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Abstract – The spectra of the Kohmoto model give rise to a fractal phase diagram, known as the
Kohmoto butterfly. The butterfly encapsulates the spectra of all periodic Kohmoto Hamiltonians,
whose index invariants are sought after. Topological methods are ill defined due to the discontin-
uous periodic potentials, and hence fail to provide index invariants. This letter overcomes that
obstacle and provides a complete classification of the Kohmoto model indices —suggesting new
physical invariants instead of Chern indices. Our approach encodes the Kohmoto butterfly as a
spectral tree graph, reflecting the quasiperiodic nature via the periodic spectra. This yields a
complete coloring of the phase diagram and a new perspective on other spectral butterflies.
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Quasicrystals exhibit challenging spectral and topologi-
cal properties. Their quasiperiodic order gives rise to frac-
tal spectra with infinitely many spectral gaps, manifest in
diverse wave systems [1–3].

Topology together with a variety of mathematical meth-
ods enables a classification of quasicrystals into equiv-
alence classes governed by topological invariants [4–7].
Beyond the mathematical aspects, a wide range of phe-
nomena arise and are studied across theoretical and ex-
perimental physics as well as engineering [8–16]. Never-
theless, there are topological shortcomings when trying to
study Kohmoto model [17], a paradigmatic model of qua-
sicrystals. The three main approaches towards topological
indices are not applicable to the Kohmoto model: Chern
numbers rely on differentiability of the spectral projec-
tions [5], and so are not defined; the bulk-boundary cor-
respondence (Thouless pump [18–20]) breaks down; and
the two-dimensional extension (via inverse Fourier trans-
form) gives a parent Hamiltonian with a nonlocal slowly
decaying potential, hence not possessing a Fredholm in-
dex [5,21]. This letter overcomes these obstacles and
presents an approach that yields natural indices for the
Kohmoto model. These indices consistently reflect the
quasiperiodic limit, allow to color the corresponding phase
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diagram (Kohmoto butterfly) and suggest new physical in-
variants.

The Kohmoto model [17] is given by the Hamiltonians

(Hαψ)(n) = ψ(n+ 1) + ψ(n− 1) + Vα(n)ψ(n), (1)

where the potential Vα(n) = λχ[1−α,1)(nα mod 1) is de-
termined by a frequency α, a coupling constant (also
known as modulation amplitude) λ and χ[1−α,1) is the
characteristic function of the interval [1 − α, 1). It is well
known that these quasiperiodic operators represent one-
dimensional quasicrystals. For instance, the Fibonacci
quasicrystal α =

√
5−1
2 forms a prominent and well-studied

example in this class [22,23].
For rational frequencies α = p

q , the operator H p
q

is q-
periodic and its spectrum consists of q spectral bands. The
integrated density of states (IDS), also known as electron
density, is

Nα(E) =
n

q
= cα mod 1 (2)

for energies E in the n-th gap. The index c solving the
Diophantine equation above is defined only modulo q.
The same Diophantine equation appears in the Hofstadter
model [24,25] of the quantum Hall effect. In that case,
the modulo q ambiguity is resolved by identifying c with
a Chern number, which can be computed from Berry’s
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Fig. 1: The right panel shows the Kohmoto butterfly —the spectral bands are plotted for λ = 2 and rational frequencies α = p/q
with q ≤ 250. In the middle panel each spectral gap for a periodic Hamiltonian is colored according to its index —the color
map for some lower indices is given on the left.

curvature of the corresponding spectral projection [26,27].
This endows c with topological significance, as Chern num-
bers are invariant under variations that do not close the
spectral gap. When one assigns a color to each integer
value, this provides a consistent coloring of the phase di-
agram (Hofstadter butterfly) [28,29].

In the Kohmoto model c cannot be identified with a
Chern number, since the potential Vα is discontinuous,
and Berry’s phase needs the spectral projections to be
differentiable1. Therefore, a coloring of the Kohmoto but-
terfly is not possible without further insights for resolving
the modulo q ambiguity inherent in (2); see [32].

We provide here a consistent coloring (depicted in fig. 1,
left) by resolving this ambiguity and determining the val-
ues of the index invariants. The explicit formula for the
index c is given in eq. (7); the required construction to-
wards this formula is introduced next. We start by pre-
senting the connection between the periodic Hamiltonians
(with α ∈ Q) and the quasiperiodic ones (α /∈ Q), where
the former may be used to approximate the latter.

Let α /∈ Q be written in terms of its continued fraction
expansion,

α = a0 +
1

a1 + 1
a2+

1

...

, (3)

where a0 = 0 and an ∈ N for all n ∈ N. Truncating this
expansion gives finite continued fraction expansions,

αk = a0 +
1

a1 + 1

.. .+ 1
ak

=
pk

qk
, k ∈ N ∪ {0}, (4)

where pk, qk ∈ N are chosen to be coprime. By convention,
α0 = p0

q0
= 0

1 (as a0 = 0).

1One could replace Vα by a smooth approximation, which was
found in [30,31] to be useful for irrational frequencies. But it is not
clear yet whether this fully resolves the problem for the periodic
operators.

We construct an infinite directed tree graph Tα, and
name it the spectral α-tree. This tree encodes the periodic
approximations Hαk

of Hα. Specifically, for each k the
vertices at level k represent the spectral bands and gaps
of Hαk

. The tree is constructed recursively via the digits
{a1, a2, a3, . . .} of the continued fraction of α, as illustrated
in fig. 2 and explained next (see also [33–35]).

We start by fixing a single vertex to be the root of the
tree. We say that the root belongs to level k = −1 of
the tree. Starting from the root, all other vertices belong
to ascending levels k in the tree and they carry one of the
three labels: A, B or G. The label tells whether the vertex
represents a spectral gap (label G, appearing as a circle
in fig. 2) or a spectral band (labels A, B, appearing as a
corresponding interval in fig. 2). The root is connected to
two vertices at level k = 0, the left has label A and the
right has label G. The rest of the tree Tα is constructed
recursively: for every vertex v with label A or B in level
k ≥ 0, denote

M :=

{
ak+1 − 1, if v has the label A,
ak+1, if v has the label B,

(5)

and connect the vertex v to 2M +1 vertices in level k+1.
The labels of these vertices alternate between G and A,
starting and ending with G, see fig. 2. For a G-vertex v in
level k, connect it to a single B-vertex in level k+ 1. This
provides a complete description of Tα (see footnote 2).

Each vertex of the tree represents a spectral band or
spectral gap of Hαk

as shown in fig. 2 (the spectral bands
are depicted as the corresponding intervals). The ordering
of the vertices within a certain level k corresponds to the
spectral order [34]. An import property is that if two ver-
tices of spectral bands (i.e., of labels A/B) are connected

2The description here is for λ > 0. The tree for λ < 0 is a vertical
reflected image of the tree described above, see details in [34].
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Fig. 2: An example of a spectral α-tree is sketched if α has continued fraction expansion (ak)∞
k=0 starting with 0, 1, 2, 3. The

vertices of the graph are drawn as the spectral bands to which they correspond; their labels (A/B) are indicated. Vertices
representing gaps G are indicated by circles.

by a directed path, it means that the upper band is fully
contained in the lower, as is demonstrated in fig. 2.

We now use the tree Tα to assign indices to the spectral
gaps (i.e., to the G-vertices). For each level k, count the
number of A-vertices at level k and denote this number by
ZA(k). Similarly, denote the number of B-vertices in level
k by ZB(k). For each G-vertex v in level k, count how
many A and B vertices there are at level k to the left of v
and denote these numbers by zA(v) and zB(v). Combine
this information to form the matrix

Qk(v) =
(
ZA(k) zA(v)
ZB(k) zB(v)

)
. (6)

See fig. 3 for examples of Qk(v) for two vertices. Using
this matrix we assign the following index to the spectral
gap represented by v:

ck(v) = (−1)k detQk(v) mod∗ qk. (7)

The notation mod∗ stands for the centered modulo (also
known as symmetric modulo) which is defined as

x mod∗ q := x− q

⌊
x

q
+

1
2

⌋
∈

[
− q

2
,
q

2

)
∩ Z, (8)

where �·� is the floor function. Note that we have slightly
changed here the conventional definition of mod∗, by in-
cluding − q

2 , rather than q
2 , as is usually done. See the Sup-

plementary Material Supplementarymaterial.pdf (SM),
sect. E for an explanation of the rationale behind this
choice. Figure 3 demonstrates the ck(v) values which are
assigned to vertices in the few first levels of a particular
tree Tα.

In the sequel we provide the justification of the index
formula (7). To do so, we employ the tree construction
presented above; we show a conservation of indices along
suitable paths of the tree, and furthermore that this index
agrees with the quasiperiodic limit (k → ∞). The discus-
sion in what follows may be read alongside fig. 3, which
illustrates the fundamental properties of the tree construc-
tion; see also sect. F of the SM for a guided explanation
of the figure. First, note that the index ck(v) in (7) is in-
deed a solution for the Diophantine equation (2), see SM,

sect. A. We proceed to further demonstrate that ck(v) is
actually the natural solution for the modulo q ambigu-
ity when taking into account the governing quasiperiodic
structure.

Fix a rational number p
q ∈ Q and take a spectral gap of

H p
q

to which one wants to assign an index. Choose a finite
continued fraction which represents p

q as in (4). Extend
it arbitrarily to obtain an irrational α 
∈ Q. This means
that there is a k ∈ N0 such that p

q = αk, so p
q is a rational

approximation of α. Now, consider the tree Tα and let
v be the vertex representing the chosen spectral gap of
H p

q
. This G-vertex v with index ck(v) can be seen as

an approximation of a particular gap of the quasiperiodic
Hamiltonian Hα, as is explained below. This spectral gap
of Hα has a well-defined (i.e., nonambiguous) index c ∈ Z,
such that the IDS satisfies

Nα(E) = cα mod 1, c ∈ Z, (9)

for energies E in that gap. Equation (9) results from the
gap labelling theorem [36,37], which determines the set of
allowed values that the IDS may attain at spectral gaps
(see also the recent work [38]). Note that (9) has the same
form as (2), however, it does not carry the same modulo
ambiguity, since here α is irrational. Concretely, when α
is irrational there is at most one c ∈ Z solution to (9),
given some value for Nα(E). This substantial difference
between rational and irrational α values is a key ingredi-
ent in the ambiguity resolution. We proceed to show that
the index of the gap of H p

q
coincides with the index of

the corresponding gap of Hα, i.e., ck(v) = c. This is inde-
pendent of how we choose α. Therefore, ck(v) reflects the
quasiperiodic structure and our index choice resolves the
bespoken modulo ambiguity.

To determine the mentioned spectral gap in Hα, we con-
struct (sketched in fig. 3) an infinite path γ in the tree Tα

starting from v, such that all the G-vertices of γ have the
index c = ck(v) as well.

The path construction depends on the sign of ck(v) and
the parity of k. Assume first that either i) k is even and
ck(v) is positive, or ii) k is odd and ck(v) is negative.
We set the first vertex of γ to be v; the second vertex
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Fig. 3: Illustration of the tree for a continued fraction begin-
ning with 0, 3, 2, 1, 2 (this tree corresponds to any irrational α
with such a prefix of its continued fraction expansion). The
index is marked within the circle of the G-vertex. Four G-
vertices are highlighted with the corresponding infinite paths
having index ck(v) = −1 respectively ck(v) = 4. The spectrum
Spec(Hα) is schematically depicted to illustrate its connection
to particular pairs of paths in the tree.

is the single B vertex at level k + 1 which emanates from
v. Afterwards in each level k + m + 1 (for m ≥ 1), γ is
defined by choosing the rightmost vertex which emanates
from its vertex at level k +m. This uniquely determines
a path starting at v where the vertex labels alternate be-
tween G and B. The complementary scenario is either
iii) k is even and ck(v) is negative or iv) k is odd and ck(v)
is positive. Then, we act in a reverse manner: start from
v and construct γ by always picking the leftmost vertex
when branching, see an example in fig. 3.

We continue to verify that all G-vertices in γ have the
same index. Let v be a G-vertex at level k. It is connected
to a unique B-vertex at level k + 1 and its neighboring
G-vertices are denoted by u and w (u on the left, w on the
right, as exemplified in fig. 2). The Q matrices of these
vertices are related as follows:

Qk+1(w) = Qk+1(u) +
(

0 0
0 1

)

= Tk+1Qk(v) +
(

0 0
0 k mod 2

)
, (10)

where Tk =
(

ak − 1 ak

1 1

)
with ak being the digits of the

continued fraction expansion of α. Validating (10) is
straightforward given the tree branching structure and
that in each level we alter between G-vertices and A/B-
vertices. Now, let γ = (v0, v1, v2, . . .) be an infinite path,
as described above, starting from v = v0 at level k. Then
all the even vertices v2m areG-vertices. Using det Tk = −1
for all k, we conclude ck(v0) = ck+2m(v2m) for all m ∈ N

from (7) and (10). More details are provided in the SM,
sect. C.

We proceed to describe the gap ofHα which corresponds
to γ and show that its index equals the common value
ck(v0) = ck+2m(v2m) of all G-vertices of γ, as mentioned
above. The vertices of γ alternate between the labels G
and B (the first vertex v0 has label G). The G-vertices
represent spectral gaps of the periodic operators; these
spectral gaps converge to a spectral gap of Hα. On an in-
tuitive level, the spectral convergence stems from the tree
construction —for a path containing infinitely many B-
vertices, the corresponding spectral bands are nested, and
the intersection of all of them contains a single point be-
longing to Spec(Hα). A complete proof appears in [39]; see
also sect. D of the SM. Furthermore, the infinite paths γ
described above come in pairs, with each path representing
one boundary (left/right) of a spectral gap of Hα [34,40],
see fig. 3. The conservation law holds for all indices ck on
both paths.

Pick a spectral gap I of Hα and let γ = (v0, v1, v2, . . .)
be the left path whose gaps (represented by the vertices
{v2m}) converge to the chosen gap I of Hα; we choose the
left path as an example, but all arguments work as well for
the right path with suitable right/left switches. For each
m ≥ 0 denote by Em the right boundary of the gap repre-
sented by v2m. The energies {Em} converge to the right
boundary of I (sect. D of the SM), which we denote by E.
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The IDS values of the periodic operators at these energies
satisfy Nαk+2m

(Em) = ck+2m(v2m)αk mod 1, since the
index ck+2m(v2m) was shown to satisfy the Diophantine
equation (2). By the definition of the IDS [34] together
with the convergence Em → E and αk+2m → α we get
Nαk+2m

(Em) → Nα(E) as m → ∞. The gap labelling the-
orem [36] yields Nα(E) = cα mod 1 for some value c ∈ Z,
as in (9). Hence, by the conservation ck(v0) = ck+2m(v2m)
shown above and the convergence of the IDS values, we
get that this conserved index equals the index c of the
quasiperiodic operator Hα, i.e., ck+2m(v2m) = c for all
m ≥ 0. This concludes the arguments justifying that the
Kohmoto model indices are given by (7).

To summarize, this letter establishes a full classification
of the indices of the Kohmoto model, and while doing so
four additional goals are reached. First, the tree-based
description via Tα shows that the spectra of all periodic
Kohmoto Hamiltonians are intrinsically connected, col-
lectively forming the Kohmoto butterfly (fig. 1, right).
Furthermore, it provides a structural framework to inves-
tigate related quasiperiodic models and to deepen the un-
derstanding of their indices.

Second, the tree structure exposes that the quasiperi-
odicity is reflected in the periodic approximations. By the
recent resolution of the dry ten Martini problem [33,34]
it is known that all integer values show up as an index
value in (9). Explicitly, when fixing α /∈ Q, we know that
every integer value c ∈ Z appears as the index value of
some open gap of Hα. The current letter identifies the
minimal periodic (finite-size) approximations that realize
every such possible index, and specifies the energy gaps
in which that value occurs. The ability to exactly spec-
ify for each index in which finite-size system it appears is
substantial for experimental realizations. To state it pre-
cisely, all irrational α values with the same prefix of length
k would share the same indices up to level k. Using the
notation αk = pk

qk
, this ought to be revealed in finite-size

(or periodic) systems of length qk, and the corresponding
indices would be in the range [−qk/2, qk/2), as in (8).

Third, for the Kohmoto model we settle the ambiguity
problem highlighted in [32] by confirming and sharpening
the conjecture posed there. Not only that the index values
offered in (7) resolve the ambiguity problem, but they are
also invariant, as they are shown to be conserved in the
quasiperiodic limit (k → ∞). The full physical meaning
of this invariant is left as an open challenge.

Fourth, the index values lead to a full coloring of the
topological phase diagram of the Kohmoto model (fig. 1,
left), in a direct analogy to Hofstadter’s colored butter-
fly [28,29]. Nevertheless, the two models are substan-
tially different. In contrast to the Hofstadter butterfly, the
complement of the Kohmoto butterfly consists of a single
connected component. Due to this, the gap indices are
not restricted to connected components of the phase dia-
gram (fig. 1) as opposed to the Hofstadter butterfly. For
example, one can see in the colored Kohmoto butterfly
that the red phases terminate without a gap continuously

shrinking and closing. Indeed, gaps do not necessarily
continuously deform with α, but rather split into two at
rational values of α [41]. This is against the folk wis-
dom, grounded in smooth models. On the other hand,
the color ordering in the phase diagram is identical for
both butterflies, highlighting a similarity between the two
models. This provides another perspective on the ques-
tion of topological equivalence between the Kohmoto and
Hofstadter models; a question raised in [42], gained a sub-
stantial progress in [30,43] and even more recently in [6],
but not yet conclusively resolved.
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Poincaré, 26 (2025) 3103.
[16] Zilberberg O., Opt. Mater. Express, 11 (2021) 1143.
[17] Kohmoto M., Kadanoff L. P. and Tang C., Phys.

Rev. Lett., 50 (1983) 1870.
[18] Thouless D. J., Phys. Rev. B, 27 (1983) 6083.
[19] Niu Q. and Thouless D. J., J. Phys. A: Math. Gen., 17

(1984) 2453.
[20] Kraus Y. E., Lahini Y., Ringel Z., Verbin M. and

Zilberberg O., Phys. Rev. Lett., 109 (2012) 106402.
[21] Chung J.-H. and Shapiro J., Adv. Math., 480 (2025)

110486.
[22] Tanese D., Gurevich E., Baboux F., Jacqmin T.,
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