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cussions and the learning involved remain less explored. We developed the Discourse Mapping
Tree (DMT), a commognitive based tool for mapping mathematical content during discussions,
which allowed us to examine learning of a class as a whole in linear algebra discussions. The DMT
displays the objects on which a discussion focuses, the multiple types of realizations of these
objects and the narratives authoring links between the realizations. The DMT showed that the
division of labor between the instructor and the students in our study was not always symmet-
rical. This tool provides a succinct overall image of the publicly available mathematics during a
classroom discussion and allows for the mapping of complex tertiary level mathematics which
include multiple objects and realizations.

1. Introduction

Active student participation in rich mathematical discussions, along with other learner-centered teaching practices, are becoming
more prevalent in tertiary mathematical education (Melhuish et al., 2022). In these discussions students are afforded agency to author
mathematical narratives; they expound their ideas to the class using verbal and written mediums; they are expected to justify their
claims in response to both students’ feedback and the instructor’s critique; and a collective solution to a given task is authored. During
lessons that are built around such discussions, students actively take charge of their own learning, become self-regulated, and develop
their own study paths (Pepin et al., 2021). This supports meaningful student participation in all levels of mathematics education
(Hershkowitz et al., 2014; Tabach et al., 2014). In the tertiary level mathematical discussions have been used to support students’
meaningful mathematical activity of recreating mathematical ideas in a bottom-up manner, for example, in a differential equations
course (Stephan & Rasmussen, 2002). Hershkowitz and colleagues (2022) used classroom discussion in small groups and demonstrated
that this method supported students’ learning about fractals. Yet, most of these studies focused on the social interactions between
students and between the instructor and the class. The mathematical content of these discussions and how they afford opportunities for
learning remain less explored.

Mapping the mathematical narratives of a classroom discussion allows us to examine how the mathematical content was handled
and developed in the discussion and what classroom learning took place (Weingarden et. al., 2019). This can highlight specific
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representations that were missed in the discussion, concepts and skills with which the class felt more comfortable, and areas where
more emphasis should have been placed by the instructor to move the class towards less familiar representations and mathematical
ideas. This is particularly important in linear algebra, which consists of many abstract mathematical concepts that have multiple
representations and intricate connections between them (Talbert, 2014). Students face difficulties linking between these multiple
representations, which pose challenges for advancing to more complex mathematical and STEM related disciplines (Chang, 2011;
Varsavsky, 2010).

The commognitive framework (Sfard, 2008) is particularly suitable for analyzing classroom discussions since it conceptualizes
mathematical learning through the lens of discourse. This enables the treatment of the mathematical content and the inter-personal
communication with the same theoretical toolset. Recent studies used commognition to map the mathematical content of discus-
sions using visual representations such as tree diagrams (Knox & Kontorovich, 2023). These have been used to map the mathematical
content of textbooks (Haghjoo et al., 2022), to map students’ work with technological tools (Weingarden et al., 2024) and to map
classroom discussions (Weingarden et al., 2019; Weingarden & Heyd-Metzuyanim, 2023). However, classroom discussions have been
mapped only in middle school settings for a few tasks focusing on specific content. The adaptability of these tools to the tertiary setting,
with much more complex mathematical discourse, has not yet been examined.

Our goal in this study was to develop a tool for mapping the mathematical content of whole-class discussions in linear algebra, and
to use this tool to characterize what mathematical ideas, realizations, and connections become publicly available to the class during
these discussions.

2. Theoretical background
2.1. Mathematical discussions and their study

During a whole-class mathematical discussion it is difficult and sometimes outright impossible to track an individual’s mathe-
matical progress. Nevertheless, learning processes are understood to occur in this setting. For this reason, some researchers have
examined learning in classrooms as a whole, using the class rather than the individual as the unit of analysis (e.g. Nachlieli & Tabach,
2022, Ernest et. al. 2019, Stephan & Rasmussen, 2002).

In such discussions, individual contributions are shaped by what has been previously said and written in the public space, and the
mathematical procedures and narratives that emerge are developed collectively over the course of the discussion. Classroom discourse
thus develops through individual students’ contributions, while not being reducible to an aggregation of individual discourses. In-
structors typically address the class as a whole, and students’ contributions become part of a shared mathematical space (Nachlieli &
Tabach, 2022). Aligned with these studies, we use the term classroom mathematical discussion to refer to everything said and done in the
public space that relates to mathematics.

In such public, whole-class discussions, much research has shown that students’ learning of mathematics is supported, particularly
in the K-12 context (e.g. Chen et al., 2020; O’Connor et al., 2017; Stein et al., 2008), as discussions afford opportunities for student
struggle and for developing conceptual understanding (Hiebert & Grouws, 2007).

A task appropriate for sparking a discussion is a necessary, but not sufficient, condition for a meaningful discussion. The literature
describes discussions around meaningful, engaging tasks with characteristics such as a high level of cognitive demand (Tekkumru-Kisa
et al., 2020) and expanding students’ mathematical experiences (Koichu & Zazkis, 2021). Multiple studies have established that
teaching practices should support meaningful mathematical participation, enable students to struggle in building understanding,
emphasize connections between procedures and concepts, and solicit student thinking (Michaels et al., 2008; Schoenfeld, 2014; Stein
et al., 2008; Smith & Stein, 2011). Nevertheless, not many studies have engaged in examining what mathematics ensued out of these
tasks in the actual discussion.

2.2. Discussions in a tertiary setting

At the practical level, classroom discussions, although less prevalent than in K-12 settings, have received increasing attention in the
tertiary setting (e.g. Rasmussen & Kwon, 2007). Studies examining this teaching technique have shown, for example, that classroom
discussions about properties of fractals sparked meaningful discussions that supported student learning (Hershkowitz et al., 2022). In
another study, Stephen and Rasmussen (2002) showed that during discussions about differential equations there was collective
learning through the mathematical practices that emerged. These studies relied on measures of learning outcomes, such as interviews
about beliefs and exams measuring knowledge. The relatively rare studies that did focus on classroom discourse (Heyd-Metzuyanim &
Cooper, 2023, Saxe & Farid, 2023, Sfard, 2023) examined the classroom interactions in micro-detail, on a turn-by-turn basis, which did
not allow an overall view of the mathematical content to which students were exposed throughout the discussion.

In the tertiary context, the productivity of classroom discussion may be even more crucially dependent on the mathematical content
that is made available during the discussion than in earlier levels. However, most studies that related to tasks appropriate for classroom
discussions did not engage in analyzing which mathematical ideas, representations, or connections actually became publicly articu-
lated in the ensuing discussion (Chang, 2011, Stewart & Thomas, 2009, Zandieh et al., 2017). One line of research that did relate to the
gap between what is mathematically possible and what is taken up in practice is didactical engineering research. Artigue (2009)
suggested that tasks should be examined by comparing an a priori analysis of a task, independent from its implementation, and an a
posteriori analysis of what emerged in classroom activity. While developed in the context of task design, this distinction underscores
the importance of differentiating between mathematical potential and what content becomes available during classroom discussions.
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3. Theoretical framework-commognition

The commognitive framework allows us to consider the mathematical content of discussions, including the explication of concepts
and student agency, with emphasis on the mathematical objects being considered. According to commognition, mathematical objects
involved in discussions are discursive constructs; that is, they have no physical manifestation and exist only as part of a discourse
(Sfard, 2008). The words or symbols that are used in the discourse are termed signifiers. Realizations of a signifier are expressions that are
all interchangeable, which are all treated in experts' mathematical discourse as denoting "the same" object (Sfard, 2008). For example,
the object “two”, which is the number you reach when counting two apples and is a product of counting, can also be signified by the
numeral 2, by 4/2, by 1 + 1, and by \/4.

Objects are part of discourses. A discourse is defined by Sfard (2008) as “set apart by its objects, the kinds of mediators used, and the
rules followed by participants” (p. 93). Mathematical discourses are hierarchical and recursive, where their objects (e.g., the rational
numbers) are built upon previously established objects (e.g., the whole numbers) (Sfard, 2008).

New mathematical discourses have historically been created either by several existing sub-discourses coalescing into one discourse
or by a new discourse subsuming an older one. Sfard (2008) claims that an individual’s adoption of a discourse often proceeds similarly
to how discourses developed over centuries. Thus, when learners progress from individualizing one discourse to a subsuming one, the
subsuming discourse includes an isomorphic copy of the old discourse, as well as new objects and narratives that can only be realized in
the subsuming discourse (Lavie & Sfard, 2019). For example, the discourse of functions is coalesced from its sub-discourses of algebraic
formulas, of curves and of physical processes, and includes narratives that can be endorsed in all the sub-discourses and narratives that
include pieces of narratives from the sub-discourses (Sfard, 2008).

The commognitive framework is particularly suited to linear algebra, which includes many types of structures that can be rep-
resented in different discourses (i.e. manners) and considered as being—or not being—isomorphic (i.e. mathematically equivalent) to
other structures (Hillel, 2000).

The discourse commonly referred to as linear algebra includes multiple sub-discourses that, over an extended period of time, were
coalesced into a single subsuming discourse. Andrews-Larson (2015) exemplifies this through the history of the notion of systems of
linear equations (SLEs). Originally, systems of constraints on everyday problems were described verbally. Next, linear systems and
their solutions were described by Chinese mathematicians in 200 BCE and by Gauss (early 19th century) without matrix notation.
Significant advances in notation, including matrices and determinants, led to SLEs being described as mathematical objects—not
merely a process to a solution. The modern, axiomatic definitions utilize vector spaces and linear transformations to describe SLEs. In
accordance with Andrews-Larson’s (2015) explanation, we divide the various narratives regarding SLEs into these five domains: the
solution set (constraints), a list of equations, matrix notation, SLEs as objects and vector spaces and transformations. These can be
considered sub-discourses, differing in their objects, mediators, key-words and rules.

It is important to note that at the tertiary level narratives can rarely be neatly separated into sub-discourses, as contemporary linear
algebra utilizes realizations from assorted sub-discourses interchangably. Still, as previous studies have shown the separate sub-
discourses remain perceptible in practice, as students are gradually introduced to realizations from different sub-discourses
(Grenier-Boley, 2014). They are also perceptible in evidence describing students’ difficulties in traversing from realizations
belonging to different sub-discourses (Duval, 2006). Thus, also at the tertiary level “learning mathematics is a twofold process that
involves developing proficiency in the various subsumed discourses ... and in the unified discourse™'; (Weingarden, 2024, p.264).

An essential step towards unifying different discourses lies in saming the different realizations, which is an important part of what
Sfard (2008) termed objectification. This process should yield, eventually, the objects communicated about in the unified discourse.
Through this process, narratives using realizations that belong to different sub-discourses become interchangeable and equivalent. For
example, deriving from the fact that the graph of a parabola intersects the x-axis at two points the claim that ax? +bx +c has two roots
sames between the graphic realization and the algebraic realization. Saming does not just happen between discourses, it can also
happen within a single discourse. For example, the claim that 2(3+x) = 2-3 + 2.x sames between the realizations 2(3 +x) and
2-3 + 2-x, both belonging to the algebraic discourse.

Weingarden (2024) described communicative actions that included saming in the classroom, using the term saming narratives. In
this study, we build on this to define saming narratives as narratives that translate one realization to the other, or narratives that use as
their protagonists objects that manifest through at least two realizations. Further, we distinguish between intra-discursive saming
narratives, where the two realizations are of the same discourse and inter-discursive saming narratives, in which the two realizations
belong to different discourses. For example, “the parabola meets the x axis at three, therefore p(3) = 0” is an inter-discursive saming
narrative since it contains as its protagonists two realizations of the same object (“the parabola” and “p(3) = 0”) belonging to two
disparate discourses — the graphs discourse and the algebraic discourse.

3.1. Visual mapping using realization trees

Relying on the idea that visualization tools can convey complex ideas more efficiently than prose (Gropper, 1963), in recent years
advancements in the domain of commognitive studies have led to the development of visual tools for mapping classroom discourse.

1 Weingarden (2024) refers to this twofold process as object-level learning and meta-level learning, a term we also used in our previous writings
(Wallach, 2022). However, in this study the meta-level aspects of the discourse are less apparent, thus we revert to simply observing the two
processes (intra-discursive and inter-discursive) as ones worthy of delineation.
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The commognitive visual tools use the notion of an object being a “signifier together with its realization tree” (Sfard, 2008). A
realization tree is a visual representation of realizations of a mathematical object and the connections between them.

Realization trees have been used to examine the processes that are involved in derivatives (Park, 2016) and used to examine what
type of objects are introduced to students in textbooks (Haghjoo et al., 2022). These gave a visual image of what can be included in a
classroom discussion. Realization trees have also been used to map oral discussions, allowing the participants’ narratives to be
examined. Weingarden and colleagues (2019) mapped the opportunities and the agency afforded to middle school students to
construct narratives about the perimeter of trains of hexagons; Miragliotta and Lisarelli (2022) mapped available opportunities and the
authored realizations for the height of a triangle; Knox and Kontorovich (2023) mapped discursive gaps between group members and
individual learners’ development of objects. Realization trees can be used both for a priori mapping of what is possible to include in a
discussion (e.g., what is available in a textbook), and for a posteriori mapping of what was included in a discussion (e.g., what a student
said).

Despite the usefulness of realization trees presented above, they are limited by their focus on a single mathematical object. For
example, Weingarden and colleagues (2019) mapped the perimeter of a train of hexagons, referring to this perimeter object and its
various realizations as linear algebraic expressions, visual mediators of the sides of the “trains”, and verbal descriptions of how the
hexagon sides should be counted. This characteristic of realization trees is particularly limiting for tertiary discussions which often
pertain to families of objects. Such discussions can include, for example, the properties of continuous functions or of row-reduced
matrices, while giving multiple examples of functions or matrices for which these properties hold or do not hold. Mapping all the
mathematics that these discussions include necessitated developing a new tool to capture discourses and sub-discourses, rather than a
single object with its realizations.

Another limitation of the realization trees is the lack of differentiation between a priori analysis and a posteriori analysis. This is
particularly important when one wishes to map the expected mathematical content, not just the discourse observed in the discussion.
Researchers in the past dealt with this limitation in various ways. Weingarden and colleagues (2019) constructed the expected
mathematics by empirically mapping more than 30 classroom discussions and by determining whether to expect a certain realization
in a specific classroom discussion based on the assumption that the full set of what was to be expected could be found in the 30
discussions. Miragliotta and Lisarelli (2022) used similar assumptions to construct the tree used in mapping a discussion a posteriori.
Such construction is limited for two reasons. First, it necessitates compiling a large database of classroom discussions as the “potential”.
Second, even with a large database, not all the potential realizations and narratives might occur. Thus, there is a need to develop the
realization tree tool to include the potential mathematical content of a task, independent of any implementation.

In this study, we examined the mathematical content of whole-class discussions through a visual mapping of the sub-discourses
involved. Given our view of mathematical discussions, their mapping should include the objects being discussed, the types of re-
alizations of these objects (i.e. the sub-discourses) and the types of connections the saming-narratives describe (intra-discursive or
inter-discursive).

Our research question is thus: What can a visual mapping of the discourses tell us about the mathematical content of a whole-class
discussion?

4. Method
4.1. Context

This study is part of a larger project intended to develop teaching practices and materials for discussion-based learning in linear
algebra (Wallach, 2022). In parallel to the regular lectures and recitations, workshops led by the first author were planned and offered
to students. The basis for each workshop was a task with which the students engaged and which formed the basis for the whole-class
discussion. The tasks were designed by the first and third author (instructors of linear algebra with many years of experience) to
prompt and foster meaningful mathematical discussions. Over the course of two semesters 11 workshops were held, using the seven
tasks that were designed for them.

The project was conducted at a science and engineering university where students take a linear algebra course during their first
semester. The workshops were one academic hour and participation was voluntary. The number of students participating in each
workshop varied from 7 to 60. Some students were in all or most of the sessions and some students were only in a single session. The
attendance fluctuated based on the amount of advertising for the sessions, due to the students’ workload (homework, midterms, etc.)
and dependent on the point of the semester the session was held.

The workshops were an adaptation of the launch, explore and discuss (LED) structure and Smith and Stein’s (2011) suggested
practices for orchestrating productive mathematics discussions described above. Each workshop started with a short (around 5 min)
introduction, that included a summary of definitions and theorems presented in the lectures; these were written on the board and
available to the students throughout the workshop. Next, the students were given a printed worksheet with a task to work on in groups
of 2 or 3 students for 15-20 min. Finally, students presented their solutions to the class and a whole-class discussion was moderated by
the instructor discussing the proffered solutions, connecting the various solutions suggested by the students, and discussing other
related topics brought up by the students’ questions and examples. The discussion was 15-20 min long. Data was collected with several
video cameras focused on the board and at student groups.
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4.2. Analysis

The tasks and the video recordings of the whole-class discussions in the workshops were analyzed with a visual mapping tool
developed for this purpose—a Discourse Mapping Tree (DMT). Constructing a DMT for a discussion includes two phases. First, an a
priori analysis of the task, as it is presented to the students, directs the construction. The analysis is carried out by experts (mathe-
maticians) who represent the canonical discourse, that is the discourse deemed mathematically correct by the community of math-
ematicians, and is supported by textbooks and curricula. The analysis includes determining the root node—the object at the center of
the task, considering possible narratives that would be involved in a discussion around the task to determine the objects the task deals
with, listing these objects’ realizations, and finally grouping together realizations of a similar type. Each type of realization belongs to a
specific discourse as it is associated with its own keywords, mediators, narratives and routines of manipulation.” For example, a
realization utilizing row reduction to determine a given matrix’s rank includes keywords (e.g., rows, reduction), mediators (e.g.,
((l) g)), narratives (e.g., row reduction preserves the row space) and routines (e.g., switching rows of a matrix R; < Rz) which have
no meaning within the functions discourse. Each realization is placed according to its type of realization on a separate branch of the
DMT. For example, a realization utilizing row reduction would be placed on the matrices branch of the DMT. This phase, which
considers hypothetical mathematical narratives, was used to prepare the analysis of the classroom discussion in the second phase.

The second phase is the a posteriori construction of a DMT based on a video recording of a discussion. In this phase, for each
mathematical narrative authored in the discussion the objects realized by the narrative are determined and the type of realizations of
the objects are classified by the types of realizations identified a priori. The narratives are written in boxes and placed in the branches
of the tree, which were determined in the first phase. The root of the tree is the object towards which the discussion is aimed. Con-
nections between narratives authored or implied during the discussion are indicated by lines linking between boxes. See Fig. 2 for an
example DMT. Light boxes and solid lines signal narratives that were authored by students and dark boxes and broken lines signal
narratives that were authored by the instructor, similar to other realization tree mappings (e.g. Weingarden et al., 2019). The con-
struction process is exemplified in detail in the findings section.

The trustworthiness of this analysis is ensured through prolonged engagement with the data and expert debriefings. The first author
functioned as a participant-observer by moderating the discussion sessions, teaching regular tutorial sessions in the course and
analyzing the data. The analysis was from recordings to promote greater objectivity.

5. Findings

In this section we exemplify the process of building a DMT for a task that was posed to a class during a workshop and the discussion
around it. We start with the a priori analysis of the tasks, then we exemplify the a posteriori analysis of the classroom discussion that
took place around this task and finally we describe what a DMT exposes about a discussion. We then briefly discuss the DMTs of other
tasks and classroom discussions.

5.1. A Priori analysis — mathematics available in the task

We exemplify the a priori mapping for the following task.

Task: T: Zi— Z¢ is a linear transformation such that T(1,2,3,4) = (0,0,0,0).

For which values n € N does there exist such a T where dim Ker T = n? For those values give an example of such a T and find a basis
for Ker T.

The first step of constructing a DMT (see Fig. 2 for an example) is determining the object most central to the solution to use as the
root node of the tree. We considered what mathematical objects the task examines and what is described in the solution process.
Solving the above task includes defining a linear transformation with certain properties, thus we determined the main object to be the
“linear transformation” object. Additionally, the task asks to find a basis for the kernel of this transformation, thus objects from the
vector space discourse (e.g., basis, spanning set, linear independent set) are invoked by solving this task as well as objects from the
function discourse (e.g., image, domain, kernel).

The next step is considering narratives that might be included in a discussion around the task and classifying the objects that form
the protagonists of these narratives according to their possible realizations. These realizations were classified according to the type of
realization based on the following analysis:

Function realization: A linear transformation is, firstly, a transformation. That is, it is a function or a mapping between sets. Thus,
the object T : U—-V has realizations using sets and functions irrespective of the other properties of T. The narrative that T preserves
linearity realizes T solely as a function, as this describes function type properties and does not pertain to other types of realizations.
Other narratives that realize T as a function include T(1,2,3) = (3,3,3), the image of a vector (x,y,2z) is (x + y,x + y,x +y) and the
transformation is injective.

Vector space realization: A linear transformation is a transformation between vector spaces. The object T : U—V includes re-
alizations of the vector spaces object, as the range and domain of the transformation are vector spaces. Defining the transformation also

2 In practice the distinction between the types is rarely as clear as in theory, yet it is sufficiently perceptible for analysis.
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defines other vector spaces, such as Im T and Ker T. These can be realized exclusively within the vector subspace discourse, albeit using
the label from functions realizations. Narratives within the discourse of vector spaces include the space being considered is sp{v1,V2,Vs}
or the basis of the kernel is {(1,0,0,0), (0,0,1,0)}.

Matrix realization: A linear transformation can be realized by a matrix representation. This describes a linear transformation as a
product of am x nmatrix and an x 1 matrix. This includes narratives such as a given matrix is invertible and the rank of the representative
matrix characterizes the linear transformation.

There are other types of realizations that we did not include as branches in the DMT. Linear transformations can be realized as
elements of Hom(V,W), so there are narratives with objects using this type of realization (e.g., R*is isomorphic to Rs[x]). However, this
notion is not included in the curriculum of the linear algebra course examined in this study and these narratives and objects do not
appear in the recorded discussions. Thus, these types of objects and realizations are not included in the DMTs constructed.

Additionally, there are multiple objects that are not considered in this analysis. This includes objects, realizations and routines
assumed to be individualized for university students (e.g., fraction notation, basic arithmetic routines) and narratives considered as
previous knowledge at the stage of the semester when the task is presented (e.g., properties of fields, properties of sets). Thus, these
types of realizations are also not discussed in this paper.

As detailed above, our a priori analysis revealed that a discussion around this task could include narratives about objects including
functions, vector spaces, and matrices as realizations of linear transformations. These were thus chosen as the branches of the tree. The
a priori DMT below (Fig. 1) displays the types of realizations available for the objects on which the task focuses via the branches shown
and a possible narrative for each type of realization.

5.2. A posteriori analysis — mapping the mathematical narratives of a discussion

We now turn to mapping a discussion around this task in a classroom. The following discussion took place during a workshop held
in the eleventh week of a thirteen-week semester and 7 students attended. The task® asked for which values of n does there exist a linear
transformation T such that T(1,2,3,4) = (0,0,0,0) and dim Ker T = n.

During the discussion the students realized the linear transformation in the vector space discourse, while the instructor included
realizations from other discourses and attempted to connect the students’ realizations in the vector space discourse to realizations in
the functions discourse.

We see this in the DMT in Fig. 2, which maps part of the discussion. The numbers (e.g., (10)) signify authored narratives and the
order in which they first appeared in the discussion; Roman numerals (e.g., (I)) signify authored connections between different types
of realizations; And letters (e.g., (D)) signify connections between narratives utilizing realizations of the same type. The smaller
rectangles are not discussed in the analysis in this section and are thus smaller.

During the small group discussions (not shown on the DMT nor analyzed here), prior to the whole-class discussion, students
constructed examples of linear transformations for some values of n for which dim Ker T = n. Building on that, the instructor initiated
the whole-class discussion by focusing on specific values of n and asked, “Is there a transformation for which the dimension of the
kernel is 0?” After some discussion the class agreed that if T(1,2,3,4) = (0,0,0,0) the dimension of the kernel must be at least one. The
instructor then asked whether a linear transformation T would satisfy the task’s conditions if dim(ker T)= 1.

In answer to this question, Dan went to the board to show such a linear transformation. “We can define the linear transformation by
its behavior on the basis”, he said. He then wrote four column vectors, which he later labelled a;, as, as, and a4. He justified that {a;, ay,
as, a4} was a basis by stating that the set was linearly independent and maximal. Then, to meet the task’s condition, he set T(1,2,3,4)
= (0,0,0,0) and claimed that to ensure dim kerT = 1 it was sufficient that the image of the remaining three vectors be anything other
than 0. He then wrote images of these four vectors on the board” and concluded that his construction fulfilled all the conditions (see
Fig. 3 for a reconstruction of his work).

In the DMT (Fig. 2) Dan’s communication sits entirely within the vector space discourse. His first narrative — that the set of four
vectors {ay, ay, as, a4} form a basis appears as Box [3]; the next, that defining the images of that basis determines the transformation, as
Box [4]. The link between them (Link [A]) binds the two realizations: both realize the transformation through the properties of vectors.
Yet, realizing the transformation as four specific mappings does not make use of the function discourse, in which a linear trans-
formation acts on every vector of Zg From this partial framing came his misstep: using the description on the board (Box [4]), he
asserted that dim Ker T1=1 (Box [5]). The kernel, treated as a vector space, was taken for granted rather than derived from its

functional definition as (Ker T = {v € Zg }T(v) = H} ). The bond between Boxes [4] and [5] (Link [B]) rests on Dan’s mistaken claim
that any non-zero images for the other three vectors guarantee that result. In short, Boxes [3], [4], and [5] and Links [A] and [B] trace a
coherent but self-contained thread within the vector-space discourse.

Dan’s argument remained coherent within the vector space discourse, yet it relied on a justification — the behavior of T as a function
on every vector — that belongs to the functions discourse and was never invoked. In fact, assigning images to a basis {b1, ..., b,} does
uniquely determine a linear transformation T such that T(b;) = v;; but that relies on linearity — a property that only becomes visible
when the transformation is realized as a function acting on every vector in Z2. Within the vector space discourse, it is common to treat

3 This task is worded using the vector space Zg, that is the scalars are from the finite field Zs. However, the scalars used (i.e. the field) were not
mentioned during the discussion and are in any case mathematically irrelevant.
4 Both transformations presented in the discussion were defined as T, for the purpose of this analysis they are labeled as T; and T.
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Fig. 3. Reconstruction of whiteboard.

properties of a finite set of vectors (particularly a basis) as representative of properties of the entire vector space. However, within the
functions discourse, that leap demands proof through the structure of the mapping itself. Dan’s statement that “only the image of
(1,2,3,4) is zero” stretched a local property — true to those four vectors — into a global one, without invoking linearity. The DMT
captures this gap: the sequence of Boxes [3]-[5] coheres inside one discourse but does not include the cross-branch link between
discourses that would have anchored his claim in the functions discourse and exposed the mathematical error.

Noticing that the class aligned with Dan and no one voiced objections, the instructor recognized that the class was realizing the
kernel entirely within the vector space discourse. Ker T is a label for a set of vectors (Ker T = {v € Z¢ |T(v) = 6} ) which the students
realized as a vector space, relating only to its properties as vector space and disregarding its construction from the function realization.
The discourse of vector spaces was the one with which the students felt comfortable, thus to challenge the students’ complacency
without leaving the familiar discourse, the instructor proposed a counterexample. Using Dan’s construction T; from the board, she
defined a new linear transformation Ty, based on her implicit realization of transformations in the function discourse, for which Ty(as)
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= Ty(a3) (Box [6]). Using the linearity property of the transformation, realized as a function, it holds that T>(az —asz) = 0, and the
kernel includes other vectors. However, the presentation to the class of Ty, similar to the presentation of Ty, relied on a vector space
realization: specifying images of basis vectors. The instructor did not expose her realization from the function discourse but stayed
within the discourse comfortable to the students. T met all the students’ stated conditions and still produced a different outcome in the
vector space discourse. The image of Ts is Sp{(0,1,0,0), (0,0,0,1)}, so that dim Ker To = 2, and not 1 as suggested by the students.

With some prompting, the instructor led the class to author the narratives supporting and justifying the claims about Ty: dim Im T,
= 2 (Box [7]), the dimension theorem for linear transformations (dim Ker T + dim Im T = dim V) (Box [8]), and dim Ker Ty = 2 (Box
[9D). The links among these [Links [C], [D] and [E]) represent justifications still framed inside the vector space discourse. On the DMT,
this episode ([71, [8], [9,], [C], [D], [E]), including the counterexample, appears as a compact cluster of boxes on the same branch as
Dan’s original claim.

Sensing that the counterexample still had not shifted the class’s discourse, the instructor turned the students attention toward the
functions discourse. “The transformation needs to be given with the general term”, she reminded them, “and we know how to do that”.
This remark introduced a function type realization of a linear transformation — “the general term” (Box [10]), and hinted at the
connection (Link [II]) between what was written on the board - a vector space realization, and the broader realization of Ty as a mapping
on all of Z2. The instructor’s reference to “We know how” pointed back to the workshop’s opening, when she had demonstrated this
very procedure through an example (T(x,y,z,w) = (x-y,x-y,x-y)). That procedure depends on two theorems stated earlier in the course:
any vector can be written uniquely as a linear combination of any basis and a linear transformation preserves linear combinations (T
(au+v)=aT(w+T(W)). In the workshop’s introduction, the emphasis had been on the technical side of linking these two realizations,
expressing T both through its action on basis vectors and through a description of the transformation on a general element. However,
the bridge between the discourses was not discussed explicitly. Now, assuming the students shared the implicit narratives regarding
bases and preservation of linear combination, the instructor invoked the connection without making it explicit. On the DMT (Fig. 2),
the instructor’s move appears as a link (Link [II]) between Boxes [4] and [10]: a bridge authored by the instructor rather than by the
students. It marks her attempt to bring the function discourse into play, even if the narratives connecting these two discourses
remained implicit.

The turning point came when the discussion finally entered the functions discourse. A student, puzzled, asked, “is what we defined
even a linear transformation?” — a question that invited the class to check T, against the formal definition of a function. The instructor
followed this opening, asking, “what is the definition of a linear transformation?” This prompted a function type of realization: to
describe Ty as a mapping on all of Zg. One student then said that defining T9 such that T»(0,1,0,0) = T»(0,0,1,0) = (0,1,0,0) contradicts
the definition of Ty as a function (Box [11]). That statement allowed the class to describe the difference (Link [F]) between a well-
defined function and an injective function (Box [12]), terms that describe properties of transformations on the whole space and use
a function type of realization. From here, the class also articulated a narrative describing the surjective property of Ty (Box [13])
connecting it (Link [G]) to the given property of T(1,2,3,4) = (0,0,0,0) (Box [2]). A comment which was a vague doubt thus became a
hinge in the discussion, drawing the class into the functions discourse and grounding their earlier, vector space narratives in the
behavior of Ty as a function on the whole space.

Building on this opening, the instructor began to weave the two discourses together. She used the students’ new narratives from
within the functions discourse to author explicit links back to the vector space discourse. The function based statement about T, being
surjective (Box [13]) was connected (Link [III]) to determining if the vector space ImT; equals Zg - a question expressed through a
vector space type realization of finding the linear span of images of the basis vectors (Box [15]).

Next, the class examined injectivity. The instructor invited them to look for another vector, besides (1,2,3,4), whose image under T,
is (0,0,0,0) (Box [17]), a move grounded in the functions discourse. She asked the students to calculate T(0,1,-1,0) using what was given
about T(0,1,0,0) and T(0,0,1,0). The students concluded that To(1,2,3,4)=T5(0,1,-1,0) and therefore T is not injective (Link [H]). The
instructor then connected this realization (Link [IV]) to a vector-space narrative — that the kernel of T, contains more than just the zero
vector (Box [16]).

On the DMT, these paired connections — [III] and [IV] — mark the instructor’s deliberate effort to bridge the two branches. Although
it is not clear whether any student ultimately objectified the linear transformation within the coalesced discourse of linear algebra, the
discussion shows movement in that direction. The students, who began the episode communicating solely within the vector space
discourse, eventually authored several narratives using function type of realizations (Boxes [11], [13] and [17]). The DMT in Fig. 2
makes this visible: most student authored boxes remain on the vector space branch, connected through links of the same type, while the
instructor’s interventions introduce crossings between branches. Once those crossings appeared, students began to use function type
realizations themselves, extending their earlier narratives about vectors to statements about mappings on the whole space.

By the end of the class discussion, the linear transformation was no longer realized only as the image of four specific vectors but as a
function defined on all of Z2 — an object whose properties drew on both discourses and on the connections between them.

5.3. Zooming out — what we learn from additional DMTs

We next zoomed out to examine the DMT of a discussion as a whole. The analysis in the previous section showed us that the
connections between the types of realizations visualize aspects of the discussion that we found crucial in terms of the narrative
development, more so than the connections between the same types of realizations. Thus, in this section we focus on the branches and
the connections between them. The images (Figs. 4, 5 and 6) were thus simplified by omitting the connections between narratives on
the same branch.
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The DMT of the entire linear transformation discussion (Fig. 4) consolidates the mathematical activity of the class discussion into a
single view. From this DMT, we can see the broader structure of the discourse in this discussion: nearly all student contributions
remained within the vector-space branch, with the function and matrix realizations appearing only through the instructor’s in-
terventions. This overview highlights the difference between the a priori map (Fig. 1), namely what types of realizations were possible,
with what was realized in practice.

Fig. 5 describes a discussion in which the task was to determine the conditions on parameters a;, az, ...a, for which a givenn x n
matrix would not be diagonalizable. As in the DMT of linear transformations, the a priori map included three potential branches —
matrix realizations, vector space realizations, and algebraic realizations. Yet the a posteriori map again shows an uneven distribution
of activity within the available three branches.

In this final workshop of the semester 25 students participated. The discussion revolved around the matrix’s diagonalizability and,
as Fig. 5 shows, included matrix type realizations and algebraic type realizations, but no vector space type realizations. Students initially
reasoned within the algebraic branch, working with the characteristic polynomial and algebraic manipulations of its coefficients and
roots. The sole explicit link between the algebraic and matrix branches was authored by the instructor, who attempted to broaden the
discourse and connect the symbolic work on polynomials to properties of a matrix such as similarity or invertibility.

In the a priori map (visible as the branches of the a posteriori map in Fig. 5), each branch offered a distinct realization of a
diagonalizable matrix: as a matrix, it could be similar to another matrix; in the vector space discourse, it could be realized as there exists a
basis of eigenvectors for the vector space F'; and in the algebraic discourse, it could be described through its characteristic polynomial and
eigenvalues. The a posteriori DMT (Fig. 5), however, makes visible that the classroom discussion actualized only part of this landscape.
Students realized the diagonalizable matrix algebraically, while the instructor, who had access to all three discourses, drew the cross-
branch connection but did not open the vector space realization to public discussion.

In contrast to the linear transformation discussion (Fig. 4) and the diagonalizable matrix discussion (Fig. 5), the DMT for another
lesson shows a different pattern of student participation and mathematical diversity of the narratives. In the eighth week of the se-
mester, 24 students took part in a discussion about linear independence. The task asked them to either prove claims about given sets of
vectors or provide counterexamples. The discussion was mapped onto a DMT (Fig. 6). The a priori analysis revealed four types of
realizations, seen in Fig. 6 as four branches.

The DMT in Fig. 6 displays four distinct types of realizations and the links connecting them. The narrative, “0 is an element of the
set” realizes a linearly independent set via a set type realization. The narrative using a linear combination of them, “a-v; + f-vy +

y-v3 +6-v4 = 07 uses a vector type of realization. “Row reduction to echelon form results in no zero rows” realizes the object in matrix
discourse. Finally, “none of the vectors is in the span of the others” exemplifies a vector space type realization.

Unlike the previous discussions, the DMT in Fig. 6 shows that the students themselves authored narratives across all four branches
and linked them without instructor mediation. The instructor’s contributions are not mapped at all in this figure, as she only moderated
the discussion in this lesson. This pattern suggests the cross-branch integration occurred within the students’ own discourse. Linear
independence was realized simultaneously as a property of a set, as a vector relation, as a matrix structure, and as a subspace
configuration. This notable flexibility may have been a result of the lesson occurring at a relatively late stage of the students’ learning
about linear independence in the course.
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M.N. Wallach et al. Journal of Mathematical Behavior 83 (2026) 101328

DIAGONALIZABLE MATRIX

Vector Space Matrix Algebraic
Realizations Realizations Realizations

H SRR : R i . .

A is similar to a diagonal matrix re ’ The eigen values are different ‘
| D is a diagonal matrix ‘ R s Geometric nu}ltiplici.ty 'is. equal to p— ,
algebraic multiplicity i Instructor 1

1 % E ’ The eigenvalues are the roots of the ‘ ______
olynomial
(0 2 0) is a diagonalizable matrix POy
003 The algebraic multiplicity is the
multiplicity of the root

R e e e e, 1

! The sum of the eigenvalues is the trace 1

--------------------------- 1

"™ The product of the eigenvalues is the |

[CRE determinant _________ '

Fig. 5. DMT for Diagonalizable Matrix Discussion
’ LINEARLY INDEPENDENT SET ‘
Set Vector i
Realizations Realizations ‘:;:;g;;?:::
None of the vectors is in :
{(1,0,0,0), (0,1,0,0), R Row reduction to echelon
(0,0,1,0)} is a linearly If the span of the others form results in no zero
independent set a-vi+p-va+y-v3+6-v,=0 rows

Thena=g=y=6 | | oo .

Pisanelement of theiset The vectors are not linearly

dependent

Fig. 6. DMT Linearly Independent Set Discussion.

6. Discussion

In this study we developed a tool for mapping the mathematical content of whole-class discussions in linear algebra and applied it
to several such discussions. The discussions occurred during workshops designed to encourage student participation and involved
specially designed tasks that could support rich mathematical discussions. Our aim was to characterize what mathematical narratives,
realizations, and connections become publicly available to the class during these discussions. To this end, the Discourse Mapping Tree
(DMT) represents the public mathematical discourse by mapping the narratives that are articulated, the objects construed by them, the
types of realizations through which these objects are expressed, and the links authored between different realizations. By mapping
these aspects together in a single representation, the DMT enables an overview of the mathematical content that is articulated across an
entire discussion, making it possible to examine which realizations are taken up, by whom (teacher or students), how they are con-
nected, and which potential connections remain unarticulated.

In our application of the DMT to several whole-class discussions in a linear algebra workshop, one pattern that became visible
concerns the division of labor between students and the instructor in authoring different types of mathematical connections. In two of
the discussions analyzed in detail, the DMT revealed a clear asymmetry: students predominantly authored intra-discursive links,
connecting realizations within the same discourse, whereas inter-discursive links (connecting realizations belonging to different
discourses) were primarily authored by the instructor. The synoptic representation provided by the DMT made this pattern visible
across the discussion as a whole, rather than as a sequence of isolated turns. Although we also observed a discussion that did not
conform to this pattern, the analysis of additional lessons from the same course (Wallach, 2022) suggested that this division of labor
was prevalent in this instructional context.

The important role of the instructor in authoring inter-discursive links is consistent with previous commognitive studies suggesting
that, for certain types of mathematical content, experts (teachers or instructors) may play an indispensable role. For example, Sfard
(2007) argued that learners often struggle to independently establish new meta-rules, norms concerning how mathematical narratives
are endorsed, such as those involved in arithmetic with negative numbers. Similarly, Weingarden and colleagues (2019) showed that
teachers’ interventions were crucial in encouraging connections between different realizations of objects.

The present analysis does not allow us to determine why inter-discursive links were primarily instructor-authored in the discussions
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examined. However, the DMT makes visible that linking between realizations belonging to different discourses poses a recurring
challenge in whole-class discussions, even in contexts where students have previously encountered relevant discourses. In this sense,
the DMT mapping highlights the location of potential learning demands, namely, the transition between discourses, without claiming
that such demands were resolved or that new meta-rules were adopted. Future research would be needed to examine whether and how
inter-discursive linking involves meta-level learning processes.

The analysis presented here highlights three main contributions of the Discourse Mapping Tree. First, the DMT extends existing
commognitive visualization tools by enabling the mapping of multiple mathematical objects and their realizations within a single
whole-class discussions. Whereas prior realization trees have typically focused on a single object (e.g. Weingarden et al., 2019; Knox &
Kontorovich, 2023), the DMT is suited to tertiary mathematics contexts in which several objects and realizations may be invoked and
intertwined within one task or discussion. This affordance is particularly important in linear algebra, where the coordination of
multiple objects and representations is central.

A second contribution of the DMT concerns its differentiation between types of links authored during a discussion, specifically,
intra-discursive and inter-discursive links. This differentiation is particularly useful for making their authorship (instructor or stu-
dents) visible. As demonstrated above, this differentiation enabled the identification of recurring patterns in the division of labor
between students and the instructor, which would have been difficult to discern from turn-by-turn analyses alone. Differentiating
between intra-discursive links and inter-discursive links might be used in future studies to explore the tension that exists between the
necessity of instructors presenting accurate mathematical content through delivery methods versus the aspiration for student re-
sponsibility for their learning via active engagement in the learning process. This tension can be placed within the context of the
ongoing debate in other settings between those that claim students can independently invent mathematics and those that insist
mathematical accuracy necessitates being explicitly stated by experts. These two disparate paradigms are exemplified in two guides for
teachers: One states, “without formal instruction on specific algorithms or procedures, children can construct viable solutions to a
variety of problems” (Carpenter et al., 1996, p.6). While the opposing view is exemplified by the statement, “information required by
the citizens of an intellectually advanced society [...] requires direct, explicit instruction” (Sweller et al., 2007, p. 121). The DMT
mapping of classroom discussions hints that this tension might be resolved by utilizing different pedagogical approaches for the
different types of links. That is, independent, student invention of intra-discursive links and explicit, accurate introduction by an expert
of inter-discursive links.

A third contribution of the DMT lies in its capacity to render visible saming demands in whole-class discussions through the
mapping of realizations and the links authored between them. By foregrounding when and how realizations belonging to different
discourses are brought into relation, the DMT supports a characterization of objectification as it arises in classroom discussions. For
example, in the discussion of linear transformations, the DMT made visible that students’ narratives consistently realized the linear
transformation within the vector space discourse, treating the kernel as a vector space characterized by its basis and dimension. The
saming between this realization and a function realization of the transformation, necessary for endorsing claims about the kernel as the
preimage of zero, was introduced only through instructor-authored narratives. In this sense, the DMT contributes to existing work that
examines mathematics learning at the level of the classroom (Rasmussen & Kwon, 2007; Ernest et. al., 2019). Future studies, however,
will be needed to develop this tool to record actual objectification processes as they occur during classroom discussions. Such de-
velopments may necessitate combining the relatively coarse-grained analysis of the DMT, with more micro-analytic methods of
turn-by-turn discourse analysis.

The DMT builds on recent commognitive visualization tools that have been used to map realizations and saming narratives in
classroom discussions (Weingarden et al., 2019; Weingarden, 2024). While these tools have primarily focused on single mathematical
objects or narrowly defined content, the DMT extends this line of work by supporting the mapping of multiple objects, realizations, and
links within a single whole-class discussion. This extension is particularly relevant in tertiary mathematics contexts, such as linear
algebra, where the mathematical activity often involves coordinating multiple objects and realizations, a well-documented source of
difficulty (Grenier-Boley, 2014; Harel, 2002).

By providing a concise visual representation of the mathematical content articulated in a whole-class discussion, the DMT may
support analytic and reflective work on classroom discourse. Teachers and observers often recall whether a discussion was lively or
whether multiple solutions were proposed, yet reconstructing which mathematical ideas, realizations, and connections were made
publicly available is considerably more difficult. The DMT offers a way to make such aspects of a discussion explicit, thereby sup-
porting reflection on the mathematical content that was made available in the public space. Importantly, this does not mean that the
DMT should be used as an evaluative tool; rather, it is best understood as supporting analytic and reflective engagement with the
mathematical content of classroom discussions.

Building on this analytic affordance, recent work has shown that realization-tree-based tools can function as productive teaching
representations for supporting teacher learning, by directing teachers’ attention to the mathematical objects, realizations, and con-
nections that structure classroom discourse (Weingarden, 2024). In this sense, the DMT may serve not only as a research tool, but also
as a resource for teachers’ professional learning, supporting reflection on the mathematical content of discussions without pre-
supposing particular instructional moves or learning outcomes.

Constructing DMTs from video recordings, while less time consuming than micro-analytical discourse analysis, still requires
substantial analytic work. This raises the questions regarding the feasibility of employing the tool for purposes such as lesson prep-
aration, lesson reflection and other practical uses. Prior work suggests that realization-tree-based tools can be adapted as teaching
representations when appropriately simplified and adapted for reflective purposes (Weingarden, 2024); exploring such adaptations of
the DMT remains a direction for future research. Regardless, extending the use of the DMT to additional contexts should be approached
with care, considering the differences in content, level, and classroom norms.
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Another limitation of the DMT lies in its deliberate focus on the mathematical content, which entails backgrounding other
important aspects of classroom discussion. The DMT operates at the level of the class and does not trace individual student’s con-
tributions or temporal unfolding of narratives, nor does it account for social or affective dimensions of interaction. Nevertheless, given
the availability of analytic tools that foreground such aspects of classroom discourse (e.g. Chen et al., 2015; Bouton & Asterhan, 2023),
the DMT’s focus on the mathematical dimension can be viewed as complementary rather than deficient. In the future, studies
combining tools that analyze social aspects of classroom discussion with the DMT’s analysis of the mathematical aspects may yield
additional insights.

To conclude, this study contributes to ongoing efforts to better understand whole-class mathematical discussions by offering a tool
for mapping the mathematical content that becomes publicly available during such discussions. Through this mapping, the DMT
provides a means for characterizing the mathematical landscape of classroom discourse without reducing it to individual learning
trajectories or social interactional patterns. In doing so, it opens new possibilities for comparative analyses of tasks, discussions, and
instructional contexts, and for more precise theorizing about the demands placed on students and instructors in coordinating math-
ematical discussions at the tertiary level.
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