where in the first equality we used that Γ(𝑛) has all edge lengths equal to 1 and so |||Γ(𝑛)||| = ||𝐺(𝑛)
||.

The prefactor inside the limit above is

lim
𝑛→∞

||𝐺(𝑛)
||||𝐺(𝑛)
|| = lim

𝑛→∞

∑
𝑎∈ #𝑛

𝑎(𝜔)
|||𝐺𝑎

|||
𝑛 +

∑
𝑎∈ #𝑛

𝑎(𝜔)
|||𝐺𝑎

|||
= lim

𝑛→∞

∑
𝑎∈

#𝑛
𝑎(𝜔)

𝑛

|||𝐺𝑎

|||
1 +

∑
𝑎∈

#𝑛
𝑎(𝜔)

𝑛

|||𝐺𝑎

||| =

∑
𝑎∈ 𝜈𝑎

|||𝐺𝑎

|||
1 +

∑
𝑎∈ 𝜈𝑎

|||𝐺𝑎

||| = 𝐶(𝐺Ω). (3.7)

Substituting this above and recalling that 𝑘 =
√

𝐸 gives

𝑁𝐻
Ω (𝐸) =

⌊√
𝐸

𝜋

⌋
+ 𝐶(𝐺Ω) lim

𝑛→∞

||𝐺(𝑛)
|| −

{
𝜇 ∈ Spec

(
Δ|𝐺(𝑛)

)
∶ 𝜇 < 1 − cos

(√
𝐸
)}

||𝐺(𝑛)
||

=

⌊√
𝐸

𝜋

⌋
+ 𝐶(𝐺Ω)

[
1 − 𝑁Δ

Ω

(
1 − cos

(√
𝐸
))]

. (3.8)

Note that by definition,

𝑁Δ
Ω

(
1 − cos

(√
𝐸
))

= lim
𝑛→∞

1||𝐺(𝑛)
||
{

𝜇 ∈ Spec
(

Δ|𝐺(𝑛)

)
∶ 𝜇 ⩽ 1 − cos

(√
𝐸
)}

. (3.9)

Nevertheless, the last equality above is justified (even though the strict inequality 𝜇 < 1 − cos (𝑘)
appears), since we assume that 𝑁𝐻

Ω
(𝐸) is continuous at 𝐸. The distinction between strict and

nonstrict inequality in the spectral counting functions matters only when there is a discontuity in
the IDS (see more on jump discontinuities of the IDS in Section 4).

For the case when
⌊√

𝐸

𝜋

⌋
is even a similar computation gives 𝑁𝐻

Ω
(𝐸) =

⌊√
𝐸

𝜋

⌋
+ 𝐶 (𝐺Ω) ⋅

𝑁Δ
Ω

(
1 − cos

(√
𝐸
))

. □

Proof of Theorem 1.9. By Proposition 3.2,

𝑁Δ
Ω

(
1 − cos

(√
𝐸
))

=

⎧⎪⎨⎪⎩
1

𝐶(𝐺Ω)

(
𝑁𝐻

Ω
(𝐸) −

⌊√
𝐸

𝜋

⌋)
,

⌊√
𝐸

𝜋

⌋
is even,

1 − 1

𝐶(𝐺Ω)

(
𝑁𝐻

Ω
(𝐸) −

⌊√
𝐸

𝜋

⌋)
,

⌊√
𝐸

𝜋

⌋
is odd.

(3.10)

By Theorem 1.7, if 𝐸 ∉ Spec (𝐻Ω) then

𝑁𝐻
Ω (𝐸) ∈

𝔖Ω

(𝐺Ω)
, (3.11)

where we used 𝐿(ΓΩ) = (𝐺Ω)which holds since themetric graphs are equilateral with each edge
length equal to 1. We fix 𝜔 ∈ Ω to be in the full measure set for which Spec (𝐻𝜔) = Spec (𝐻Ω) and
Spec (Δ𝜔) = Spec (ΔΩ) (see Section 1.3) and the spectral counting functions converge to the IDS as
in Proposition 1.4 and Equation (1.22). From Theorem 3.1 we conclude that 𝐸 is inside a spectral
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 21 of 38

gap of𝐻𝜔 if and only if 1 − cos(
√

𝐸) is inside a spectral gap ofΔ𝜔. Therefore, the possible gap labels
ofΔ𝜔 (and hence of Spec (ΔΩ)) may be obtained by substituting (3.11) in (3.10). For this, recall that
(𝐺Ω) = 1 +

∑
𝑎∈ 𝜈𝑎(𝐺𝑎) and that 𝜈𝑎 ∈ 𝔖Ω for all 𝑎 ∈  and ℤ ⊂ 𝔖Ω (as is explained in the

end of the proof of Theorem 1.7). Therefore, (𝐺Ω) ∈ 𝔖Ω and so for 𝐸 ∉ Spec (𝐻Ω),

𝑁𝐻
Ω (𝐸) + ℤ ∈

𝔖Ω + ℤ (𝐺Ω)

(𝐺Ω)
⊂

𝔖Ω

(𝐺Ω)
, (3.12)

and using 𝐶 (𝐺Ω) =
(𝐺Ω)

(𝐺Ω)
we get

1

𝐶(𝐺Ω)

(
𝑁𝐻

Ω (𝐸) + ℤ
)

⊂
𝔖Ω

(𝐺Ω)
. (3.13)

Using again that 𝜈𝑎 ∈ 𝔖Ω for all 𝑎 ∈ , we get (𝐺Ω) ⊂ 𝔖Ω, which yields that

1 −
1

𝐶(𝐺Ω)

(
𝑁𝐻

Ω (𝐸) + ℤ
)

⊂
𝔖Ω

(𝐺Ω)
. (3.14)

From (3.13) and (3.14), both cases in (3.10) yield the same gap labels,

(𝑁Δ
Ω

)
⊂

𝔖Ω

(𝐺Ω)
∩ [0, 1]. (3.15)

□

4 DISCONTINUITIES OF THE IDS: PROOF OF THEOREM 1.10

Theorems 1.7 and 1.9 provide the set of all possible gap labels for operators on metric and discrete
decorated ℤ-graphs. A well-known problem is to find whether all gap labels predicted by such
gap labeling theorems actually occur. This is called the dry ten Martini problem, originating in
a question by Mark Kac about the almost Mathieu operator [56]. In this section, we discuss a
specific form of obstructions for the appearance of the predicted gaps. Since the predicted gap
labels form a dense set, any discontinuity of the IDS implies the existence of labels that are not
realized (also known as closed gaps). We illustrate this by completely analyzing the IDS jumps
for metric Sturmian combs (see Example 1.3). The necessary and sufficient conditions for IDS
discontinuities of these graphs are given in Theorem 4.1. In addition, the theorem explicitly states
all the energies at which such discontinuities occur and the size of the IDS jump at those energies.
Theorem 1.10 is an immediate corollary of Theorem 4.1.

Theorem 4.1. Let 𝛼 ∈ (0, 1) ∖ℚ, written as the following infinite continued fraction:

𝛼 =
1

𝑐1 + 1

𝑐2+⋯

. (4.1)

Let Ω𝛼 be the corresponding Sturmian subshift. Then the IDS for the associated family of Sturmian
combs (Γ𝜔)𝜔∈Ω𝛼

has discontinuities if and only if one of the following holds.

(1) 𝓁
𝐿

= 2𝑚+1

2𝑛
(𝑐1 + 1) for some 𝑚, 𝑛 ∈ ℕ.

 14697750, 2026, 5, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70748, W

iley O
nline L

ibrary on [30/10/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



22 of 38 BAND and SOFER

In this case, the IDS is discontinuous at 𝐸 =
(

𝜋𝑛

𝐿(𝑐1+1)

)2
, and the associated jump in the IDS

value is

Δ𝑁Ω𝛼
(𝐸) =

1 − 𝑐1𝛼

𝐿 + 𝛼𝓁
, (4.2)

or
(2) 𝓁

𝐿
= 2𝑚+1

2𝑛
𝑐1 for some 𝑚, 𝑛 ∈ ℕ.

In this case, the IDS is discontinuous at 𝐸 =
(

𝜋𝑛

𝐿𝑐1

)2
, and the associated jump in the IDS value

is

Δ𝑁Ω𝛼
(𝐸) =

(𝑐1 + 1)𝛼 − 1

𝐿 + 𝛼𝓁
. (4.3)

If the two conditions above are satisfied with the same value of 𝑚, that is, if 𝓁
𝐿

= 2𝑚+1

2𝑛1
(𝑐1 +

1) = 2𝑚+1

2𝑛2
𝑐1 for some 𝑚, 𝑛1, 𝑛2 ∈ ℕ, then the two corresponding energies above coincide: 𝐸 =(

𝜋𝑛1

𝐿(𝑐1+1)

)2
=
(

𝜋𝑛2

𝐿𝑐1

)2
. In this case, the associated jump in the IDS is the sum of (4.3) and (4.2), that

is,

Δ𝑁Ω𝛼
(𝐸) =

𝛼

𝐿 + 𝛼𝓁
. (4.4)

Remark. Note that if either case in the theorem occurs, it does so for infinitely many pairs (𝑚, 𝑛),
hence the IDS has jumps at infinitely many energies.

We show that the IDS discontinuities are caused by compactly supported eigenfunctions. A
detailed resolution to the dry ten Martini problem for Sturmian graphs is given in forthcom-
ing papers by Band and Sofer, and by Sofer (see also [8]). Two intriguing recent works [22, 54]
explore IDS discontinuities in aperiodic discrete graphs, which are also due to compactly sup-
ported eigenfunctions. Some fundamental results on this phenomenon for random operators on
aperiodic discrete graphs appeared already in [38]. Similar phenomena are also observed in peri-
odic graphs models, as was analyzed for discrete graphs [50] and metric graphs [42] (see also [51]
where continuous models are confronted with metric and discrete graphs). The most recent work
on the IDS of quantum graphs and their discontinuities appear in a forthcoming paper by Levi
and [20] where periodic metric trees are analyzed.
To prove Theorem 4.1, we need two lemmas. Lemma 4.2 shows that all the compactly supported

eigenfunctions of Γ𝜔 are supported on specific subgraphs. These subgraphs are associated with
particular subwords of 𝜔 ∈ Ω𝛼 and Lemma 4.3 expresses the frequencies of these subwords.

Lemma 4.2. Let 𝛼 ∈ (0, 1) ∖ℚ, 𝜔 ∈ Ω𝛼 and 𝐸 ∈ ℝ. A compactly supported 𝐸-eigenfunction of the
Sturmian comb Γ𝜔 exists if and only if there exists an 𝐸-eigenfunction which is supported between
two adjacent teeth in Γ𝜔.

Proof. One direction is trivial. For the converse, let 𝑓 be a compactly supported solution to
−

𝑑2𝑓

𝑑𝑥2 = 𝐸𝑓 on Γ𝜔, satisfying Neumann–Kirchhoff vertex conditions. Since 𝑓 is compactly sup-
ported, choose the two farthest teeth on which it is supported, and get that 𝑓 must vanish at the
base of each of these two teeth (i.e., the vertex which connects them to the ℤ-graph). Since 𝑓 has
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 23 of 38

a vanishing derivative at the other vertex of each of these teeth (i.e., the boundary vertex), we get
that 𝑘𝓁 = 𝜋

2
+ 𝜋𝑚 for some 𝑚 ∈ ℕ, where 𝑘 ∶=

√
𝐸 and 𝓁 is the tooth length. This implies that

𝑓 in fact vanishes at the base of all teeth of the comb. Now, choose a (horizontal) path 𝑒 between
two adjacent teeth 𝑒1, 𝑒2, such that 𝑓 does not identically vanish on this path. At the bases of
these teeth 𝑣1, 𝑣2 we have that 𝑓 (𝑣1) = 𝑓 (𝑣2) = 0, by the argument given above. Construct a new
eigenfunction 𝑓 as follows.
(1) At the horizontal path set 𝑓 = 𝑓.

(2) At the two mentioned teeth 𝑒1, 𝑒2, set 𝑓||𝑒𝑖
(𝑥) = 𝐴𝑖 sin

((
𝜋
2

+𝜋𝑚

𝓁

)
𝑥

)
for 𝑖 ∈ {1, 2}. Choose

𝐴1, 𝐴2 so that 𝑓′||𝑒𝑖
(𝑣𝑖) + 𝑓′||𝑒 (𝑣𝑖) = 0.

(3) Extend 𝑓 to be identically 0 everywhere else.
The resulting function is an 𝐸-eigenfunction supported between two adjacent teeth of Γ𝜔. □

Toward the next lemma, we define the frequency of a subword. Let Ω𝛼 be a Sturmian subshift,
and 𝑊 = 𝑊0 … 𝑊𝑘 a finite subword over the alphabet = {0, 1}. Let 𝜔 ∈ Ω𝛼. We denote

𝜈𝑊 ∶= lim
𝑁→∞

#
{

𝑛 ∈ {0, … , 𝑁 − 1} ∶ 𝜔|[𝑛,𝑛+𝑘] = 𝑊
}

𝑁
, (4.5)

which is the frequency with which the subword 𝑊 occurs in 𝜔, and is actually invariant with
respect to 𝜔 ∈ Ω due to unique ergodicity (see Subsection 1.2 and [7, Proposition 4.4]). We
therefore refer to 𝜈𝑊 as the frequency with which 𝑊 occurs in the subshift Ω𝛼.

Lemma 4.3. Let 𝛼 ∈ (0, 1) ∖ℚwith the continued fraction expansion (4.1). Then there exist only two
subwords of the form

𝑊 = 10 … .0
⏟⏟⏟

𝑘

1 (4.6)

which occur in the subshift Ω𝛼:

(1) A subword 𝑊 with 𝑘 = 𝑐1 zeros, which appear with frequency 1 − 𝑐1𝛼 in Ω𝛼.
(2) A subword 𝑊 with 𝑘 = 𝑐1 − 1 zeros, which appears with frequency (𝑐1 + 1)𝛼 − 1.

Remark 4.4. The result may also be obtained from the three gap theorem stated in [1, section 4].
We include a direct proof in order to keep track of the subword frequencies in the convention
used here.

Proof. Given a finite word 𝑊 we consider the following subset of 𝑆1:

𝐼𝑊 ∶=
{

𝜃 ∈ 𝑆1 ∶ 𝜔𝛼,𝜃
||[0,…,|𝑊|−1]

= 𝑊
}

, (4.7)

where 𝜔𝛼,𝜃(𝑛) ∶= 𝜒(1−𝛼,1] (𝑛𝛼 + 𝜃 mod 1) is a Sturmian (infinite) word such that 𝜔𝛼,𝜃 ∈ Ω𝛼. By
[45, section 2.2.3] (see also [6, section 5]), the frequency of the subword 𝑊 in Ω𝛼 is equal to
the Lebesgue measure of 𝐼𝑊 . We therefore compute the Lebesgue measure 𝐼𝑊 for all admissible
subwords of the form 𝑊 = 10 … .01. We accompany the proof with Figure 5.
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24 of 38 BAND and SOFER

F IGURE 5 Illustration of how subwords of the form 𝑊 = 10 … 01 give rise to a compactly supported
eigenfunction. Here, taking 𝛼 ≈ 0.29 and the initial angle to be 𝜃 = 1 − 𝛼 + 𝜀, the first subword of length 5 of the
associated Sturmian sequence (1.9) gives rise to the compactly supported eigenfunction on the right.

First, note that

1

𝑐1 + 1
< 𝛼 <

1

𝑐1
. (4.8)

By the definition of the sequence 𝜔𝛼,𝜃 we have that 𝜔𝛼,𝜃(0) = 1 if and only if 𝜃 ∈ (1 − 𝛼, 1]. By
(4.8), we get that𝑛𝛼 + 𝜃 ∈

[
𝑛−1

𝑐1+1
+ 1, 𝑛

𝑐1
+ 1

)
for all 𝜃 ∈ [1 − 𝛼, 1). In particularwe get that𝑛𝛼 + 𝜃

mod 1 ∈ [0, 1 − 𝛼), for all 1 ⩽ 𝑛 ⩽ 𝑐1 − 1. We conclude the argument above by

𝜔𝛼,𝜃(0) = 1 ⇔ 𝜃 ∈ [1 − 𝛼, 1) ⇔ 𝜔𝛼,𝜃
||[0,…,𝑐1−1]

= 10 … .0
⏟⏟⏟
𝑐1−1

. (4.9)

As we wish that 𝜔𝛼,𝜃(0) = 𝑊(0) = 1, we may assume the above equivalent conditions and split
into two cases.

(1) Assume 𝜔𝛼,𝜃(𝑐1) = 0, which is equivalent to 𝑐1𝛼 + 𝜃 mod 1 ∈ [0, 1 − 𝛼). In addition, from
𝜃 ∈ [1 − 𝛼, 1) we have 𝑐1𝛼 + 𝜃 ∈ [1 + (𝑐1 − 1)𝛼, 1 + 𝑐1𝛼) and so 𝑐1𝛼 + 𝜃 mod 1 ∈ [(𝑐1 −

1)𝛼, 𝑐1𝛼). Intersecting both intervals gives 𝑐1𝛼 + 𝜃 mod 1 ∈ [(𝑐1 − 1)𝛼, 1 − 𝛼). From here we
get (𝑐1 + 1)𝛼 + 𝜃 mod 1 ∈ [𝑐1𝛼, 1), and this implies𝜔𝛼,𝜃(𝑐1 + 1) = 1. Concluding we get that
in this case

𝜔𝛼,𝜃
||[0,…,𝑐1+1]

= 𝑊 = 10 … .0
⏟⏟⏟

𝑐1

1. (4.10)

We need also to know the range of 𝜃 for this case, namely what is 𝐼𝑊 for the subword 𝑊

above. In the current case, we got 𝑐1𝛼 + 𝜃 mod 1 ∈ [(𝑐1 − 1)𝛼, 1 − 𝛼). This means that 𝜃 ∈

[−𝛼, 1 − (𝑐1 + 1)𝛼). The Lebesgue measure of this interval is 1 − 𝑐1𝛼, which is the frequency
of the word 𝑊 above.

(2) Assume𝜔𝛼,𝜃(𝑐1) = 1, which is equivalent to 𝑐1𝛼 + 𝜃 mod 1 ∈ [1 − 𝛼, 1). Repeating the argu-
ments as in the case above we get that 𝐼𝑊 = [2 − (𝑐1 + 1)𝛼, 1) for𝑊 = 10 … .0

⏟⏟⏟
𝑐1−1

1. The Lebesgue

measure of this interval is (𝑐1 + 1)𝛼 − 1, which is the frequency of that word.

The two cases above exhaust all subwords of the form 𝑊 = 10 … .01 occurring in Ω𝛼. □

Proof of Theorem 4.1. We start the proof by referring to Corollary A.7, whose hypothesis holds
because all finite subwords of a Sturmian subshift have positive frequency (see beginning of proof
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 25 of 38

of Lemma 4.3, or similar arguments in [45, section 2.2.3] and [6, section 5]). We conclude from
Corollary A.7 that 𝑁Ω𝛼

has a jump discontinuity at energy 𝐸 if and only if 𝐸 admits a compactly
supported eigenfunction. By Lemma 4.2 compactly supported 𝐸-eigenfunctions exist precisely
when there is an𝐸-eigenfunction supported between two adjacent teeth of the graph, see Figure 5.
Let 𝑓 be an 𝐸-eigenfunction which is supported between adjacent teeth and denote 𝑘 ∶=

√
𝐸.

The following holds.
(1) By the proof of Lemma 4.2, 𝑓 vanishes at the base of each tooth, and 𝑘𝓁 = 𝜋

2
+ 𝜋𝑚 for some

𝑚 ∈ ℕ.
(2) By Lemma 4.3, the (horizontal) distance between adjacent teeth in Γ𝜔 is either 𝑐1𝐿 or (𝑐1 +

1)𝐿. By (1) above, this implies that 𝑘 (𝑐1 + 1) 𝐿 = 𝜋𝑛 or 𝑘𝑐1𝐿 = 𝜋𝑛 for 𝑛 ∈ ℕ. It may be that both
equalities hold for the same value of 𝑘, but with different 𝑛 values.
We now examine the two cases in (2). First consider 𝑘 (𝑐1 + 1) 𝐿 = 𝜋𝑛. Combining this with the

𝑘𝓁 = 𝜋

2
+ 𝜋𝑚, translates into the following condition:

𝓁
𝐿

=
(2𝑚 + 1)(𝑐1 + 1)

2𝑛
, 𝑚, 𝑛 ∈ ℕ, (4.11)

and the corresponding eigenvalue is 𝐸 = 𝑘2 =
(

𝜋𝑛

𝐿(𝑐1+1)

)2
. This is precisely the case demonstrated

in Figure 5 with 𝑛 = 4, 𝑚 = 1, and 𝑐1 = 3.
Similarly, the case 𝑘𝑐1𝐿 = 𝜋𝑛 translates into the following condition:

𝓁
𝐿

=
(2𝑚 + 1)𝑐1

2𝑛
, 𝑚, 𝑛 ∈ ℕ, (4.12)

and the corresponding eigenvalue is 𝐸 = 𝑘2 =
(

𝜋𝑛

𝐿𝑐1

)2
.

These are exactly the two possible conditions on 𝓁∕𝐿 and the corresponding energies in
the theorem. It remains to compute the jump size. Using (1.20), we count the number of
compactly supported eigenfunctions for the finite truncations 𝐻𝜔

||[0,𝑁]. For the energy 𝐸 =(
𝜋𝑛

𝐿(𝑐1+1)

)2
, we need to consider the subword 𝑊 = 10 … .0

⏟⏟⏟
𝑐1

1 and the eigenfunctions supported on

the corresponding subgraphs. These eigenfunctions are linearly independent and so

dim ker
(

𝐻𝜔
||[0,𝑁] − 𝐸

)
= #

{
𝑗 ∈ {0, … , 𝑁 − 𝑐1 − 1} ∶ 𝜔|[𝑗,𝑗+𝑐1+1] = 𝑊

}
. (4.13)

The jump in the IDS at 𝐸 is given by

Δ𝑁Ω𝛼
(𝐸)

= lim
𝑁→∞

#
{

𝜆 ∈ Spec
(

𝐻𝛼
||[0,𝑁]

)
∶ 𝜆 ⩽ 𝐸

}
− #

{
𝜆 ∈ Spec

(
𝐻𝛼

||[0,𝑁]

)
∶ 𝜆 < 𝐸

}
|||Γ𝛼

||[0,𝑁]
|||

= lim
𝑁→∞

dim ker
(

𝐻𝛼
||[0,𝑁] − 𝐸

)
|||Γ𝛼

||[0,𝑁]
|||
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26 of 38 BAND and SOFER

= lim
𝑁→∞

#
{

𝑗 ∈ {0, … , 𝑁 − 𝑐1 − 1} ∶ 𝜔𝛼
||[𝑗,𝑗+𝑐1+1] = 𝑊

}
|||Γ𝛼

||[0,𝑁]
|||

= lim
𝑁→∞

(𝑁 − 𝑐1)𝜈𝑊

𝑁𝐿 + 𝛼𝑁𝓁
=

1 − 𝑐1𝛼

𝐿 + 𝛼𝓁
, (4.14)

where the last line is obtained by Lemma 4.3 according to which 𝜈𝑊 = 1 − 𝑐1𝛼 (see also the
definition of word frequency, (4.5)).

Repeating the same computation for the energy 𝐸 =
(

𝜋𝑛

𝐿𝑐1

)2
whose eigenfunctions correspond

to the subword 𝑊 = 10 … .0
⏟⏟⏟
𝑐1−1

1. The only change which is required in the computation is in using

the word frequency which is now 𝜈𝑊 = (𝑐1 + 1)𝛼 − 1, and we get

Δ𝑁Ω𝛼
(𝐸) =

(𝑐1 + 1)𝛼 − 1

𝐿 + 𝛼 ⋅ 𝓁
. (4.15)

Finally, suppose that the same energy arises in both cases. If the corresponding parameters for
(4.11) and (4.12) are 𝑚1, 𝑛1, 𝑚2, 𝑛2, then the equality of the energies gives

𝑛1

𝑐1 + 1
=

𝑛2

𝑐1
. (4.16)

Combining this with (4.11) and (4.12) shows that 𝑚1 = 𝑚2 =∶ 𝑚. We thus obtain:

𝓁
𝐿

=
(2𝑚 + 1)(𝑐1 + 1)

2𝑛1
=

(2𝑚 + 1)𝑐1

2𝑛2
. (4.17)

The corresponding energy is then 𝐸 =
(

𝜋𝑛1

𝐿(𝑐1+1)

)2
=
(

𝜋𝑛2

𝐿𝑐1

)2
and the associated eigenfunctions

are supported on subgraphs corresponding to both subwords 10 ⋅ … . ⋅ 0
⏟⎴⏟⎴⏟

𝑐1

1 and 10 ⋅ … . ⋅ 0
⏟⎴⏟⎴⏟

𝑐1−1

1. These

eigenfunctions are linearly independent and so the dimensions of the corresponding eigenspaces
sum up (and the same holds for the frequencies). Therefore, the IDS jump at such energies is the
sum of (4.14) and (4.15),

Δ𝑁Ω𝛼
(𝐸) =

1 − 𝑐1𝛼

𝐿 + 𝛼 ⋅ 𝓁
+

(𝑐1 + 1)𝛼 − 1

𝐿 + 𝛼 ⋅ 𝓁
=

𝛼

𝐿 + 𝛼 ⋅ 𝓁
. (4.18)

□

APPENDIX A: PROOF OF PROPOSITION 1.4
In this appendix, we prove Proposition 1.4, namely that the IDS for metric decorated ℤ-graphs
is well-defined and given by the limit of the spectral counting functions. The discrete case is
analogous and omitted.
In the following, we denote by  the set of finite subsets of ℤ. For any subset 𝑄 ∈  , let 𝐻𝜔

||𝑄
represent the restriction of the operator 𝐻𝜔 to the compact subgraph Γ𝜔

||𝑄 of the decorated ℤ-
graph Γ𝜔 induced by 𝑄 (as in Subsection 1.4). We impose the Dirichlet condition at the boundary
vertices of Γ𝜔

||𝑄 where the decorated ℤ-graph Γ𝜔 is truncated, although other self-adjoint bound-
ary conditions would yield the same results. We prove the following Pastur–Shubin-type trace
formula, which gives Proposition 1.4 as an immediate corollary:
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 27 of 38

Proposition A.1. Let (Ω, 𝑇) be a uniquely ergodic subshift. Denote by 𝜇 the unique shift-invariant
probability measure on Ω. For almost every 𝜔 ∈ Ω, the sequence of normalized counting functions
𝑁(𝑛)

𝜔 (𝐸) in (1.20) converges uniformly to a limiting function 𝑁Ω (𝐸). For an arbitrary finite 𝑄 ∈  ,
the function 𝑁Ω can be expressed as

𝑁Ω(𝐸) =
1|𝑄|𝐿(ΓΩ) ∫Ω

𝑡𝑟
[
𝜒 Γ𝜔|𝑄𝜒(−∞,𝐸](𝐻𝜔)

]
𝐝𝜇(𝜔), (A.1)

where 𝐿 (ΓΩ) denotes the average metric length, as defined in (1.12).

Our proof relies on an adaptation of the method presented in [31], which utilizes an ergodic
theorem proven in [41] (see also [32]). Notably, the proof can be generalized to many other graph
families, including graphs with random potentials and vertex conditions, higher dimensional
decorated graphs (i.e., ℤ𝑑 with 𝑑 > 1), and tiling graphs, as studied in [8].

A.1 Background and definitions
We start by introducing essential definitions, and refer to [41] for more details.
We denote the spectral counting function (and normalized spectral counting function) for 𝐻𝑄

𝜔

by

𝑛𝑄
𝜔(𝐸) ∶= #

{
𝜆 ∈ Spec

(
𝐻𝜔

||𝑄) ∶ 𝜆 ⩽ 𝐸
}

, (A.2)

𝑁𝑄
𝜔 (𝐸) ∶=

1|||Γ𝜔
||𝑄|||𝑛

𝑄
𝜔(𝐸). (A.3)

To decouple the graph into its decorations, we further introduce the operator 𝐻𝜔,𝐷
||𝑄, obtained by

imposing Dirichlet conditions at the centers of all edges of the horizontal path. The corresponding
spectral counting function is

𝑛𝑄
𝜔,𝐷(𝐸) ∶= #

{
𝜆 ∈ Spec

(
𝐻𝜔,𝐷

||𝑄) ∶ 𝜆 ⩽ 𝐸
}

. (A.4)

To simplify notation, let𝑛𝑎
𝐷 (𝐸) represent the counting function for the operator𝑛𝑄

𝜔,𝐷
when𝑄 = {𝑎}

for 𝑎 ∈ . The overall counting function for 𝐻𝑄
𝜔,𝐷

can then be written as:

𝑛𝑄
𝜔,𝐷(𝐸) =

∑
𝑎∈

#𝑄
𝑎 (𝜔)𝑛𝑎

𝐷(𝐸), (A.5)

where #𝑄
𝑎 (𝜔) is the number of occurrences of the letter 𝑎 in the subword 𝜔|𝑄 (extending the

definition of the letter counting function from (1.7)). With the above, we define the spectral shift
function

𝜉𝑄
𝜔 (𝐸) ∶= 𝑛𝑄

𝜔(𝐸) − 𝑛𝑄
𝜔,𝐷(𝐸) = 𝑛𝑄

𝜔(𝐸) −
∑
𝑎∈

#𝑄
𝑎 (𝜔)𝑛𝑎

𝐷(𝐸). (A.6)

Finally, we provide a few definitions which are required for the proofs.
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28 of 38 BAND and SOFER

Definition A.2. A van Hove sequence is a sequence
(
𝑄𝑗

)
𝑗∈ℕ

⊂  such that

lim
𝑗→∞

|||𝜕𝑄𝑗
||||||𝑄𝑗
||| = 0, (A.7)

where the boundary 𝜕𝑄 is defined as

𝜕𝑄 ∶= {𝑛 ∈ 𝑄 ∶ 𝑛 + 1 ∉ 𝑄 or 𝑛 − 1 ∉ 𝑄}. (A.8)

Definition A.3. A function 𝑏 ∶  → [0, ∞) is called a boundary term if

(1) 𝑏 (𝑄) = 𝑏 (𝑚 + 𝑄) for all 𝑚 ∈ ℤ and 𝑄 ∈  ,
(2) there exists 𝐷 > 0 such that 𝑏 (𝑄) ⩽ 𝐷 |𝑄| for all 𝑄 ∈  ,
(3) for any van Hove sequence

(
𝑄𝑗

)
𝑗∈ℕ

, the following holds:

lim
𝑗→∞

𝑏
(
𝑄𝑗

)
|||𝑄𝑗

||| = 0. (A.9)

Definition A.4.

(1) Let 𝑋 be a Banach space. 𝐹 ∶  → 𝑋 is called almost-additive if there exists a boundary term
𝑏 such that ‖‖‖‖‖‖𝐹

(
∪𝑙

𝑘=1
𝑄𝑘

)
−

𝑙∑
𝑘=1

𝐹(𝑄𝑘)

‖‖‖‖‖‖ ⩽

𝑙∑
𝑘=1

𝑏(𝑄𝑘) (A.10)

for all 𝑙 ∈ ℕ and pairwise disjoint sets 𝑄𝑘.
(2) For a subshift element 𝜔 ∈ Ω, 𝐹 is said to be 𝜔-equivariant if 𝐹 (𝑄) depends only on the local

pattern of 𝜔 at 𝑄, that is,

𝐹(𝑄) = 𝐹(𝑚 + 𝑄), (A.11)

whenever 𝑚 ∈ ℤ and 𝑄 obeys 𝜔|𝑚+𝑄 = 𝜔|𝑄.
(3) 𝐹 is said to be bounded if there exists 𝐶 > 0 such that

‖𝐹(𝑄)‖ ⩽ 𝐶|𝑄|. (A.12)

A.2 Proving the main result
The following paraphrase on the ergodic theorem [41, Theorem 1] is a main key to the proof of
Proposition A.1:
Theorem A.5. Let (Ω, 𝑇) be a uniquely ergodic subshift over , and let 𝜔 ∈ Ω. Let (𝑋, ‖⋅‖) be a
Banach space, and let

(
𝑄𝑗

)
𝑗∈ℕ

be a vanHove sequence. Suppose that𝐹 ∶  → 𝑋 is an𝜔-equivariant,
almost-additive bounded function. Then the following limit exists:

𝐹 ∶= lim
𝑗→∞

𝐹
(
𝑄𝑗

)
|||𝑄𝑗

||| . (A.13)
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 29 of 38

Remark. [41, Theorem 1] also assumes existence of all subword frequencies, which here follows
from unique ergodicity (see [7, Proposition 4.4; 48]).

The following lemma provides the function 𝐹 on which Theorem A.5 is applied.

Lemma A.6. On the Banach space (𝑋, ‖⋅‖∞) of right-continuous bounded functions, define the
function

𝐹 ∶  → 𝑋, (A.14)

(𝐹(𝑄))(𝐸) =
𝜉𝑄

𝜔 (𝐸)

𝐿(ΓΩ)
, (A.15)

where 𝜉𝑄
𝜔 is the spectral shift function (A.6). Then 𝐹 is𝜔-equivariant, bounded, and almost-additive.

The proof is similar to [31, Lemma 22]. Boundedness follows since 𝐻𝑄
𝜔 and 𝐻𝑄

𝜔,𝐷
differ by a

finite rank perturbation. Similarly, almost-additivity holds since the disjoint decomposition 𝑄 =

⊔𝑙
𝑘=1

𝑄𝑘 yields finite rank perturbations between the associated operators.
The proof of Proposition A.1 now follows, using conceptually the same arguments as in [31,

Theorem 3].

Proof of Proposition A.1. By Lemma A.6, the function (𝐹 (𝑄)) (𝐸) = 𝜉𝑄
𝜔 (𝐸) ∕𝐿 (ΓΩ) is 𝜔-

equivariant, almost-additive and bounded. Applying (A.6) along a van Hove sequence
(
𝑄𝑗

)
𝑗∈ℕ

,
we get for all 𝑗 ∈ ℕ

𝑛
𝑄𝑗
𝜔 (𝐸) = 𝜉

𝑄𝑗
𝜔 (𝐸) +

∑
𝑎∈

#
𝑄𝑗
𝑎 (𝜔)𝑛𝑎

𝐷(𝐸). (A.16)

Dividing both sides by
||||Γ𝑄𝑗

𝜔

|||| and taking the limit 𝑗 → ∞, we obtain using (1.20):

𝑁𝜔(𝐸) = lim
𝑗→∞

𝑛
𝑄𝑗
𝜔 (𝐸)||||Γ𝑄𝑗

𝜔

||||
=(1.13)

1

𝐿(ΓΩ)
lim
𝑗→∞

𝑛
𝑄𝑗
𝜔 (𝐸)|||𝑄𝑗

|||
=

1

𝐿(ΓΩ)
lim
𝑗→∞

⎛⎜⎜⎝
𝜉

𝑄𝑗
𝜔 (𝐸)|||𝑄𝑗

||| +
1|||𝑄𝑗
|||
∑
𝑎∈

#
𝑄𝑗
𝑎 (𝜔)𝑛𝑎

𝐷(𝐸)
⎞⎟⎟⎠

=
1

𝐿(ΓΩ)
lim
𝑗→∞

𝜉
𝑄𝑗
𝜔 (𝐸)|||𝑄𝑗

||| +
1

𝐿(ΓΩ)

∑
𝑎∈

𝜈𝑎𝑛𝑎
𝐷(𝐸), (A.17)

and the limit exists by Theorem A.5. The convergence is uniform, since the Banach-space norm
in Lemma A.6 is ‖⋅‖∞.
We now prove formula (A.1), beginning with the 𝑄-independence of the right-hand side. This

is clearly true if 𝑄 = {𝑚}, that is, 𝑄 is a singleton. This follows from the translation invariance of
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30 of 38 BAND and SOFER

the ergodic measure 𝜇, since for all 𝑚 ∈ ℤ:

∫Ω
𝑡𝑟
[
𝜒

Γ{𝑚}
𝜔

𝜒(−∞,𝐸](𝐻𝜔)
]
𝑑𝜇(𝜔)

= ∫Ω
𝑡𝑟

[
𝜒

Γ{𝑚}
𝑇𝜔

𝜒(−∞,𝐸](𝐻𝑇𝜔)

]
𝑑𝜇(𝜔)

=(1.18) ∫Ω
𝑡𝑟

[
𝜒

Γ{𝑚}
𝑇𝜔

𝜒(−∞,𝐸]

((
𝑇♯
)−1

𝐻𝜔𝑇♯

)]
𝑑𝜇(𝜔)

= ∫Ω
𝑡𝑟

[
𝜒

Γ{𝑚}
𝑇𝜔

(
𝑇♯
)−1

𝜒(−∞,𝐸](𝐻𝜔)𝑇♯

]
𝑑𝜇(𝜔)

=(∗) ∫Ω
𝑡𝑟

[
𝑇♯𝜒

Γ{𝑚}
𝑇𝜔

(
𝑇♯
)−1

𝜒(−∞,𝐸](𝐻𝜔)

]
𝑑𝜇(𝜔)

= ∫Ω
𝑡𝑟
[
𝜒

Γ{𝑚+1}
𝜔

𝜒(−∞,𝐸](𝐻𝜔)
]
𝑑𝜇(𝜔), (A.18)

where (∗) follows from the cyclic property of the trace. For arbitrary𝑄, the claim follows bywriting
1|𝑄|𝜒Γ𝑄

𝜔
= 1|𝑄| ∑𝑚∈𝑄 𝜒

Γ{𝑚}
𝜔
.

To prove (A.1), we first show that

lim
𝑗→∞

⎡⎢⎢⎣ 1|||𝑄𝑗
|||𝐿(ΓΩ)

𝑡𝑟
{

𝜒𝑄𝑗
𝑓𝑧(𝐻𝜔)

}
−

1|||Γ𝜔
||𝑄𝑗

||| 𝑡𝑟
{

𝑓𝑧

(
𝐻𝜔

||𝑄𝑗

)}⎤⎥⎥⎦ = 0, (A.19)

for all 𝑓𝑧 of the form 𝑓𝑧 (𝑡) = (𝑡 − 𝑧)−1 for 𝑧 ∈ ℂ∖ℝ, where we use 𝜒𝑄𝑗
as an abbreviated notation

for 𝜒 Γ𝜔|𝑄𝑗
.

For a given box𝑄 = 𝑄𝑗 , the graph Γ𝜔 naturally splits into two components, Γ𝜔
||𝑄 and Γ𝜔

||ℤ∖𝑄. In
this case, the operators 𝐻𝜔 and 𝐻𝜔

||𝑄 ⊕ 𝐻𝜔
||ℤ∖𝑄 only differ by the boundary conditions imposed

at the set 𝜕𝑄. We consider the operator

𝐷 ∶= 𝑓𝑧(𝐻𝜔) − 𝑓𝑧

(
𝐻𝜔

||𝑄 ⊕ 𝐻𝜔
||ℤ∖𝑄

)
. (A.20)

As it is a difference of two self-adjoint operator and 𝑧 ∉ ℝ, we get ‖𝐷‖ ⩽ 2 |𝐼𝑚 (𝑧)|−1. In
addition, by the second resolvent identity we get 𝑟𝑎𝑛𝑘 𝐷 ⩽ |𝜕𝑄|. Both bounds imply |𝑡𝑟 𝐷| ⩽

2 |𝜕𝑄| |𝐼𝑚 (𝑧)|−1. We use this bound to get

lim
𝑗→∞

|||||| 1|𝑄𝑗|𝐿(ΓΩ)
𝑡𝑟
{

𝜒𝑄𝑗
𝑓𝑧(𝐻𝜔)

}
−

1|Γ𝜔|𝑄𝑗
| 𝑡𝑟{𝑓𝑧

(
𝐻𝜔|𝑄𝑗

)}||||||
= lim

𝑗→∞

1|𝑄𝑗|𝐿(ΓΩ)

||||𝑡𝑟{𝜒𝑄𝑗
𝑓𝑧(𝐻𝜔) − 𝑓𝑧(𝐻𝜔|𝑄𝑗

)
}||||

= lim
𝑗→∞

1|𝑄𝑗|𝐿(ΓΩ)

||||𝑡𝑟{𝜒𝑄𝑗

(
𝑓𝑧(𝐻𝜔) − 𝑓𝑧

(
𝐻𝜔|𝑄𝑗

⊕ 𝐻𝜔|ℤ⧵𝑄𝑗

))}||||
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 31 of 38

⩽
2

𝐿(ΓΩ) |𝐼𝑚(𝑧)| lim
𝑗→∞

|𝜕𝑄𝑗||𝑄𝑗| = 0. (A.21)

where in the last equality we used that 𝑄𝑗 is van Hove.
A Stone–Weierstrass argument then upgrades (𝐴.19) to indicator functions 𝜒(−∞,𝐸]. Applying

this to 𝑄𝑗 = [0, 𝑗] and recalling that the normalized spectral functions were defined as 𝑁
(𝑗)
𝜔 (𝐸) =

1||||Γ𝜔|𝑄𝑗

||||
𝑡𝑟
{

𝜒(−∞,𝐸]

(
𝐻𝜔

||𝑄𝑗

)}
we get

∫Ω
lim
𝑗→∞

𝑁
(𝑗)
𝜔 (𝐸) 𝐝𝜇(𝜔) = ∫Ω

lim
𝑗→∞

1|||Γ𝜔
||𝑄𝑗

||| 𝑡𝑟
{

𝜒(−∞,𝐸]

(
𝐻𝜔

||𝑄𝑗

)}
𝐝𝜇(𝜔)

= ∫𝜔∈Ω
lim
𝑗→∞

1|||𝑄𝑗
|||𝐿(ΓΩ)

𝑡𝑟

{
𝜒 Γ𝜔|𝑄𝑗

𝜒(−∞,𝐸](𝐻𝜔)

}
𝐝𝜇(𝜔)

=
1|𝑄|𝐿(ΓΩ) ∫𝜔∈Ω

𝑡𝑟
{

𝜒 Γ𝜔|𝑄𝜒(−∞,𝐸](𝐻𝜔)
}

𝐝𝜇(𝜔), (A.22)

where the second equality follows due to (𝐴.19), and the third equality follows from the
𝑄-independence of the trace. This completes the proof. □

Corollary A.7. Assume that the frequencies of all finite subwords inΩ are positive. The IDS𝑁Ω has
a jump discontinuity at 𝐸 ∈ ℝ if and only if 𝐸 admits a compactly supported eigenfunction.

The proof follows the same arguments as in [38, Theorem 2] and [31, Corollary 7]: a jump dis-
continuity of the IDS is equivalent to the dimension of the eigenspace of 𝐸 ∈ Spec

(
𝐻𝜔

||[0,𝑛]

)
growing “sufficiently quickly” in 𝑛, which then allows one to construct compactly supported
eigenfunctions for 𝐻𝜔.

APPENDIX B: PROOF OF LEMMA 2.1
This appendix proves Lemma 2.1, which compares the spectral counting functions for the
Kirchhoff Laplacian on the graph Γ𝜔 (𝑡) with those of some of its subgraphs.
The proof relies on continuously interpolating between the full graph Γ𝜔 (𝑡) and the disjoint

union of the corresponding subgraphs of Γ𝜔 (𝑡). This is done using a one-parameter family of
operators (𝐻𝜏)𝜏∈[0,𝜋]. This operator family transitions between the full graph and the split graph
while keeping 𝑓𝜔,𝐸 an eigenfunction for all the graphs in the transition process, allowing to relate
the spectral counting functions of the graphs.
To describe the construction, we start by fixing some 𝐸 ∉ Spec (𝐻𝜔) such that for each 𝑎 ∈ ,

it holds that 𝐸 does not belong to the spectrum of Γ𝑎 with a Dirichlet condition at the base vertex
𝑣𝑎 of Γ𝑎 (as in the statement of Lemma 2.1). Take on Γ𝜔 the unique solution 𝑓𝜔,𝐸 , as is described in
step one of the proof of Theorem 1.7. Consider a compact truncation Γ𝜔 (𝑡) of the infinite graph Γ𝜔

(see (2.15)). The vertices at which the cut is made are 𝑠𝜔(𝑡) ∪ 𝑜(Γ𝜔) (see (2.9), (2.15), and Figure 3).
For each vertex 𝑢 ∈ 𝑠𝜔(𝑡) ∪ 𝑜(Γ𝜔), we denote

𝛼(𝑢) ∶=

∑
𝑒∈𝑢∩Γ𝜔(𝑡) 𝑓′

𝜔,𝐸
|||𝑒(𝑢)

𝑓𝜔,𝐸(𝑢)
, (B.1)
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32 of 38 BAND and SOFER

F IGURE B . 1 The family (𝐻𝜏)𝜏∈[0,𝜋] which continuously disconnects the graph Γ𝑡
𝜔 into two subgraphs as

𝜏 → 𝜋.

which is considered to be the Robin parameter of 𝑓𝜔,𝐸 at 𝑢 when restricted to Γ𝜔(𝑡). We consider
an arbitrary decoration Γ𝑎 which is attached to Γ𝜔(𝑡). We can split the graph Γ𝜔 (𝑡) into two sub-
graphs:Γ𝑎 andΓ𝜔 (𝑡) ∖Γ𝑎, each containing a respective copy of the base vertex 𝑣𝑎 of the decoration.
We label these copies 𝑣dec

𝑎 , 𝑣hor
𝑎 , as in Figure B.1.

We describe a family of operators (𝐻𝜏)𝜏∈[0,𝜋] on Γ𝜔(𝑡) which is now considered as a disjoint
union of Γ𝑎 and Γ𝜔(𝑡)∖Γ𝑎. Each operator 𝐻𝜏 acts as the Laplacian on each edge; at the vertices
𝑠𝜔(𝑡) ∪ 𝑜(Γ𝜔) and 𝑣dec

𝑎 , 𝑣hor
𝑎 it satisfies continuity conditions (for this purpose 𝑣dec

𝑎 and 𝑣hor
𝑎 are

considered as separate vertices) and also the following vertex conditions:∑
𝑒∈𝑢

𝑓′|𝑒(𝑢) = 𝛼(𝑢)𝑓(𝑢), ∀𝑢 ∈ 𝑠𝜔(𝑡) ∪ 𝑜(Γ𝜔), (B.2)

∑
𝑒∼𝑣dec

𝑎

𝑓′
𝑒

(
𝑣dec

𝑎

)
= 𝑚𝑎(𝐸)𝑓

(
𝑣dec

𝑎

)
+ cot (𝜏∕2)

(
𝑓
(
𝑣hor

𝑎

)
− 𝑓

(
𝑣dec

𝑎

))
, (B.3)

∑
𝑒∼𝑣hor

𝑎

𝑓′
𝑒

(
𝑣hor

𝑎

)
= −𝑚𝑎(𝐸)𝑓

(
𝑣hor

𝑎

)
− cot (𝜏∕2)

(
𝑓
(
𝑣hor

𝑎

)
− 𝑓

(
𝑣dec

𝑎

))
, (B.4)

where the Robin parameter 𝑚𝑎 (𝐸) is a fixed number determined from 𝑓𝜔,𝐸 restricted to Γ𝑎 as in
(2.2), and the Kirchhoff conditions is imposed at all other vertices of Γ𝜔(𝑡). At 𝜏 = 0 we also add
the requirement 𝑓(𝑣dec

𝑎 ) = 𝑓(𝑣hor
𝑎 ). At 𝜏 = 𝜋, the graph Γ𝜔 (𝑡) is effectively split at the vertex 𝑣𝑎,

with the Robin conditions imposed at both 𝑣dec
𝑎 and 𝑣hor

𝑎 (but with opposite signs of the coupling
coefficient).
One can verify that 𝑓𝜔,𝐸

||Γ𝜔(𝑡)
satisfies the vertex conditions (B.2),(B.3),(B.4) for all 𝜏 ≠ 0 and

so it is an eigenfunction of 𝐻𝜏 for all 𝜏 ≠ 0. At 𝜏 = 0, the additional condition 𝑓(𝑣dec
𝑎 ) = 𝑓(𝑣hor

𝑎 ),
together with (B.3),(B.4) simplifies to Kirchhoff, and therefore 𝑓𝜔,𝐸

||Γ𝜔(𝑡)
is an eigenfunction of

𝐻0 as well. As a matter of fact, this is the part of the rationale behind the particular choice of the
operator family (𝐻𝜏)𝜏∈[0,𝜋]. We may also describe this operator family via its quadratic form (the
connection between vertex conditions and quadratic forms for quantum graphs is standard, see,
e.g., [16]). With our convention for outward derivatives, the associated quadratic form is

𝑄𝜏[𝑓] =∫Γ𝜔(𝑡)

||𝑓′||2𝑑𝑥 −
∑

𝑢∈𝑠𝜔(𝑡)∪𝑜(Γ𝜔)

𝛼(𝑢)||𝑓(𝑢)||2
+ 𝑚𝑎(𝐸)|𝑓(𝑣hor

𝑎 )|2 − 𝑚𝑎(𝐸)|𝑓(𝑣dec
𝑎 )|2

+ cot (𝜏∕2)|𝑓(𝑣hor
𝑎 ) − 𝑓(𝑣dec

𝑎 )|2, (B.5)
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GAP LABELS FOR ERGODIC OPERATORS ON DECORATED GRAPHS 33 of 38

where the Robin parameter𝑚𝑎 (𝐸) is fixed as above and the domain of𝑄𝜏 is taken as all functions
in 𝐻1 (Γ𝜔 (𝑡)) which are continuous on Γ𝑎 and continuous on Γ𝜔 (𝑡) ∖Γ𝑎 (but without requiring
continuity at 𝑣𝑎, that is, that𝑓(𝑣hor

𝑎 ) = 𝑓(𝑣dec
𝑎 )). For 𝜏 = 0, the domain further restricts to functions

satisfying 𝑓(𝑣hor
𝑎 ) = 𝑓(𝑣dec

𝑎 ) as well. Thus, at 𝜏 = 0 the operator satisfies also Kirchhoff conditions
at 𝑣𝑎 (without splitting it into 𝑣dec

𝑎 and 𝑣hor
𝑎 ).

Thus, the family (𝐻𝜏)𝜏∈[0,𝜋] continuously interpolates between an operator on the full graph
Γ𝜔 (𝑡) (at 𝜏 = 0) and an operator on the cut graph Γ𝜔 (𝑡) ∖Γ𝑎 (at 𝜏 = 𝜋). Now, we consider all the
other decorations (in addition to Γ𝑎 discussed above) which are connected to Γ𝜔(𝑡). We redefine
the operator family (𝐻𝜏)𝜏∈[0,𝜋] such that the vertex conditions at all vertices where the decora-
tions are attached are changed simultaneously in the same manner as for 𝑣𝑎. Namely, the vertex
conditions (B.3), (B.4) are imposed at all these decoration attachment vertices. The effect of this
redefined operator family (𝐻𝜏)𝜏∈[0,𝜋] is equivalent to disconnecting Γ𝜔 (𝑡) at all these vertices
simultaneously at 𝜏 = 𝜋. At 𝜏 = 0, we get the operator 𝐻𝜔

||Γ𝜔(𝑡), namely, the vertex conditions
at the vertices of Γ𝜔 (𝑡) are all Kirchhoff, except for the boundary vertices 𝑠𝜔(𝑡) ∪ 𝑜(Γ𝜔), where
the Robin conditions (B.2) are imposed. What is important to emphasize is that exactly as above
𝑓𝜔,𝐸

||Γ𝜔(𝑡)
is an eigenfunction of 𝐻𝜏 for all 𝜏 ∈ [0, 𝜋].

By standard methods (cf. [16, Theorem 1.4.4]), 𝐻𝜏 are all self-adjoint with compact resolvents.
Noticing that the map 𝜏 ↦ 𝑄𝜏 [𝑓] is piecewise analytic with nonpositive derivative for all fixed 𝑓,
a standard Kato-type [35] argument (see, e.g., [10, 57] for detailed proofs in similar systems) can
be used to prove the following:

Lemma B.1. The eigenvalue branches (𝜆𝑛 (𝜏))𝑛∈ℕ of (𝐻𝜏)𝜏∈[0,𝜋] are piecewise real-analytic, and
monotone nonincreasing in any interval where they are differentiable.

We have collected all that is needed.

Proof of Lemma 2.1. The lemma considers the operators 𝐻𝜔
||Γ𝜔(𝑡), 𝐻𝜔

||[0,𝑡𝐿] and 𝐻𝜔
||Γ𝑎
. Their

spectral counting functions are denoted by 𝑛𝜔,𝑡, 𝑛horiz𝜔,𝑡 and 𝑛(𝑎), respectively. We note that the
operator 𝐻𝜔

||Γ𝜔(𝑡) is exactly 𝐻0 of the operator family (𝐻𝜏)𝜏∈[0,𝜋] defined above. Denoting the

spectral counting functions of this family by 𝑛(𝜏)
𝜔,𝑡(𝐸) (i.e., 𝑛(0)

𝜔,𝑡 = 𝑛𝜔,𝑡), the statement of Lemma 2.1
translates to

𝑛(0)
𝜔,𝑡(𝐸) = 𝑛horiz𝜔,𝑡 (𝐸) +

∑
𝑎∈

#𝑡
𝑎(𝜔)

(
𝑛(𝑎)(𝐸) − 1

)
. (B.6)

Now, consider the operator 𝐻𝜋. It is an operator on the cut version of Γ𝜔(𝑡), namely the dis-
joint union of the horizontal graph with the individual decorations. As such, its spectral counting
function equals the sum of the individual counting functions,

𝑛(𝜋)
𝜔,𝑡 (𝐸) = 𝑛horiz𝜔,𝑡 (𝐸) +

∑
𝑎∈

#𝑡
𝑎(𝜔)𝑛(𝑎)(𝐸). (B.7)

Given (B.7), we can prove (B.6) by showing the following properties on the eigenvalue curves.

(1) The operator family (𝐻𝜏)𝜏∈[0,𝜋] is uniformly bounded from below.
(2) For 𝜀 > 0 small enough, there are exactly ⌊𝑡⌋ crossings of the eigenvalue curves with the

horizontal line 𝜆 = 𝐸 + 𝜀 in the interval 𝜏 ∈ [0, 𝜋].
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34 of 38 BAND and SOFER

F IGURE B . 2 Demonstration of the rectangle argument: the number of intersections through the top side is
equal to the spectral shift.

We first explain why the two properties above together with (B.7) imply (B.6), and then prove
these properties. Consider the rectangle bounded by 𝜏 = 0, 𝜏 = 𝜋, 𝜆 = 𝐸 + 𝜀 and 𝜆 = −𝐶, where
−𝐶 is a uniform lower bound of the family (𝐻𝜏)𝜏∈[0,𝜋] (see Figure B.2). It is clear that 𝑛(0)

𝜔,𝑡 (𝐸) and
𝑛(𝜋)

𝜔,𝑡 (𝐸) equal the number of intersections of the eigenvalue curves with the left and right sides of
the rectangle, respectively. Due to property ((1)) there are no intersections with the lower side of
the rectangle. By Lemma B.1 the eigenvalue curves are monotone nonincreasing, and hence the
number of intersections with the top side equals 𝑛(𝜋)

𝜔,𝑡 (𝐸) − 𝑛(0)
𝜔,𝑡 (𝐸). By property ((2)) the number

of these intersections is ⌊𝑡⌋, so that
𝑛(𝜋)

𝜔,𝑡 (𝐸) − 𝑛(0)
𝜔,𝑡(𝐸) = ⌊𝑡⌋ =

∑
𝑎∈

#𝑡
𝑎(𝜔), (B.8)

which combined with (B.7) proves (B.6).
Next, we prove the two properties mentioned above. Property ((1)) follows from the quadratic

form (B.5): (𝐻𝜏)𝜏∈[0,𝜋] is uniformly bounded from below since cot(𝜏∕2) is bounded from
below there.
For property ((2)), first recall that 𝐸 is as in the proof of Theorem 1.7 (and was used to define

the family (𝐻𝜏)𝜏∈[0,𝜋]). We have already observed that the function 𝑓𝜔,𝐸 is an eigenfunction of
𝐻𝜏 for all 𝜏 ∈ [0, 𝜋]. Hence, there exists a ‘flat’ eigenvalue branch at the constant value of 𝜆 = 𝐸.
Denote by 𝑀 the multiplicity of 𝐸 as an eigenvalue of 𝐻0 (we know that 𝑀 ⩾ 1, since 𝑓𝜔,𝐸 is
an eigenfunction). Next, we will show the following two statements: (a) The multiplicity of 𝐸

as an eigenvalue of 𝐻𝜋 is 𝑀 + ⌊𝑡⌋ and (b) The multiplicity of 𝐸 as an eigenvalue of 𝐻𝜏 for any
𝜏 ∈ [0, 𝜋) is 𝑀. From this we would get that there are exactly ⌊𝑡⌋ eigenvalue branch which cross
𝜆 = 𝐸 and these crossings occur at 𝜏 = 𝜋. This immediately yields property ((2))which finishes the
proof.
(a) Denote by {𝑓(𝑗)}𝑀

𝑗=1
a basis to the 𝐸-eigenspace of 𝐻0. We use the functions {𝑓(𝑗)}𝑀

𝑗=1
to con-

struct𝑀 + ⌊𝑡⌋ functions on Γ𝜔(𝑡). Note that given the value 𝐸, at each of the ⌊𝑡⌋ decorations there
is a unique (up to scalar) function which is a solution of the ODE (2.1) with Kirchhoff conditions
imposed at all vertices, except at the base vertexwhere only a continuity condition is imposed. The
uniqueness is guaranteed since we demanded that for all decorations Γ𝑎, 𝐸 is not in the spectrum
of the decoration with Dirichlet condition (if uniqueness is violated, one may construct such a
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function which vanishes at the base vertex). We denote these unique functions on the decorations
by {𝑓𝑎}𝑎∈. We thus get that for each 𝑓(𝑗) (1 ⩽ 𝑗 ⩽ 𝑀), its restriction to each of the decorations
either equals the corresponding 𝑓𝑎, or identically vanishes at the decoration (in the case where
𝑓(𝑗)(𝑣𝑎) = 0).
Given the above observations, we construct 𝑀 + ⌊𝑡⌋ functions on Γ𝜔(𝑡) as follows. For each of

the ⌊𝑡⌋ decorations construct a function which is supported only at this decoration and vanishes
everywhere else (i.e., it vanishes at all the other decorations and at the horizontal line). This gives⌊𝑡⌋ eigenfunctions of𝐻𝜋.We additionally take {𝑓(𝑗)|||[0,𝑡𝐿]

}𝑀
𝑗=1

, which are also eigenfunctions of𝐻𝜋.
We thus get𝑀 + ⌊𝑡⌋𝐸-eigenfunctions of𝐻𝜋. Clearly, these functions are linearly independent and
we now show that there are no other 𝐸-eigenfunctions of𝐻𝜋. Assume by contradiction that there
is another 𝐸-eigenfunction of 𝐻𝜋, denoted by g which is not a linear combination of the 𝑀 + ⌊𝑡⌋
functions mentioned above. To get a contradiction, we construct a function ℎ on Γ𝜔(𝑡), such that
ℎ|[0,𝑡𝐿] = g|[0,𝑡𝐿] and at each decoration Γ𝑎 which is included in Γ𝜔(𝑡) we set ℎ|Γ𝑎

to equal 𝑓𝑎 up
to a scalar multiple which is chosen to guarantee that ℎ is continuous at the base vertex of Γ𝑎. This
way, we obtain that ℎ is an 𝐸-eigenfunction of 𝐻0. At every decoration Γ𝑎, either g|Γ𝑎

equals 𝑓𝑎

up to a scalar multiple, or g|Γ𝑎
≡ 0 (by the uniqueness mentioned above). Therefore, g is a linear

combination of ℎ and the ⌊𝑡⌋ functions which are supported solely at the decorations of Γ𝜔(𝑡), but
this is a contradiction.
(b) Let 𝜏 ≠ 𝜋. Note that {𝑓(𝑗)}𝑀

𝑗=1
are 𝐸-eigenfunctions of 𝐻𝜏. We should only show that there

are no additional eigenfunctions. Assume by contradiction that there is an eigenfunction g of 𝐻𝜏

which is linearly independent of {𝑓(𝑗)}𝑀
𝑗=1

. In particular, on every decoration Γ𝑎 which is included

in Γ𝜔(𝑡) we have that g is a solution of the same ODE as 𝑓𝜔,𝐸
||Γ𝑎

(and as all of {𝑓(𝑗)|||Γ𝑎

}𝑀
𝑗=1

). This

implies that at the base vertex 𝑣𝑎 of the decoration we get
∑

𝑒∼𝑣dec
𝑎

g ′||𝑒 (𝑣dec
𝑎

)
= 𝑚𝑎 (𝐸) g

(
𝑣dec

𝑎

)
.

Comparing this to the vertex condition (B.3) and using cot(𝜏∕2) ≠ 0we get that g(𝑣dec
𝑎 ) = g(𝑣hor

𝑎 ),
that is, that g is continuous at the base vertex of the decoration. Since this is valid for all the deco-
rations contained in Γ𝜔(𝑡)we get that g is an 𝐸-eigenfunction of𝐻0 which is linearly independent
of {𝑓(𝑗)}𝑀

𝑗=1
. A contradiction. □

Remark. The proof of Lemma 2.1 is based on the notion of spectral flow. The spectral flow of an
operator family such as (𝐻𝜏)𝜏∈[0,𝜋] is informally defined as the number of oriented intersections
of the eigenvalue curves of 𝐻𝜏 with some horizontal line 𝐸 = const. The spectral flow is a topo-
logical invariant and an interesting framework in its own right. In the proof above, this spectral
flow is computed by the rectangle argument, which relates the difference between the spectral
counting functions at 𝜏 = 0 and 𝜏 = 𝜋 to the eigenvalue curves crossing 𝐸 + 𝜀. To keep the proof
self-contained, we refrained from using the spectral flow directly, and instead used a direct argu-
ment. We refer to [17–19] and references therein for a thorough background about the spectral
flow, and also to a forthcoming paper by Prokhorova and [10, 40] for applications of the spectral
flow specifically in the context of quantum graphs.
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