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ABSTRACT. The Dry Ten Martini Problem for Sturmian Hamiltonians is solved. Concretely,
we prove that all the spectral gaps are open for all the Schrédinger operators with Sturmian
potentials and non-vanishing coupling constant. A key approach towards the solution is a
representation of the spectrum as the boundary of an infinite tree. This tree is constructed
via periodic approximations and it encodes substantial spectral characteristics.

1. INTRODUCTION AND MAIN RESULTS

For o € [0,1] and V € R, consider the self-adjoint operator Hy v : £2(Z) — £%(Z) defined by
(Havt)(n) == (n+1) +¢(n — 1) + Vxp_a,(na mod 1) (n), (1.1)

where x[1_q,1) is the characteristic function of the interval [I — «, 1) and V' € R is the strength
of the potential, which is called the coupling constant. When a ¢ Q, this operator H, v is
called a Sturmian Hamiltonian, since the sequence X[1_q,1)(§+na mod 1) is called a Sturmian
sequence. The parameter £ may be set to zero for the purpose of the current paper, see

Appendix [I
Let Ha,v|[o,n—1) e the restriction of the operator to ?2({0,...,n—1}). Then Huvl|jon—1) is a

hermitian n X n matrix with o (H%V\[O’n,u) denoting its multiset of n eigenvalues (repeated
according to their multiplicities). The limit

Hoz n— : SE
Ny (B) = tim €7 Havlon-n) : A< F}

n—o00 n

(1.2)

is known to exist for all @ € [0,1]\Q, V € R and F € R, see e.g. [Hof93, IDF22]. The function
E — N, v (E) is called the integrated density of states of H,, v, and we abbreviate it as IDS.

We denote the spectrum of H, v by 0(H,,v), and mention two fundamental properties of the
IDS:

(IDS1) The IDS, N4y : R — [0, 1] is a monotone, non-decreasing and continuous function.
(IDS2) We have E € R\o(H,,v) if and only if there exists an ¢ > 0 such that the restriction
N,,v is constant on (E —¢, E +¢).

The connected components of R\o(H,,) are called spectral gaps (or just gaps). As pointed
out above, the IDS is constant on the spectral gaps. The values that the IDS attains at the
gaps (so-called gap labels) are given in our first main theorem - solving the Dry Ten Martini
Problem for Sturmian Hamiltonians.

Theorem 1.1 (All gaps are there). For all o € [0,1]\ Q and V € R\ {0},

{Nov(E) : E€R\o(Hav)} ={la mod1:1eZ}U{l}. (1.3)
In the next subsection, we provide a brief historical account of the Dry Ten Martini Problem.
In the subsequent subsections, we provide two additional main theorems, and immediately

use them to shortly prove Theorem
1
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1.1. The Dry Ten Martini Problem. “Are all gaps there?”, asked Kac in 1981 during a
talk at the AMS annual meeting, and offered ten Martinis for the solution. This led Simon
[Sim82] to coin the names the Ten Martini Problem (TMP) and the Dry Ten Martini Problem
(DTMP) for two related questions concerning the almost Mathieu operator (AMO). The first
problem, TMP, is whether the AMO has Cantor spectrum for all irrational frequencies and
non-zero coupling constants. An affirmative answer for the TMP was given by Avila and
Jitomirskaya [AJ09]. Further remarkable results on Cantor spectrum for generic quasiperiodic
Schrodinger operators are found in [BS82) [EL92) [Pui06, [ABD09, [GS11l [GJYZ23| [GTY23].
Historical overviews on this problem, the route to its resolution and further substantial results
appear in [MJ17, [Jit19, [DEF25].

The DTMP deals with the values that the IDS attains at the spectral gaps. The gap labelling
theorem [Bel82, [TM82] [Bel92, BBG92l [DF23| [DFZ23] predicts the possible set of values, which
the IDS may attain at the spectral gaps. The predicted gap labels for the AMO are exactly
the ones as for the Sturmian Hamiltonians, see the right hand side of (1.3). The DTMP is
whether or not all these values are attained, or quoting Kac, “Are all gaps there?”. We do
not exhaustively cover here the literature on the DTMP for the AMO. A substantial progress
towards its solution was achieved in [CEY90, [Pui04, [AJI0, LY15]. The most up to date result
appears in [AYZ23], where Avila, You and Zhou solve the DTMP for the non-critical AMO.
A more thorough historical account on the DTMP for the AMO can be found there. Some
very recent DTMP results for additional classes of operators other than the AMO appear in
[Han18, [DL24, DEF24, [CL25, (GWX25].

In the current work, we treat a different class of operators, the Sturmian Hamiltonians .
This model was introduced and studied in [KKT83l [OK85] being a guiding model for one-
dimensional quasicrystals. We now describe the state of the art results for TMP and DTMP
for these operators. A first mathematical study of the spectral properties of the Sturmian
Hamiltonians can be found in Casdagli’s paper [Cas86] that influenced many of the forthcom-
ing works. In [Siit89) BISTR9| it was shown that the spectrum of the Sturmian Hamiltonians
is a Cantor set of Lebesgue measure zero, thus solving the TMP. This was substantially gen-
eralized in [Len02) [DLO6al, [DLO6D] by Damanik and Lenz for aperiodic Schrodinger operators
satisfying the so-called Boshernitzan condition [Bos85]. This was also extended to Jacobi
operators in [BP13]. A substantial step towards the DTMP was done by Raymond [Ray95a],
who proved for all @ ¢ Q under the additional assumption that V' > 4. This unpublished
result is part of his thesis [Ray95b] and will appear in a revised version in [Ray]. The reader
is also referred to [BBB™| for a review of [Ray95a], which is adapted to the conventions of the
current paper. Damanik and Gorodetski [DG11] showed for the Fibonacci Hamiltonian,
ie. a= ‘/52_1, if the coupling constant V' is small enough. Mei [Meil4] extended the previous
result proving for a ¢ Q with eventually periodic continued fraction expansion, also in
the small coupling regime. The most recent achievement for the DTMP was done in 2016. In
an extensive study of the Fibonacci Hamiltonian Damanik, Gorodetski and Yessen [DGY16]

proved || for a = @ and all coupling constants V' > 0. The current paper provides the
complete affirmative solution of the DTMP for Sturmian Hamiltonians — Theorem [1.1

1.2. The spectra of the periodic (rational) approximations of H,y. The first step
towards the proof of Theorem is done by considering the spectra of the periodic (also
known as rational) approximations of H, y, which are introduced next.

The periodic approximations of H, y are defined via Diophantine approximations of a &
[0,1]\Q. Each « € [0, 1] \Q is uniquely presented in terms of its continued fraction expansion,
1

a=cot— (1.4)
1+ 62-"-1L
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where ¢y = 0 in our case and ¢, € N for all n € N. Truncating the expansion above gives
finite continued fraction expansions,

1 Pk
o i=cg+ ——— = —, ke NUA{0}, 1.5
e+ —L ak {0y (1:5)
1
k
where for k € N, pg, g € N are chosen to be coprime. By convention, oy = g—g = % (as cp = 0),
anda,lz%:%:oo.

This allows to approximate the spectrum of H, y in terms of spectra of periodic operators of
the form Hpy (where p,q are coprime). Such an operator Hp y, is g-periodic and hence its
q’ q’

spectral properties are given by the Floquet-Bloch theory.
Proposition 1.2. Let V € R\ {0} and £ € [0,1] such that p and q are coprime. Then He y
q?

has absolutely continuous spectrum and the spectrum o(Hp y/) consists of exactly q connected
q7
components, each being a closed interval.

These are well-known properties of the periodic Schrodinger operators Hp y, with p, ¢ coprime,
q 9
see e.g. [Tes00, [Ray95a), [DF25, BBB™].

We slightly abbreviate the notation above by setting
0so(V):=R and o2(V):=0(Hzy). (1.6)
q q

The introduction of the auxiliary spectrum o (V') seems artificial at first sight, but its role
becomes clearer in the next subsection, keeping in mind that a_; = oco.

The following shows that indeed the spectra of the operators H,, 1 approximate the spectrum
of the Sturmian Hamiltonian H, y .

Proposition 1.3. [Stut87, BISTR8Y, BIT9I] For all k € N, and V € R, the following mono-
tonicity property holds
O (V) C 00, (V) Uoa, (V).
In addition,
lim (U@k (V) U Uak+1(v)) = ﬂ (O’ak(V) U Oapyq (V)) = O'(Hmv),

k—o0
keN

with the limit taken with respect to the Hausdorff metm’tﬂ on compact subsets of R.

These spectral approximations, o,, (V), may be used to define an ordered (directed) tree
graph, 7., whose boundary represents the spectrum o(H,). After introducing this tree
graph and stating its properties, we are able to prove Theorem

1.3. The spectral a-tree . Next, we define the ordered (directed) tree graph, 7,. Towards
this, recall basic graph theory terminology. A directed graph G consists of a countable set V,
called vertex set, and a set £ C V x V, called the edge set. There is an edge from u € V to
w eV if (u,w) € E. A path is a (finite or infinite) sequence (ug,uy,...) of vertices such that
(U, Umy1) € € for all m € NU{0}. For a finite path (ug, u1, ..., un), we say it is from vertex
ug to vertex u,, and denote this by ug — u,,. If in this case ug = u,, and m > 1, then such a
path is called a cycle. A directed graph without cycles is called a tree. A rooted tree is a tree
which has a single vertex designated as a root. In the following, we consider an ordered tree,
which is a directed rooted tree with a strict (i.e., irreflexive) partial order relation, <, defined
on its vertex set.

1See e.g. Lemmaﬂ for definition of this Hausdorff metric.
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Fix o € [0,1] \ Q and let (cg),e, be the coefficients of its continued fraction expansion, (|1.4)).
We recursively describe in the following a specific ordered rooted tree, 7T,, whose edge and
vertex sets are denoted by &, and V,, correspondingly. Figure [I.I] accompanies the tree
description.

(1) (2)

level 1 B01 level k42
level O ‘jluo level k + 1
level —1 g level k "D

A/ B

FIGURE 1.1. (1) The root of the tree graph 7, and two adjacent vertices. (2)
A vertex v in level k (for k > 0) and its outgoing edges to level k+1 and k + 2.

We start by designating a single vertex to be the root, r. We say that the root belongs to
level k = —1 of the tree. Starting from the root, all other vertices belong to ascending levels
k in the tree and in addition they carry one of the two labels: A or B. There are two vertices
to which the root r is connected, (r,u%) € &, and (r,w") € &,:

e We set the vertex u® to be in level k = 0 and assign u” with the label A. The vertex
u? is the only vertex in level k = 0.

e We set the vertex w® to be in level k = 1 and assign w® with the label B. Note that
there might be other vertices in level k = 1, see, e.g. Figure (1.2

e These two vertices are ordered u® < w?.

We continue defining the ordered tree 7, recursively. For every vertex v in level k (k > 0),
denote
Mo {Ck;+1 — 1, if v has the label A,

Cht1, if v has the label B,
and
e connect the vertex v to M vertices, ul, ..., uM, with the label A in level k+ 1, namely,
(v,u') € &, for 1 < i < M.
e connect the vertex v to M + 1 vertices, w', ..., wM*!, with the label B in level k + 2,

namely, (v,w?) € &, for 1 < j < M + 1.
e These vertices are ordered w! < u! < w? < ... < uM < wM+1,

Definition 1.4. For a € [0,1] \ Q, the previously described ordered tree, 7, is called the
spectral a-tree. The following two strict (i.e., irreflexive) partially order relations are defined
on the vertex set V, of Tu:

e We denote u — w whenever there is a directed path connecting u to w.
o If uy,us € V, satisfy u; < ug, then we define w; < we for all wy,wy € V satisfying
(up — wy or u; = wi) and (ug — wa or uy = wa).

Remark.

e We note that the relation < is not a total order. But for any two vertices u,w € V
with no directed path between them, either © < w or w < wu.

e We emphasize that the level of a vertex in 7, is not necessarily its combinatorial
distance from the root. This is since the B vertices are connected by a single edge to
a vertex which is two levels below.
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In order to connect the spectral a-tree in Definition [I.4] to the spectral approximations,
0a,(V), we introduce the following conventions. By Proposition for k > 0 and V # 0,
the spectrum o4, (V) consists of exactly g intervals (recalling that oy = Z—:). This leads to
the following definition.

Definition 1.5. For a € [0,1]\ Q, k¥ > 0 and oy as in (1.5). Amap [ : V — I(V), V >0, is
called a spectral band in o4, if there is a 0 < j < g, such that for all V' > 0, I(V') is the j-th
interval (counted from the left) of o4, (V).

Remark. In the following, we will abuse terminology and also refer to the evaluation of that
map, i.e., I(V), as a spectral band. This is a common terminology in the literature. Whether
a spectral band means the map itself or its evaluation will be either understood from the
context or explicitly mentioned.

In addition, we note that for every spectral band the map I : V — I(V), V > 0, is actually
Lipschitz continuous, see Corollary

Next, we introduce order relations for spectral bands and use these to connect them to vertices
of the ordered tree 7. This is done within the following definition and theorem (see Figure
for a demonstration).

Definition 1.6. Let I : V — [L(I(V)),R(I(V))] and J : V — [L(J(V)), R(J(V))] be two
spectral bands. We define the following strict (i.e., irreflexive) order relations.

(a) The spectral band I is strictly contained in J:
ICqJ & VYV >0: LJ(V)) <LUIV))<RIV)) <RIV)).
(b) The spectral band I is to the left of J (respectively J is to the right of I):
I<J & VV>0: LUIV)) <L(J(V))and RI(V)) < R(I(V)).

Note that it is possible that I is to the left of J even if (V)N J(V) # () for some value of V.
The proof of the following theorem is provided in Section [7]

Theorem 1.7. Let o € [0,1]\Q. Let T, be the spectral a-tree. Then there exists a unique
bijection U between the vertices V, of T and all spectral bands of {oq, }k:eNu{—l 0} for' V>0,
such that:

(a) For each k € NU{—1,0}, the bijection ¥ maps each vertex in level k of T, to a spectral
band of oq,,.

(b) For every two vertices u,w, if u — w then V(w) Cgy ¥(u).

(c) If ui,ua are vertices in levels ki, ko (respectively) such that |k — ka| < 1, then

up <ux <= Y(ur) < ¥Y(ua).

A similar version of Theorem holds for V' < 0, but for this sake one needs to adjust the
definition of the tree 7T, (see discussion in Remark . Figure demonstrates the bijection
between the graph vertices and the corresponding spectral bands, for 7, if o has continued
fraction expansion (cx),—, starting with 0, 1,2, 3.

Example 1.8. Theorem claims that W preserves the order relation < only for vertices
that are in the same level or in consecutive levels. In Figure the vertices u in level 0 and
w in level 2 satisfy u < w by the order relation defined on 7, but ¥(u) A ¥(w) as sketched
in the figure since (¥(w)) (V) Cetr (¥(u)) (V') for some values of V', see Example 7.2 for more
details on the computation of these spectral bands.
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level 3 : ’—4“'1 : ’—4‘/1 : ’—4‘/1 Eﬁ—dB ﬁ—ld : ﬁ—ld ﬁ—OB ﬁiH—ld ﬁ—dB
c3 =3 N% W

level 2 ‘ & Pl w‘f : —a
co =2 \\%

level 1 f B |

24V 24+ V

c1 =1

level 0 = ‘

level -1 - R

FI1cURE 1.2. An example of a spectral a-tree is sketched if o has continued
fraction expansion (cx)pe starting with 0,1,2,3, see Definition The ver-
tices of the graph are drawn as the spectral bands to which they are mapped
by W. The two vertices u,w which are marked satisfy u < w, but for their
corresponding spectral bands, ¥U(u) £ ¥(w).

1.4. Connecting 07, with ¢(H,,) and proving Theorem . Theorem connects
the spectra of the approximant operators H,, v with the vertices of 7,. Our next step is to
connect the spectrum of H,y with the boundary of 7, and use this connection to express
the IDS value. This will allow us to prove Theorem

Denote the boundary of 7, by
ITo = {v = (ug,u1,ug...) : ug is the root of T, and (up—1,um) € &, for all m € N},

i.e. the set of all infinite paths which start from the root. This boundary 07, inherits a natural
total order from the partial order < on the vertex set V. Specifically, let v; = (ug,u1,...)
and 2 = (wg, w1, ...) be in 0T,. If 71 = 2, we set 71 < v2 and 2 < v (so that the order
is reflexive). Otherwise, there exists a unique k& > 0 such that uy_1 = vg_1 and u # wi. By
construction (see Definition , either u,, < w,, for all m > k or w,, < u,, for all m > k.
In the former case, we set 71 = 2 and in the latter case, we set v < 1.

Given an infinite path v = (ug, u1,...) € Ty and V > 0, Theorem (]ED implies U () Cstr
U(up,—1) for all m € N. Thus, for all values V' > 0, the intersection Npen (U (upm)) (V) of
nested compact intervals is non-empty and connected. By Proposition this intersection
is contained in the spectrum o(H,, ). Furthermore, by [BIST89] the spectrum o(H, ) is of
Lebesgue measure zero implying that the intersection Ny,en (¥ (uy,)) (V) consists of a single
point (see also [Ray95a] or [BBB™, lem. 5.11]) where this is proven for V > 4, but the same
proof applies for all V' > 0). We denote this point by E,(v; V), i.e., Npmen (¥(uy)) (V) =
{Es(v;V)} and this defines the map

Eo(-3V):0Ta — o(Hyy).
This map satisfies the following properties.

Theorem 1.9. Let o € [0,1]\ Q and V > 0.

(a) The map Eo( - ;V): 0Ty — o(Ha,v) is a bijection.

(b) The map Eo( - ;V) : 0Ta — o(Hayv) is order preserving, i.e. ~1 = 72 implies
Eo(m15V) < Ea(r25V).

(c) For all v € 0T, the map Eq(7y; - ) : (0,00) = R is Lipschitz continuous.

(d) There exists a function Ny : 0Tq — [0,1] such that for all V >0,

Na,V (Ea(’y; V)) = Na('Y)'
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(e) We have 0(Hyyv) = —0(Hq,—v). Furthermore, for all v € 0T, and V < 0,

Na,V (_Ea(’y; _V)) =1- Noz(’Y)‘

Remark. Note that the tree graph 7, as well as the function NV, are V-independent. Further-
more, one can explicitly describe the function N, : 97, — [0, 1] by the local tree structure,
see Remark [7.8

The stage is now set for the proof of the main theorem.

Proof of Theorem[1.1] Let a € [0,1]\ Q and V € R\ {0}. The inclusion
{Now(E)|E € R\o(Hay)} C {la mod 1|l €Z}U{1}

is part of the gap labelling theorem [BBG92, [DF23]. We need only to show the other inclusion.
Clearly, the values of the IDS at the two unbounded spectral gaps are 0 and 1. More precisely,
we have N, v (E) =0 for E <info (H,v) and N, v (E) =1 for E > supo (H,,y). Thus, the
gap labels 0 (I = 0) and 1 are contained in {Ngv(E)|E € R\o(Ha,v)}.

Let | € Z\ {0} and V > 0. By [Ray95a] (sce also [BBBT, thm. 5.25]), there exists a V > 4

and two different values Ei, E» € o(H_ 7) such that

N, 7(E1) = N, 5(E2) =l mod 1.

By the surjectivity of the map E,( - ,‘N/) (Theorem @), we have two different infinite
paths 71,72 € 97, such that By = Ey(71; V) and Es = Ey(y2; V).

We use these paths 71,72 to designate another pair of energy values F; :=
Ey := Ey(72; V). By the injectivity of the map E,( - ;V) (Theorem ()
FEy # E5. Applying Theorem @ yields

Nov (Ei) = Na(7i) = N, 5(

Eq(v1;V) and
), we get that

E;) =la mod 1, ie{1,2}.

Thus, we have identified two different spectral values E1, Ey € 0(H,,y) such that Ny v (Ep) =
No,v(E2) = la mod 1. By the monotonicity of the IDS (see we get that N,y is
constant on the interval (Fy, Es). By the interval (E1, E2) is a spectral gap with the
required gap label la mod 1. We have thus proven the equality in for all V"> 0.

If V< 0, the proof follows similarly as above with the following slight modifications. Let
l €Z and V < 0. By [Ray95a] (see also [BBB™, thm. 5.25]), there exists a V > 4 and two
different values Fy, Ey € o(H_ 7) such that

Na,V(El) = Na,V(EQ) = (—l)a mod 1.
Now we proceed as before, defining ~y1,v € 07, such that E, = Ea(’yl;YN/) and Fy =
Eq(v2; V). Let By := —Ey(y1;—=V) and Ey := —Fy(v2; —V'), which are different by The-
orem @ Then Theorem @ and @ imply Ey, Ey € 0(H,,v) and for i € {1, 2},

Na,V(Ei) =1-— Na('}’i) =1-— N

aV(E) =1—(-l)a mod1l=Ila mod l.

Exactly as above we conclude that E7, F» are the edges of a spectral gap at which the IDS
attains the required gap label la mod 1. Il

Remark. We note that we have actually proven above that if a gap label appears (i.e., it is
attained by the IDS) for some V' value, then it appears for all V' # 0.
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1.5. A bird’s-eye view on the spectrum of Sturmian Hamiltonians. Sturmian Hamil-
tonians belong to the family of dynamically-defined Schrodinger operators. In the liter-
ature, one can find various characterizations of the spectrum of Sturmian Hamiltonians,
which turned out to be useful for analyzing their spectral properties. We refer the reader
to [DEGI5L Dami7, [DF22, [DF25] for a detailed elaboration and we just mention the main
tools used for Sturmian dynamical systems. The spectrum can be characterized by a few
alternative approaches:

e The energies for which the Lyapunov exponent vanishes (denoted by Z) are used
to prove Cantor spectrum of Lebesgue measure zero [Sut89, BIST89, [Len02) IDLO6A),
DL06b] by applying Kotani theory [Kot89].

e The energies for which the positive semiorbit under the trace map stays bounded
(denoted by B) are used to estimate the fractal dimension of the spectrum [Cas86,
Ray95a, DEGTO0S, DGY16].

e The energies described in terms of a coding scheme (denoted here by IT). This is an
approach influenced by Casdagli [Cas86] and fully developed by Raymond [Ray95a]
to show that all the gaps are there for V' > 4. This coding scheme turns also to be
useful for studying the transport exponents and the fractal dimensions of the spectrum
[Ray95al [KKL03, DEGTO08, DG11, LQWI14, DGI15, [CQ23]. Similar coding scheme
appears also for the Period doubling sequence [LQY?22].

In the current paper, we change the viewpoint from a coding scheme to the boundary of a
tree, 074, and the map E,. Adding this perspective, we may briefly summarize the different
representations of the spectrum by

U(Ha,V) =B=Z=1=F, (37:)4"/) :

This last perspective is a substantial step providing an access to the solution of Dry Ten
Martini Problem for Sturmian Hamiltonians. In order to get this spectral representation, the
spectral bands of suitable approximations are classified in Theorem Towards this, two
additional approaches are important:

e We study the space of all finite continued fraction expansions simultaneously allowing
us to use a two-level induction.

e We use a perturbation argument leading to an interlacing theorem of the spectral
band edges.

These two approaches are introduced in Section [2] respectively Section [3|and further developed
throughout the paper. Sections and @ gradually develop the proof of Theorem m(the
structure of these sections is explained at the end of Section . Combining these tools, the
main Theorems and are proven in Section
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2. THE A/B TYPE CLASSIFICATION THEOREM FOR THE SPECTRAL BANDS

In the previous section we proved that all the gaps are there (Theorem using the spectral
a-tree T, and its properties, as given in Theorems and The current section develops
some important notions and culminates with the statement of Theorem [2.15] This statement
is the main tool, which is needed to prove Theorems and

2.1. The space C of finite continued fraction expansions. In the previous section we
recognized the importance of the rational approximants, H,, v and their spectra o, (V). We
also observed the significant role played by the continued fraction expansion of ay,

1
ap=co4+——"€o,1].
k 0 o+ 1 [ ]

1

Ck
We write the sequence of coefficients above as a tuple ¢ := [0, cg, 1, . . ., cx]. Writing it in this
form implies ¢_1 = ¢g = 0. That ¢y = 0 is clear from oy € [0, 1], whereas the role of the
additional entry c_; = 0 will become clear later. We merely remark that c_; = 0 corresponds
to level k = —1 (i.e., the root vertex) of the spectral a-tree 7T,. Next, we change our point
of view. Rather than focusing on a single sequence of rational approximations, {ay}, of a
particular o ¢ Q, we need to consider the whole space of finite continued fraction expansions,
as defined next.

Definition 2.1. [Space of finite continued fraction expansions]

Let N_; := NU{—1,0} and define the space of finite continued fraction expansions by
C:= {[0]7 [070]} U U {[0707 C1, - '7Ck} D0y, Cp—1 € Na Ck € Nfl} :
keN

This notation uses the convention that the two first entries of all ¢ € C, satisfy ¢_1 = ¢ = 0.
Additionally, denote

[c,m] :=10,0,¢1,...,cx, m], m € N_j.

This notation is used only when [c, m] € €. To assure this, we assume when using the notation
[c, m] that either ¢ = [0,0] or ¢ = [0,0,cy,...,c;] € C with ¢, & {—1,0}.

The connection between the finite continued fraction expansions and the rational numbers is
as follows.

Definition 2.2. The evaluation map ¢ : € — RU{oo} is defined for all ¢ € €\ {[0], [0,0,—1]}
by

©([0,coy 1y - -y Cl—2]), ke Nand ¢, =0,
0 e, Cle 1—1 k e N\{1 de,=-1
QO([O,CO,Cl,...,Ck]) — 90([ 70076? s Ck—2, Ck—1 ])a € \{ }an Ck s (21)
co + P — otherwise.
+é

In addition to that we set ¢([0]) := oo and ¢([0,0, —1]) := —1.
Remark.
(a) By the definition of the evaluation map ¢ we have

(p([o, Coy .-y Ck—1, O]) = QD([O, COy .- ,Ck_g]).

This identity may be intuitively understood if one allows ¢, to take real values and
then consider the limit ¢, — 0, see further discussion in [BBB™, sec. 2.1].



10 RAM BAND, SIEGFRIED BECKUS, RAPHAEL LOEWY

(b) Observe that Image(¢) C (Q N [0,1]) U{—1,00}. The values —1 and oo deserve a
special treatment and this is done in the forthcoming statements, see also [BBB™|
sec. 2.1] Currently, just note that ¢(c) = -1 < ¢ = (0,0, —1], and

p(c)=00 <« ce{[0], [0,0,0], [0,0,1,—1]}.

In Section (1, we fixed some a € [0,1]\Q and considered all its finite continued fraction
expansions, giving rise to oy = 2’—:. From this section and later on we consider the space of all
rational numbers represented by their finite continued fraction expansions, ¢ € €. It should

be noted that the evaluation map ¢ is surjective but not injective.

2.2. The spectra {oc}.e - We present the well-known formalism for transfer matrices,
which describes the rational approximants spectra oq, (V). For V € R, define

1 -V E -1
M[O}(E7 V) = <O 1 > ) M[O,O](E7 V) = <1 0 >
and recursively define the transfer matrices for ¢ = [0,0, ¢y, ..., cx] € C (where k € N) by

MC(E7 V) = M[O,O,Cl...,ckfg] (E7 V)M[O,O,Cl,...,ckfl] (E7 V)Ck °
Consequently, denote the traces of the transfer matrices by
te(E,V) = tr(Mc(E,V)). (2.2)

Example 2.3. We explicitly write here the expressions of a few traces, which will turn to be
useful in the sequel. We have

t10,0,1,—1)(E, V) = tjo)(E, V) = tj0,0,0)(E, V) = 2,
and
to,0(E,V) =E, to,0,-1(E, V) =E+V,
to,0,1)(E, V) =E -V, to02/(E, V) =E*>—EV -2,
t012(E,V)=E®>—2E°V + E(V?=3)+2V,  tjo3(E,V)=E>—-E*V —3E+V.
Representing the spectra via the traces of these transfer matrices is a classical approach
[Cas86, [Sit87, BIST8YL, Ray95a]. Our description only slightly deviates from the conventional

one, by referring to all the elements of € (within the literature above we take a route which
is the closest to [Ray95a]). This approach is expressed in the next definition and proposition.

Definition 2.4. For all V € R, and ¢ € € denote
oc(V):={EFeR : |t.(E,V)| < 2}.
Using this notation, we bring the following well-known fact, see e.g. |[BBB™, prop. 3.5,
lem. 3.6].
Lemma 2.5. . For all ¢, ¢ € C with p(¢) = ¢(c), we have
0:(V)=0c(V) and tz(E,V)=t(E,V), foralE,V eR.

Furthermore, if ¢ € C with ¢(c) ¢ {—1,00}, then the spectrum o,y (V) of the operator
Hy o), v satisfies

oe(V) =0y (V).

The different spectra o, for the traces given in Example [2.3] are plotted in Figure
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2.3. Classification of spectral bands in o.(V) to A and B types. We classify the
spectral bands in o.(V') into types. Towards this, we introduce a partial order relations
on the spectral bands of the spectra {oc(V)} e, similarly to the ones which were already
introduced in Definition [L.6]

Definition 2.6. Let I C R be a closed interval. We define its left and right endpoints by

L(I) :=inf x respectively R(I):=supz.
xel xel

For two closed intervals I and J define the following order relations.

(a) The interval I is contained in J:
ICJ o L(J)<L{I)<R(®I <RA).

(b) The interval I is strictly contained in J:

ICorJ < L(J) < L(I)<R(I) <R().
(¢) The interval I is to the left of J (respectively J is to the right of I):

I<J & L()<L(J)and R(I) < R(J).
(d) The interval I is strictly to the left of J (respectively J is strictly to the right of I):

I <4rJ < R(I)<L(J).

Remark. For closed intervals I, J we have that I Cg, J implies I C J and I <g, J implies
I < J. Note also that I is strictly to the left of J if and only if I < J and I NJ = (). In the
special case of the closed interval J = (—o0,400), we have L(J) = —oo and R(J) = oo and
hence I Cg, J, for any compact interval I.

One might compare Definition to Definition [1.6] where similar notation and naming were
used. Note that in Definition the spectral bands are considered as maps, whereas in
Definition they are considered as intervals, i.e., for a fixed value of V. A certain relation
(Cstr, or <) holds between two spectral bands in the sense of Definition if and only if
it holds for all V' > 0 in the sense of Definition Although we use the same symbols in
both definitions, it will be either clear from the context or explicitly mentioned whether it is
associated to a fixed interval (as in Definition or to a map (as in Definition [L.6)).

The order relations for intervals are used for the following classification of spectral bands.
Definition 2.7.

Let V € R and ¢ € € be such that ¢(c) & {—1,00} and [c, 0], [c, —1] € C. A spectral band
I(V) of 0¢(V) is called

e backward type A

if there exists a spectral band J(V') in oy g (V') such that I(V) Csr J(V).
o weak backward type A

if there exists a spectral band J(V') in ¢ g (V) such that I(V) C J(V).
e backward type B

if there exists a spectral band J(V') in oc _1(V) such that I(V) Cgr J(V).
e weak backward type B

if there exists a spectral band J(V') in o _1)(V) such that (V) C J(V).

Remark 2.8. The notations A and B are deliberately used above, since they carry a similar
meaning as the labels A and B introduced for the spectral a-tree, T, in Definition The
bijection in Theorem allows to assign the labels A or B to any spectral band according to
its vertex in 7T,. More precisely, we see later in Proposition [7.1] and Proposition that
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e A spectral band I(V) of o4, (V) is of backward type A for all V > 0 if and only ¥~1(I)
is labeled A.

e A spectral band I(V) of o4, (V) is of backward type B for all V > 0 if and only ¥~1(I)
is labeled B.

We note that according to the definition above, whether a spectral band is a (weak) backward
type A or B (or not at all) depends on the value of V. In other words, the definition
above considers the spectral bands as intervals and not as maps. We will eventually state in
Theorem that each spectral band has exactly one type (either backward type A or B)
and that this property is fixed for all V' > 0 (and fixed for all V' < 0). There is no merit in
considering the backward type properties for V' = 0, as in this case all spectra of all operators
H,y are equal to [—2,2]. Finally, we note that we adopted this notation of A and B for
spectral bands from [KKLO03|, where it appeared for the specific case a = @ (for visual
reasons we do not use the 7, II1 notation as in [Ray95a]).

The following example continues Example and demonstrates the backward types of some
spectral bands (see also Figure .

Example 2.9. Using Example we get for all V € R that
0[0](V) = 0[0,0,0}(V) = 0[0,0,1,71](‘/) =R and 0[0,0,—1}(‘/) =[2-V,2-V]=0 (Hl,—v) .
As a byproduct of this calculation we get that Lemma [2.5 may be actually extended to include
also ¢(c) = oo, since we defined oo (V') = R in (1.6). Now, consider oy g (V) = [-2,2]. Given
the spectra above, one may verify that for all V' 2 0 the spectral band [—2, 2] is of backward
type A but not of weak backward type B.
As another demonstration, calculate the spectra

o100, (V) =[-2+V,2+ V], 0p00,1,-1)(V) =R and a)9,1,0)(V) = 070,0)(V) = [-2,2],

and observe that for all V' # 0 the spectral band Ijg o 1(V) = [-2+ V.2 + V] of (g 1)(V) is
of backward type B but not of weak backward type A.

We have seen in Lemma [2.5] that o5(V) = 0c(V) for ¢, € € € with ¢(c) = ¢(€). Nevertheless,
we emphasize that the backward type of a spectral band I(V') of o¢(V') depends on ¢ € € and
not on its evaluation ¢(c) € [0,1]. This is demonstrated in the next proposition, which is also
useful later in the paper.

Lemma 2.10. Let V € R and c € C with p(c) ¢ {—1,00} and [e,m] € € for all m € N_;.
For m > 2, we have 0(¢pm)(V) = 0(cm—1,1)(V). Moreover, if I(V) is a spectral band in
O1e;m)(V) = 0lem—1,11(V), then both of the following hold

) =
o [(V) is of (weak) backward type A in o(c.m (V) if and only if
I(V) is of (weak) backward type B in o(¢m—11(V).

I(V) is of (weak) backward type B in o(c.m (V) if and only if
I(V) is of (weak) backward type A in o(¢pm_11(V)-

Proof. If m > 2, then ¢([c,m]) = ¢([c,m — 1,1]) follows by the definition of the evaluation
map (this is actually a well-known duality for finite continued fraction expansions [Khi64, Ch.
L.4]). Now, 0(¢ 1) (V) = 0c,m—1,11(V) follows from Lemma We suppress the V' dependence
in the rest of the proof, as it does not affect the arguments.

Let I be a spectral band in o ;) = Ojcm—1,1]- By definition, I is of backward type A in
Olc,m) if and only if it is strictly contained in a spectral band of o¢ 0] = 0c (where we used
¢([e,m,0]) = p(c) and Lemma. On the other hand, [ is of backward type B in oy ;,,—1,1]
if and only if it is strictly contained in a spectral band of o(¢ ,—11,—1] = 0c (Where we used
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FIGURE 2.1. A plot of various spectra for different ¢ € €. The spectral bands
are colored according to their backward types (A in blue and B in red). The
embedding of these spectral bands within the Kohmoto butterfly is highlighted.
The reader is referred to Example Example and Example for a
detailed description.

¢([e,m—1,1,-1]) = ¢([c,m—1,0]) = ¢(c) and Lemmal[2.5]). This proves the first equivalence
and the second one follows similarly. O

The last proposition demonstrates why it is advantageous to use the space € and not just
rational numbers. Here it is observed from the classification of backward types, but this will
also be evident from other perspectives to be seen in the sequel.

Example 2.11. To demonstrate Lemma see Figurewhere the spectra for ¢([0,0,2]) =
©([0,0,1,1]) and ¢([0,0,1,2]) = ¢([0,0,1,1,1]) are sketched. Depending on the representa-
tion of the finite continued fraction expansion their backward type changes (see color marking
vs. gray marking). The colored bands are plotted at a height which corresponds to their ¢(c)
value. Note that 0,1 € [0, 1] admit a unique representation as a continued fraction expansion
and henceforth their backward type is fixed, see Example [2.3] The spectral bands are colored
in blue if they are of backward type A and are colored in red if they are of backward type B.

Next, we introduce the concept of forward types A and B. We will eventually prove that the
backward and forward types properties are equivalent, see Proposition [7.19]

Definition 2.12. Let V € R. Let ¢ € € and m € N be such that ¢(c) € {—1,00} and
[c,m] € C. A spectral band I.(V) of o.(V) is called of m-forward type A with M = m — 1
(respectively m-forward type B with M = m) if the following holds.

(A) There exist M spectral bands in o[c (V) (denoted I[lc m](V), . ,I[J“:Jm](V)) such that

(A1) I[ic m](V) Catr LIe(V) forall 1 <i < M.

In particular, these bands are of backward type A.

(A2) I!

[e;m]

(V) is not of weak backward type B for all 1 <1i < M.

(B) For each n € N, there exist M + 1 spectral bands in oj¢ y, n (V)
(denoted I} (V),..., IM*1 }(V)) such that

[c?m’n} [c’m7n

(B1) I (V) Cepe I}

[e,m,n] [e,m,n—1]

In particular, these bands are of backward type B.

(V) forall 1 <j < M +1, where I/ (V) := I(V).

[e,m,0]
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(B2) I/

ic.mon] is not of weak backward type A for all 1 < j < M + 1.

(I) For each n € N, we have
M M
1@W<%M<¢mﬂ+@ﬂm<%w<l+

[e,m,n]”
Example 2.13. In Example we saw that Ijgg = [~2,2] is of backward type A and
Iip0,1) = [—2 4+ V,2 + V] is of backward type B. We demonstrate here their forward type as
well, by means of Figure For Ijp g = [-2,2], we take ¢ = [0,0], m =1 and M = m — 1.
We notice that Ijg g contains M = 0 spectral bands in o7y g 1) (which fits Definition [2.12} [(A)).
In addition, taking n = 1,2,3 we see (in Figure that Ijp g contains exactly M +1 =1
band from each of a9 11}, ]0,0,1,2) and 0g 1,3 (Definition . These three spectral
bands are a nested sequence and in particular are of backward type B (Definition .
Property is given the name tower property, since these spectral bands are stacked on
each other (as visually seen in the Kohmoto butterfly within Figure . To conclude, we

have demonstrated that Ijg o = [~2,2] is of 1-forward type A (to verify this one has to check
all values n € N), see Lemma
For Ijgo1) = [-2+ V.2 + V] we take ¢ = [0,0,1], m = 1 and M = m. Then there is M = 1

spectral band in o7[g g 1,1 which is contained in Ijg 1] and denoted by I[lo,o,l,l] (property .
For n = 1, there are M + 1 = 2 spectral bands in o[g1,1,1] which are contained in fjg g 1
and denoted by 1[1070,171,1]’1[20,071,171} (property . We see in Figure that these three
bands interlace, i.e., I[1070717171} < I[}),D,l,l} < I[0’0717171] (property . To conclude, we have
demonstrated that Ijgo 1) is of 1-forward type B (to verify this one has to check all values
n € N), see Lemma

Finally, the notions above are combined to define the type A and B spectral bands and state
their dichotomy, which is another main theorem of the current paper.

Definition 2.14. Let V € R. Let ¢ € € and m € N such that ¢(c) &€ {—1,00} and [c,m] € C.
A spectral band I.(V) of o.(V) is called

)
m-type A if I.(V) is of backward type A and of m-forward type A.
m-type B if I.(V) is of backward type B and of m-forward type B.
type A if I(V) is of m-type A for all m € N.
type B if 1.(V) is of m-type B for all m € N.

There are equivalent formulations to the definition of A, B types (used in [BBL23|). Their
equivalence is stated and proven in Proposition

Theorem 2.15. For all V > 0 and c € C with o(c) ¢ {—1,00}, every spectral band in o.(V')
is either of type A or B and its type is independent of the value of V > 0.

Remark. We point out that a similar statement holds for V' < 0; each spectral band in o¢(V)
is either of type A or B, see Corollary

Theorem [2.15] is proven in Sections [3] [4] 5] and [6] Then this theorem is used in Section [7] as a
main tool for proving Theorems and Theorem

The first step towards the proof of Theorem [2.15]is the following substantial result of Raymond
which appeared nearly three decades ago.

Theorem 2.16. [Ray95a] For all V >4 and c € C with ¢(c) ¢ {—1, 00}, every spectral band
in 0.(V) is either of type A or B and its type is independent of the value of V > 4.
Moreover, for a spectral band 1.(V') and m,n € N, the spectral bands I, m](V) and I[cm n](V)

introduced in the forward property cmd are unique for V.> 4, i.e. I.(V) does not
contain any other spectral band of o(¢ ., (V) respectively oycm n (V).
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We took liberty with phrasing T heorem differently than it originally appeared in [Ray95a]
(it actually did not appear there as a single theorem). In particular, the notation used in
[Ray95a] is different than ours; we had to adapt the notation for the sake of our proofs. We
have done such an adaptation already in [BBB™, thm. 4.22], as a preliminary step towards
the current paper.

Furthermore, we point out that for V' > 4, the interlacing property in Definition may
be replaced by

Lo (V) =<str Loy (V) =t Ty (V) < Iy (V) o <t Tl (V) <t LD (V),

[e,m,n] [c,m,n]

for all n € N. This yields a stricter definition of types A and B and Theorem [2.16| actually
holds also for this stricter version (see further details in [BBB™]). However, when V < 4
the spectral bands in this interlacing property overlap and are ordered merely by < and not
by <str- Hence, our Theorem (which is valid for all V' > 0) does not apply to this
stricter definition of types A and B. This explains why we had to use the milder version. The
existence of such overlaps forms one of the major difficulties one needs to overcome in order

to get from Theorem to Theorem

3. BASIC SPECTRAL ANALYSIS - PRELIMINARY TOOLS FOR THE PROOFS

In the previous section, we have already introduced one classical tool to study the spectral
approximations - the transfer matrices and their traces. Two additional tools are developed
in this section for the spectral band edges: a uniform Lipschitz continuity and an interlacing
theorem.

3.1. Lipschitz continuity of spectral band edges. As introduced in Definition [1.5] we
view spectral bands as maps and next we show that these maps are Lipschitz continuous.

Lemma 3.1. Let « € [0,1]. For all V,V' € R,
di(o0(Hov),0(Hay)) < |V =V,
where dg denotes the Hausdorff metric on the compact subsets of R induced by the Fuclidean

distance, dg(X,Y) := max {sup,cx d(z,Y), sup,cy d(y, X)}.

Proof. The statement follows immediately by standard arguments using the operator norm
estimate ||Hov — Ho v/ || < |V = V). O

Taking ¢ € € with {—1,00} Z ¢(c) = £ (coprime p,q), we know that for all V' # 0, oc(V)
consists of exactly ¢ non-touching intervals (see Propositions and . As a direct conse-
quence from Lemma [3.1] we get the following for each of these spectral bands.

Corollary 3.2. Let ¢ € C such that ¢(c) & {—1,00}. If I, is a spectral band of o., then for
al V.V >0

max {|L (I(V)) = L (I(V")) |, IR (1(V)) = R (I(V")) [} < [V = V'|.
Remark. Thanks to Corollary we may view each spectral band I in 0. as a continuous

map V — I.(V). Combined with Raymond’s Theorem this allows to introduce the
following notions.

Definition 3.3. Let m,n € N, ¢ € € be such that ¢(c) € {—1,00} and [c,m] € €. For a
spectral band I in o, define the associated unique value

[T K 1, I.(V) is of backward type A for all V' > 4,
T m, 1.(V) is of backward type B for all V' > 4,
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) M . M+1
and the unique spectral bands {I fc m] } - of (¢ m) and the unique spectral bands { e n]}

of O[cm,n satisfying and |(I) for all V' > 4.

Note that M actually depends both on I. and m, but we omit this dependence from the
notation.

=1

. M A M+1
Remark. The existence and uniqueness of the spectral bands {I [’C m}} and { icm n]}

M) =1 j=1
are justified by Theoremm proven by Raymond [Ray95a], see also [BBB™, thm. 4.22]. Due
to Corollary we may consider the continuous maps V s I} e, ](V) and V — I[Jcmn](V)
on V € (0,00). However, it is not a-priori clear whether these spectral bands still satisfy the

properties [] [(B)]and [(T)]in Definition for 0 <V < 4. It turns to be so by Theorem
but we cannot use it prior to proving this theorem.

A word of caution is needed regarding the notation in Definition[3.3] In order to know to which
spectral band the notation I, f m] refers to within ofc ,,), one needs to know which spectral band
I was designated. For different choices of spectral bands I, within o¢, the spectral bands

[C7m] and I? fc.mon] will also differ. This should not lead to confusion, since in the beginning of
each proof or discussion, the spectral band I, will be explicitly chosen.

3.2. Interlacing theorem for spectral band edges. Given an n x n matrix H and 6 €
[0, 27], define the n x n matrix

H(0) :== H+ el , + €”L,, 1,
where [, ; denotes the n x n matrix that has only zeros except at the (4, j)-th entry where it
is equal to one.
For o € [0,1], we use in the following the notation wa(n) := X[1—q,1)(na mod 1) for the
potential. Let V € R, ¢ € € be such that {—1,00} # p(c) = B with p, q coprlme Recall

the self-adjoint operator H )y : (*(Z) — ¢*(Z) introduced in Equatlon . The spectral
analysis of H )y is done via the following related hermitian ¢ X ¢ matrix

szo(c)(O) 1 0 e 0
1 Vw@(c)(l) 1
0 1 ’
HC,V = H, ,q—1] —
: . . 0
0 1
0 0 01 Vwge)lg—1)

Note the ambiguity in the notation between the operator H, )y on (%(Z) and the ¢ x q
matrix Hey.

Standard Floquet-Bloch theory, [Hoc75|, gives
oe(V) =0 (Hpyv) = |J o(Hev(9)). (3.1)
0€[0,n]

We have already mentioned (Proposition that oc(V') consists of exactly ¢ intervals (spec-
tral bands). By standard arguments, the endpoints of these intervals are given by the eigen-
values of Hcy(0) and Hc y (7). Hence, the values 6 € {0, 7} play a significance role in .
In addition, denoting by X g, , (¢) the characteristic polynomial of the matrix He v (0), we have

(see e.g., [HocThl, eq. (23)], [Sim11), thm. 5.4.1,(iii)] or [BBBY, Lemma I1.2]) that
XHe v () (E) =te(E,V) —2cos(0), (3.2)

where to(E; V) are the traces discussed in the previous section.
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The spectral decomposition (3.1) may be also written in terms of the following ng x ng-matrix

Hev I 0o ... 0
Iiq Hc,V Hq,l
0 I, '
HCy o= Hee)vlong-—1) = '
: " . 0
0 Ig1
0 0 oo 0 The Hey
Note that the diagonal of H_{, is an n-times repetition of the diagonal of Hcy, which is the
minimal period of the potential sequence, Vwy)(0),. .., Vwye)(qg — 1). The same spectral
decomposition holds for the larger matrix H_{; and the same spectrum is obtained,
0o(V) =0 (Hpepw) = |J o (Hé{}(@)) . (3.3)
0c[0,n]

Now, the eigenvalues of HCX(}(O) and HCX{}(W) appear both as the endpoints of the g spectral
bands, but also as interior points within these intervals (a detailed description appears in
the proof of Lemma . On a first sight it might seem unnecessary to consider the larger
matrix H, CX;}, but its role is briefly revealed here and then it is extensively used in the next

v and Hic, ), v are useful to

section. By the discussion above, the matrices H¢ v, H z”
describe the spectra oc, O[] and O, y- By Lemma the main diagonal of Hic y, n) v

consists of a concatenation of the diagonal of H¢y with the diagonal of H [E’;n} (the order
of this concatenation depends on the parity of the length of c¢). Hence, either H, [cmm],V =
HX" O Hey or Hiemn)y = HC,VEBH[X” (depending on that same parity). Furthermore,

[e,;m c,m],V

there exist Oc, 0(c ), O[c,m,n) € 10,7} such that the matrices

H[c,m,n],V (e[c,m,n]) and H[E;ln]’v (e[c,m]) 2] HC,V(HC)

differ by a traceless rank two matrix. This is verified from basic computations in Appendix
This observation allows us to apply a perturbation theorem in order to get a useful eigenvalue
interlacing theorem. Denoting the eigenvalues (counted with multiplicities) of a hermitian
q X q matrix H by

MH) < MH) <. < N1(H), (3.4)
we get the following.
Theorem 3.4 (Interlacing theorem). Let V' > 0. Let m,n € N and ¢ € C be such that
p(c) € {—1,00} and [c,m] € €. Let Oc,0cm), Ojc;mn) € 10,7} and denote

Y = H[c,m,n],V (e[c,m,n}) and X = H[ﬁ:’in],v (e[c,m]) D HC,V(HC)'
If Oc + Ocm) + Ope,mm) € 10,27}, then
Ao1(Y) < 4 (X) < A (Y),

Furthermore, if \j(X) is a simple eigenvalue of X, then both inequalities are strict.

Theorem is proven in the Appendix [[TT] Note that even though the eigenvalues depend
on the parameter V > 0, the inequalities of the eigenvalues hold independently of the value
V>0 attainﬂ The condition in the previous theorem naturally leads to the following useful
definition.

Definition 3.5 (Admissibility). Let m,n € N and ¢ € € be such that ¢(c) ¢ {—1,00} and
[c,m] € C.

2Note that simplicity may depend on V' > 0.



18 RAM BAND, SIEGFRIED BECKUS, RAPHAEL LOEWY

a) The values Oc,Oicnl; Oc.mn € {0, 7} are called admissible if Oc + Oic.pn1 + Oicomnl €
[e,m]> Y[e,m,n] [c,m] [c,m,n]
{0,27}.
(b) If Oc, Ojc.m)> Otc,m,n) € {0, 7} are admissible and

Ae € Hev(0e); Aem) € Highy v Olemp)s Memnl € Hiemn), v (Ojc,m,n)s
then we call Ac, Ajcm), Ajc,m,n] admissible.

Remark 3.6. We emphasize here that Oc, 0jc 1), 0[c,m,n] are admissible if the triple has an even
number of n’s. In particular,

Oc; Oc,m)» U[c,m,n) are not admissible < Oc, T — O[c s Ojc,m ) are admissible

With these basic tools at hand, we can start proving Theorem This proof spreads over
the next three sections. First, Section [4] aims at proving Pr0p081t10n which states that
if I is of backward type A or B, then it is of forward type A or B. ThlS proposition is used
to prove Theorem by means of induction. The induction base is shown in Section
whereas the induction steps consist of 'vertical’ and ’'horizontal’ steps over the space C, and
they are done in Section [6] Since Section [4] and Section [5] contain large parts of somewhat
tedious computations, we offer the reader the possibility to skip these sections, read only the
statement of Proposition and then continue to Section @ Independently (or in a second
reading), it might be insightful to see how the basic ingredients and tools presented here are
used in Section [ to prove Proposition

4. ADMISSIBILITY, INDEX RELATIONS AND THE FORWARD TYPE PROPERTIES

This section is devoted to various technical tools used in the induction base (Section [5)) and
to prove that backward type implies forward type - Proposition [£.20

Let us provide a short overview of this technical section. In Subsection we introduce an
eigenvalue counting function, which later plays a crucial role in application of the interlacing
theorem (Theorem (3.4]). Since eigenvalue admissibility is a necessary condition in the inter-
lacing theorem, we give a useful characterization of it in Subsection [£.2] With this at hand,
in Subsection we provide Lemma [4.7] which is a manifestation of the interlacing theorem
(Theorem . In effect, it is this lemma which is going to be directly applied, rather than
Theorem In Subsection we develop index relations which are needed whenever we ap-
ply Lemma In Subsection we bring some useful trace estimate and in Subsection
we consider the products of such traces appearing in the Fricke-Vogt invariant and relate them
to admissibility. This connection is crucial in order to prove that all spectral gaps are open in
Section [7] Then, Subsection [£.7] applies the various index relations, eigenvalue estimates and
trace estimates to prove that the spectral bands I’ fe,m)] and I’ ic,mon] maintain certain properties
from Definition [2.12)if V' decreases to zero. This is finally used in Subsection [4:8to prove that
if the spectral bands are of backward type A, respectively B, then they are also of forward
type A, respectively B. This is the main tool to inductively prove Theorem forall V>0
in Section [6

Throughout this section we use the notational conventions of Definition without pointing
them out all the time.

4.1. Counting spectral bands and eigenvalues. In this subsection we consider two types
of counting functions: for the spectral bands in o. and for the eigenvalues of the matrices
Hey(6), H){ () and relate both types of functions.

First, we recall that o.(V) consists of exactly ¢ intervals (Proposition and Lemma
and that we consider each spectral band as a Lipschitz continuous map, V' +— I¢(V), for V' > 0
(Definition and Lemma . This, together with Definition justifies the following.
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Definition 4.1. [Index of a spectral band] Let I be a spectral band of 0. The index of I,
(in o¢) is defined by

ind(I¢) := |[{I is a spectral band of o¢ : I < I.}|.

Remark 4.2. Note that the index counting starts from zero, namely 0 < ind (/) < g —1 where
o(c) = % with p, ¢ coprime. Moreover, we emphasize that ind(/l.) is independent of V' > 0,
allowing us to assume V > 4 in some instances and use Theorem [2.16

In order to apply the interlacing theorem (Theorem [3.4)), we need to count eigenvalues. Let

{\i(H )}?:_01 be the eigenvalues (increasingly arranged and counted with multiplicity) of an
n X n matrix H, as in (3.4)).

Definition 4.3. [Counting function] For an nxn hermitian matrix H, the eigenvalue counting
function is defined by

NXNH)=H{0<i<n-—1:N(H)<A}.
Remark. Note that N()\; H) may attain the value zero and also that N(\;(H); H) = i for
each 0 < ¢ <n — 1 where \;(H) is simple.

We will be in particular interested in evaluating the counting function for an eigenvalue which
is also an edge of a certain spectral band. The index of that spectral band is then related to
the counting of its edge point, as follows.

Lemma 4.4. Let V > 0, ¢ € C and {—1,00} Z p(c) = % with p,q coprime. Let I, be a
spectral band of 0. and 6 € {0, 7}.

(a) We have
ind(I) — q = %e mod2 & L(I(V)) € o (Hey (6))
and
ind(I)+1—q= %e mod2 & R(IL(V)) €0 (Hoy(6)).

(b) If LUV)) € o (Ho(8)), then

ind(I0) = N (L(I(V)): Hoy (6))
(C) [f R(IC(V)) co (HC,V(G))? then

ind(I) = N (R(L(V)): Hov (0)).

Proof. This follows from the next lemma and the fact that He v (0) = H y(0) ifn=1. O

Lemma |4.4) can be generalized as follows.

Lemma 4.5. Let V > 0, ¢ € C and {—1,00} Z ¢(c) = g with p,q coprime. Let I, be a
spectral band of 0. and 6 € {0,7}. Then the following holds for n € N.

(a) If n € N is even, then L(I.(V)) € o (Hj{}(O)) and R(I.(V)) € o (H;(}(O))
(b) If n € N is odd, then
ind(I,) — q = %9 mod2 & L(I(V) € o (H(0))
and

ind(I) +1—q= %9 mod 2 & R(I(V)) €o (Hé{}(@)) .
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(¢c) If L(I(V)) € o (Hgg(e)), then
n-ind(le) = N (L(L(V)); H3(0))
and there ezists A € o <HCX‘7}(7T - 9)> such that

L(I(V)) <

R(I(V)) and N (X HS(x—0)) = N (L(IL(V); B30))
(d) If R(I, GJ(HX" ) then

n(ind(Ie) + 1) = 1= N (R(L(V)); HX3(0))

and for n > 2, there exists A € o (HCX‘7}<7T — 6)) such that
L(I.(V)) <A< RU(V)) and N ()\; H (m — 9)) =N <R(IC(V)); Hgg(e)) ~1.
(¢) We have H)\ co (HX”(9)> H nand if A € o (Hé"}(e))ﬂ{L(Ic(V)), R(I.(V))},

then X is a simple eigenvalue of HX"’}(O)
Proof. Recall from (3.3) that the spectrum o.(V) is given as the union of the eigenvalues
of H(0) over all & € [0,7]. Denote by )\( ) = \j <HCX(}(9)> for 0 < j < ng — 1 the
eigenvalues of H, CX%}(H) in increasing order counting multiplicities, see |D These eigenvalues
for 6 € {0, 7} are arranged as follows,

<A <A <0 <0, <A, <A <A

ng—1° (41)

noting that the strict inequalities above appear whenever we compare eigenvalues with differ-
ent 0 values (see e.g. [Hoc7h, Eq. (25)]). We use these eigenvalues to recursively define the
following intervals

= O AT g e =AY AT ) T = T O ),

ng—2’ *'nqg—21 ng—1°> ‘ng—10

for appropriately chosen 6; € {0, 7}. We note that these intervals are ordered, i.e. J; < J41
forall 0 <1 < ng—2.

We now make a connection between these intervals, and the spectral bands I, of o.. By
Proposition and Lemma oc(V') consists of exactly ¢ disjoint intervals - called spectral
bands. For each such spectral band I of o¢, set j = ind(I¢) and I; := Ic(V) for the given
vV >0.

We show a few auxiliary claims, and then use them to prove the statements in the lemma.

(1) For all 0 < [ < ng — 1, the endpoints L(J;) and R(J;) correspond to eigenvalues
with different 6 values. Moreover, R(.J;) and L(J;11) correspond to the same value of
0 €{0,n} for all 0 <1< ng-—2.

(2) The equalities

q—1 ng—1 n—1
ceW)=JLi=J 4 and Iy =] Jag1-njs forall0<j<q-—1
7=0 =0 =0

hold.
(3) For § € {0, 7}, each I; contains exactly n eigenvalues of o (Hj{}(@)) .

(4) We have R(I;—1) = 2@

ng—1-
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UQHZ,T&(M 5L(I) \e o(HXp (o — 9)

FIGURE 4.1. A sketch for the proof of (c) and (d) in Lemma [4.5

Claim (1) is immediate from the definition of the intervals J;. The first equality in (2) follows

from (3.1) and (3.3). Thus, each I; is the union of some of the consecutive intervals J.

By [Hoc84, Theorem 1] each n consecutive J; bands touch (so that their union is a single

connected component) and this inductively implies the second equality in (2). This also

implies (3). To deduce (4) we combine I, ; = [}y Jng_1_1 (which follows from (2)) with
T 0

Tngr = il A

We now use the claims above to prove the different statements of the lemma.

(): The claims (1) and (2) for even n € N imply that the left and right spectral edges of

I.(V') correspond to the same value # € {0,7}. Combining this with claim (4) implies that

all spectral edges of I. correspond to the value 6 = 0.

(0): The claims (1) and (2) for odd n € N imply that the left and right spectral edge of Io(V')
correspond to a different value of § € {0, 7w}. Hence, the value of § € {0, 7} which corresponds
to L(I;) alternates with j (and it also alternates for R(I;)). Combining this with claim (4)
yields the statement in ([bl).

and (d): The first equality in and (d) follows from claim (3). Note that for (d) the
quantity N (R(IC(V)); HCX(}(H)) counts n — 1 eigenvalues in the spectral band I.(V) and n
eigenvalues for each spectral band I(V) < Io(V') (which are ind(I;) many).

We turn to prove the second claim in (d). It follows from claim (2) that there exists 6 €
{0, 7} such that L(I.(V)) € o (HCX‘”/’(G)) . Using the notation for the eigenvalues of H.y(0)

introduced in the beginning of the proof, we can write )\1(0) == L(I¢(V)), for some 0 <[ <
ng — 1. Now, we define

A= )\l(ﬂfe) = min {5\ A€o (ch‘rj(ﬂ' - 9)) and X\ > )\l(g) = L(IC(V))}

as sketched in Figure [4.1(c)) and show that this is the desire €o ™ — i the
ketched in Fi 4 d show that this is the desired A HCX(} f)) in th

statement of (). By the construction in the beginning of the proof we get that L(I.(V)) < A
and J; = [L(I¢(V)),A]. Furthermore, J; is the left-most sub-interval within I.(V), as in
the decomposition of claim (2). Hence, L(Ic(V)) < A < R(Ic(V)), as stated in (d). To

complete the proof of we just note that N (L(IC(V));HS‘T}(G)) = [, just by the choice
of 0 < I < ng—1 and similarly N ()\;Hé{}(w . 9)) — I. Hence, N <)\; H3 (x —9)) -
N (LU(V)): S 9)).

It is left to prove the second claim in @ This follows similarly as in . First, there

exists 6 € {0,7} such that R(I.(V)) € o (HCX"}(Q)), we write )\1(9) = R(I.(V)), for some
0 <1< ng-—1; we define

A= A0 = max {X ‘Aeo (H;‘T}(ﬂ - 9)) and A<\ = R(IC(V))}

(as sketched in Figure 1.1). Then L(Ic(V)) < A < R(Ic(V)) holds. If n > 2, then A
is in the interior of I(V) and so the eigenvalue A € o (H ov(m— 9)) has multiplicity two
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by 1D and claim (2). Thus, N <A7HCX"}(9)> counts n — 2 eigenvalues in I.(V) while
N (R(IJV));Hé"}(G)) counts n — 1 eigenvalues in I.(V). Hence, N ()\; Hly(m— 0)) =
N (R(IJV));Hé{}(H)) — 1 follows proving (EI)

This is an immediate consequence of claim (2) and (4.1)). O

4.2. A characterization of admissibility. We recall the definition of admissibility (Defini-
tion for a triple of eigenvalues. We now use the lemmas of the previous subsection in order
to provide an equivalent condition for admissibility. Since the definition of admissibility is
independent of V' > 0 (as is also mentioned within Definition , we omit the V-dependence
from the notation in this subsection. For example, we write I, A\c and H'™ instead of writing
I.(V), Ae(V) and H:"}

Lemma 4.6. Let m,n € N, and ¢ € C be such that ¢p(c) ¢ {—1,00} and [e,m] € C. For each
ce{e, [e,m], [e,m,n]}, let Iz be a spectral band in oz and Az € {L(Iz), R(Iz)} and denote

0, = L(E),
Or(Xe) = {1, Xz = R(L).

Then Ac, Aje;m)s Aje,m,n) @€ admissible if and only if

ind([c) +n- ind(I[qm]) + ind(I[c,m,n}) =0r(Ae) + 1 5R()\[c,m]) + 5R()‘[c,m,n]) mod 2.

Proof. Let ¢ € € be such that {—1,00} Z ¢(c) = p° with pg, ¢z coprime. Let Iz be a spectral
band of og and Az an edge (left or right) of I. In particular, by Lemma [£.4] () Az is an
eigenvalue in Hg(6z) for some 0 € {0, 7} and

1
ind([g) + 5R()\E) — ¢ = ;05 mod 2. (4.2)

We will apply (4.2)) in the following for both ¢ = ¢ and ¢ = [c, m, n|. However, recall from the
admissibility definition (Deﬁnition that we need to consider A, as an eigenvalue of the

matrix H " e, ](9[0 m]) (rather than the matrix Hie ;) (0(c,m))). Therefore, we need to develop

an alternative identity to (4.2). This is done with the aid of Lemma (@) and (b) from
which we conclude that

. 1
n - (ind(liem)) + 0 Njen]) = Qjem]) = —Ofem mod 2, (4.3)
for both even and odd values of n € N.

To conclude the proof we sum Equation (4.2)) for ¢ = ¢ and for ¢ = [¢,m, n] and we add to it
Equation (4.3]). This yields

(ind(Ie) + dr(Ae)) + (Ind(Zje o n)) + OR (Ne,mon)))
. 1
n - (ind(Zi pn)) + 6rNjeym))) — (de + 70 - Qem) + Yemmn]) = - (6c + Ojc;m) + Ole;mm)  mod 2.
By definition, admissibility of Ac, Alc,m]s Aje,m,n] 18 equivalent to admissibility of the values
Oc; O1c,m]s Ojc,mm) € {0, T}, which is equivalent to 1 = (0 + O1e,m) + H[Cmn]) =0 mod 2. To end

the proof, we just substitute above the equality qc + 71 Glem] = Qe;m n], which is standard in
the theory of finite continued fraction expansions (see Lemma [I.1] O
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4.3. Eigenvalue inequalities resulting from interlacing theorem . Combining the in-
terlacing theorem (Theorem [3.4) with Lemma gives the following useful lemma, which is
applied many times in the following subsections.

Lemma 4.7. Let V > 0, m,n € N, ¢ € C be such that p(c) ¢ {—1,00} and [e,m] € C. Let
ec’a[c,m]ve[c,m,n} € {O’ﬂ—} and

do €0 (H[i,?n},v(g[cvm]) &) Hc,v(9c)> and o€ o (H[c,m’n]y(e[c,mm])) )
Define
Ne =N (Ao; Hev(6e)), Nigm =N <)\0; H[Xc%yv(e[qm]»
and
Nieann] =N (to; Hiemmnl,v Oremmy)) -

(a) Let My, be the multiplicity of the eigenvalue Ao of H[X" (Ore;m)) © Hey(0e). If

Oc, O1c,m]s Ojc,m,n) are admissible, then the following impliczg]o,;;s hold:
Ne+ Niem) < Niemmn) = Ao < Ho, (4.4)
Ne+ Niem) + Mg = 1> Nigmn) = Ao = Ho- (4.5)
If, additionally, Ao is a simple eigenvalue OfH[i%,V(G[c,m])@Hc,v(i%) (i.e., My, = 1),

then the two inequalities on the right hand sides of and are strict.
(b) If
® Oc,01com)s Olc,m,n) are not admissible and
® [jcm) is a spectral band in oc ) satisfying o (Heyv (0c)) N ljem (V) =0,
then the following implications hold:
Ao = L(I[Qm](V)), N.+ N[c,m] < N[c,m,n} = Ao < lo (4.6)
and for n > 2,
Ao = R(I[c,m}(v))a Ne+ N[c,m} -1> N[c,m,n} = Ao > Ho- (47)

Remark. We emphasize that Ao and e, do depend on V', but the implications of the lemma
do not.

Proof. We start by noting the following rather trivial counting relation

N ()\05 HX:LTL},V(G[C,m}) ® HC,V(HC)> = NC + N[Cvm]' (4'8)

[07

(2) Suppose that 0, O1c,m)» Ojc,m,n) are admissible. Both of the required implications and
(4.5) follow from Theorem when keeping in mind the counting relation . Explicitly,
denoting the eigenvalues of H[ij;n],v(a[c,M]) @ Hey(0c) by Ao < A < A2 < ... in increasing
order, we get that A\ = )\NC+N[c,m] =...= )\NC+N[c,m]+MAo_1' Similarly pe = [N, if
the eigenvalues of Hic y n] v (0jc,m,n)) are denoted by pg < py < pg < ... in increasing order.
Hence,

° 1) follows by applying Theorem for Ao = AN+ Nigm)? 1o = ENjg and

° 1) follows by applying Theorem for Ao = AN+ Niem]+Mag—1> Ho = HNig -
n

7m bl

If, additionally, A, is a simple eigenvalue of H, [i }V(G[Qm}) ® Heyv(0e), then My, =1 and
the relevant statement within Theorem [3.4] yields the corresponding strict inequalities.

Suppose that bc, 0jc ), O[c,m,n] are not admissible and let I|c ;) be a spectral band in o )
satisfying o (He,v (0c)) N Ijem)(V) = 0.

In the first case (Equation (4.6))), we assume Ao = L([[¢ (V) and Ne + Nic ) < Nicmn)-
We aim to apply Theorem directly but 6c, 0[c ), O[c,m,n) are not admissible. Thus, we
change one of these values to attain an admissible triple. More precisely, Oc, ™ — 0[c 1], O[cm,n]
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(1)

[c,m,n] io oio ----------------------- io
T M+1
[c,m,n] \ ‘ \ [c,m,n]
[c7 m] - 5 — -
Jie;m It I? M Klcm
. [e,m] [c,m] [c,m] A/ B [c,m] [e,m]
Ie
(2)
c A/ B
le
[c, 0] ? -
Jle,0] Kie,0)

FIGURE 4.2. A sketch for the statement of Lemma Note that if I.
is of backward type A for V' > 4, then there is a spectral band between
Jie,m) and K¢ . Otherwise, there is no spectral band between them, namely
ind(Kc ) = ind(Jje ) + 1. This is indicated by the question mark.

are admissible, see Remarkw By Lemma , there exists a A € H [E,Trln],v(w — 8jc,m)) such
that

Mo = Lljem (V) < A< R(Ijgm(V)) and N ()\; HYR (7= 9)) =N ()\o; H[E%]’V(H)) .

Thus, A € Ijc (V) and o (He,v (0c))N e ) (V) = D lead to N (A; Hev(0c)) = N (Ao; Hev(0c))-
Therefore, (4.8) implies

N ()\; H[iﬁn]y(ﬂ- - Q[C,m]) S5 HC,V(HC)> = N¢ + N[c,m]'

Since Ne + Niem] < Niegmon) and e, ™ — Ojc )5 Ojc,m,n) are admissible, Theorem yields
A < to. Using Ao < A, we conclude A\ < pio, as claimed.

The second case (Equation (4.7)) follows similar arguments, using Lemma (). O

4.4. Index identities of the spectral bands. In order to apply Lemma we need to be
able to compare the spectral positions of Ao and po (Ne, Ni,m) and Nic ) Which appear
in Lemma Towards this we develop in Lemma [4.9] some connections between indices of
spectral bands. For the upcoming statements and proofs, we introduce the following notations,
see Figure for a sketch.

Definition 4.8. Let m € Ny and ¢, [c,m] € € be such that ¢(c) € {—1,00} and ¢([c,m]) &
{—1,00}. For a spectral band I. in o¢, define the associated spectral bands Jic ), Kcm) in
O[c,m] to be the unique spectral bands (if they exist) such that for V' > 4,

® Jicm)(V) is the right-most band of o(¢ ., (V) for which Ji¢ (V) < Ic(V), and
o K¢ m)(V) is the left-most band of oy, (V') for which I¢(V) < K (V).

Remark. Note that it might be that some of the bands Ji¢ ,,) and K| ] do not exist. In such
a case, this in an empty convention. Further note that ¢([c,m]) € {—1,00} for m € Ny can
only happen if ¢ = [0,0] and m = 0 in which case such spectral bands Ji,, and Kjc ) do
not exist.

The reason for including V' > 4 in the definition above is explained in the beginning of the
proof of Lemma [4.9]
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times times times
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FIGURE 4.3. A sketch for the proof of (4.9) and (4.10) in Lemma

Lemma 4.9. Let m,n € N, and ¢ € € be such that p(c) ¢ {—1,00} and [¢,m] € €. Consider

a spectral band I in o, with associated spectral bands {1 fc’m]}f\il and { I[chmyn] }Jf‘/i -1H introduced
in Definition[3.3. If M > 1, then for all 1 <i < M
ind(I, ) = - ind(If, ,0) + ind(Ie), (4.9)
and
ind(I;7 ) 1) = n- (ind(I,,) + 1) + ind(L). (4.10)

Whenever the spectral bands Ji¢ ) or K¢ m) associated with I, exist, then the following hold.
If M >0, then

ind(Iy ) = - (ind(Jie ) + 1) + ind(I.) (4.11)
and
ind (I[M ;174) — 1+ ind(Kjg,p) + ind(I) (4.12)
If I.(V) is of type B for V > 4, then
ind(Ij, y) = ind(Ie) + ind(Jie) + 1 = ind(I.) + ind(Kic ). (4.13)

Proof. We start by noting that the index of a spectral band is independent of V' > 0 (Re-
mark allowing us to restrict to the case V' > 4 where all spectral bands are either of
type A or of type B by Theorem [2.16] Therefore, within this proof we allow ourselves to
assume V' > 4 and abuse notation, writing just I (meaning interval and not a map) instead
of writing I(V') for some V' > 4. Namely, when writing within this proof sentences such as “I
is a spectral band of type A (or B) and belongs to o.”, we actually mean that for some value
of V.> 4, I(V) is of type A (or B) and belongs to o¢(V).

We introduce the following extra notations for the band indices:
inda(lc) := [{I is of type A and it belongs to o¢ : I < I},
indg(Ic) := |{I is of type B and it belongs to o¢ : I < I.}|.
Clearly, ind(I¢) = inda(lc) + indp(lc) for all I, see Definition

We first assume that M > 1. Start by examining [ fcmn} and evaluating indp ([ [icmn]) and
ind4 (1 [ic " n}). The spectral band I [ic —_— is of type B and belongs to o¢ ). We know that

1 [Zc mon] is included in I of o¢. There are additional ¢ — 1 spectral bands of type B in o[ ),
which are to the left of I, [ZC mon] and included in I.. All other spectral bands of type B to the
left of I, [ic m,n] COME in groups of either m or m + 1 and each such group is included in some
spectral band I in o, that is to the left of I, see Figure [£.:3] The group is of size m if I is of
type A and it is of size m + 1 if [ is of type B. This discussion may be summarized in the
following identity

indg (I, ) = m-inda(le) + (m + 1) - indp(Lc) +i — 1. (4.14)
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B

[c,1,n]
[c, 1]

1
I[c,l,n,]

Jie,1] A Kie,j
I.

FIGURE 4.4. A sketch for the proof of (4.11) in Lemma We have
ind(K[Qm]) = ind(J[Qm]) + 1.

We note that all the spectral bands of type A to the left of

come in groups of either n — 1 or n and each such group is included in some spectral

We now evaluate ind 4 (1
Ii
[e,m,n]

band I in oy, that is to the left of I [ic m] S€€ Figure The group is of size n — 1 if

[Zc,m,n})'

is of type A and it is of size n if I is of éype B. This discussion may be summarized in the
following identity

inda(I, ) = (n = 1) -inda(If, ) + 7 - indp(If, )- (4.15)
We now evaluate ind 4 (1 [ic m}). We note that there are ¢ — 1 spectral bands of type A to the
left of [ [’C m]
of I [ic m] is included in a spectral band of o, to the left of I.. Specifically, they come in groups
of either m — 1 or m and each group is included in a spectral band I in o, to the left of I..
The group is of size m — 1 if I is of type A and it is of size m if I is of type B, see Figure
This discussion may be summarized in the following identity

inda(If, 1) = (m —1) - inda(le) + m - indp(le) +i — 1. (4.16)
Combining the Equations (4.14) and (4.15)) together with the identity ind(I) = inda(I) +
indp(I), which holds for all I, gives

ind([fcvmvn]) = ind A(Ifc,mvn]) + ind B(I[f:,m’n])

= (n . ind([fc,m]) - indA(I[iC,m])) + (m-inda(le) + (m+1) -indp(le) +i — 1)
=n-ind(If, ;) + ind(Ic),
where in the last line we used (4.16]). This proves Equation (4.9).

To prove 1} we observe that between I” Iitt

which are included in Ic. Every other spectral band in ¢ ,,) of type A to the left

and there are n — 1 spectral bands

[c,m,n] [c,m,n]
of type A (the bands which are contained in I[’C m]
Figure We therefore get

ind(Zi, ) = (ind([fcjmm]) - 1) +(n—1)=n-(ind(I} )+ 1)+ ind(I.),

[c,m,n [c,m]

) and no spectral bands of type B, see

which proves Equation (4.10)).

For M > 1, Equation |) follows from Equation 1} fori =1 and ind(/, 1C m}) = ind(Jje,m))+
1. Similarly, Equation (4.12) follows for M > 1 from Equation (4.10) for ¢ = M and
ind(Kc ) = ind(IM )+ 1.

[e;m]

For M = 0, (4.11)) and (4.12)) follow similar arguments as (4.9) and (4.10) using ind(Kjc ) =

ind(Jjem)) + 1 if M = 0.

To prove for the index of I[lc,l] we note the following. There is a bijection between
bands of type A in o¢ ;) and bands of type B in o¢: a spectral band ¢ in o¢ of type A does
not contain any spectral band in o 1) but if /¢ in o is of type B, then it contains exactly
(using uniqueness of these bands for V' > 4, see Theorem one band in oy q) of type A.
Thus,

inda (I, ;) = indp (L)



THE DRY TEN MARTINI PROBLEM FOR STURMIAN HAMILTONIANS 27

follows. We denote by ¢ the last digit in ¢, namely, ¢ := [0,0,¢1,...,cg]. Similar counting
arguments as for (4.14]) lead to

0 Jco is of type A4, (4.17)

indg(IL 1) =c - inda (Je 1) -indg(J.
indp (I 1) =cx - inda(Jic,0) + (cx + 1) - indp( [’Ol)+ck+{1 Jieg) is of type B,

Moreover, similar counting arguments as in (4.16)) imply

. . . 0 Jicq is of type A
da(Ie) = (¢, — 1) - inda(Jpe -indp(Jie —1 [e,0] ’
inda(fe) = (e = 1) - inda(Jieg)) + ek - ndp(Jie ) + +{1 Jie) i of type B,

= indp(I, 3j) — nd(Jie,0) — 1,
where in the last line we used . Hence, we arrive at
ind(I}; 1)) = ind (I 17) + inda(Zp 1)
= (inda(Ze) + ind(Ji o) + 1) +indp(Le)
= ind(Ic) +ind(Jie)) + 1
= ind(Ic) + ind(Kc o))
using ind (K¢ g)) = ind(Jjc,g)) + 1, which holds by definition. Thus, the desired Equality
O

is proven.

4.5. Spectral band edges and trace estimates. The interlacing theorem is not enough
for getting strict inequalities whenever )\, is not a simple eigenvalue (see exact statement in
Lemma . In order to overcome this, we need to develop some properties of the traces of
transfer matrices, which are provided in the next two propositions.

Lemma 4.10. Let V € R\ {0}, ¢ € C with ¢(c) &€ {—1,00}. Then the following statements
hold.

(a) For E € R, we have |t.(E, V)| =2, if and only if E € {L(I1.(V)), R(I.(V))} for some
spectral band I.(V) in o.(V).
(b) If a spectral band I, in o, is
e of backward type A, then |ti.o(E,V)| <2 for all E € I.. The estimate is strict
if p(c) € (0, 1).
e of backward type B, then |ti. _y(E,V)| <2 for all E € I.. The estimate is strict
if p(c) € (0,1).
(c) Form >0, we have t(¢pi1) = tetiem] = tem—1]-

Proof. This is an immediate consequence of Equation and Lemma @

(b) This follows from Definition and Equation .

(c) This well-known identity is proven in [Ray95a]. The reader is also referred to Appendix
for related results and more references, see also [BBB™, lem. 3.8]. g

Remark. The first statement @ of the lemma says that the traces attain the values +2 exactly
at the spectral band edges. This does not hold for ¢ = [0] where tc(E,V) =2 and 0.(V) = R.

The next statement is based on well-known techniques of transfer matrix traces and its proof

is included in the Appendix

Lemma 4.11. Let V € R, m € N, ¢ € C be such that ¢(c) ¢ {—1,00} and [e,m] € C.
Let I(V') be a spectral band in oc.(V) of backward type A or backward type B. Then for
Ec{L(I(V)),R(I(V))} and n € N, the following holds.

(a) |t[c,m](E7 V)’ >2 = ’t[qmm] (E7 V)’ > 2.
(b) |t[c,m](E7 V)| > 2 = |t[c,m,n] (Ev V)| > 2.
(C) 90(0) € (Oa 1) and ‘t[c,m}(E7 V)| >2 = |t[c,m,n](Ea V)| > 2.
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4.6. Admissibility and triple trace products. Section [ is mostly dedicated for devel-
oping tools towards the proof of Proposition [£:20f This subsection has a different role - it
provides two lemmas which will be used only in the proof of Lemma [7.11] The reason for
including Lemma and Lemma here is that their proofs are rather short and mainly
based on the concept of admissibility and the notations introduced so far in Section |4} In this
subsection we abbreviate the notation for the trace functions t.(F,V) and write tc(E(V)),
whenever F : (0,00) — R is taken to be a V-dependent map.

Lemma 4.12. Let V € R, m € N, ¢ € C be such that ¢(c) ¢ {—1,00} and [e,m] € C.

Consider a spectral band I. in o, with the associated spectral band I [16 m] N Ol¢,m,1) tntroduced

in Definition|5.5. Moreover, let Ji¢ ) i 0cm) be the associated spectral band of 1. defined in
Definition [4.85 Then

sign (te (LUeV))  tem) (RUem) (V)) * tem 1) (LT (V))) ) = +1.
Proof. Let Oc, Oic ), Ojc,m,1) € {0,7} be such that

LUI(V)) € 0 (Hew (00) s RUjem (V) € 0 (Hishy v Olem)
and L(I[lc,m,l](v)) co (H[c,m,l},V(e[c,m,l])) .

Then these three eigenvalues, respectively Oc, 0c ], 0jc,m,1), are admissible by inserting the
index relation (4.11)) into the characterization of admissibility from Lemma for n = 1.
Due to Equation (3.2]), we conclude

to (L(Ie(V))) = 2c08(0e) - and tje 1) (LT .y (V))) = 2€05(0)c.m ).

Note that H [i,lm],v(e[cm]) = Hicm),v (0[c,m)) holds by definition of the matrix and so O,
satisfies (again by (3.2))

tiem) (R(Jiem)(V))) = 2¢08(0j¢,m))-
Thus, the statement follows from the fact that Oc, O(c 1), 0[c,m,1] are admissible (even number
of 7’s, see Remark . O

Lemma 4.13. Let V € R, m,n € N, ¢ € C be such that ¢(c) ¢ {—1,00} and [e,m] €
C. Consider a spectral band I, in o, with the associated spectral bands I[lcmn] N Olcmn]

and I[lcmn_H] N Ole,mmnyt1) tntroduced in Definition |3.5. Moreover, let Jic,,) in e m) be the

associated spectral band of 1. defined in Definition|[{.8 Then

sign (t[c,m] (R(J[C,m](V))) . t[c,m,n} (L(I[lc’m’n}(‘/))> : t[qm,n-ﬁ-l] (L(I[lc,m,nJrl](V)))) = +1'

Proof. Define ¢ = [c,m| and m = n. Thus, [¢c, m,n] = [¢,m] and [¢c,m, 1] = [c,m,n,1]. Then
the evaluation map satisfies ([¢, m, 1]) = ¢([c,m,n + 1]). Thus, Lemma 2.5 implies

) (D) (V) = temnit) (LU sy (V) -
Let 0¢, 0[5,171}7 9[57,7171] € {0, 7} be such that
R(Jiem)(V)) € 0 (Hev (02)), LIjg,nm(V)) €0 <H[§,1,71],V(9[6,m])) :
and  L(Ijg pni)(V)) € 0 (Hgmayv Om,i)) -

Then these spectral edges, respectively 6, 0 7], 0[c,m,1), are admissible by inserting the index
relation (4.11)) into the characterization of admissibility from Lemma forc, mand m = 1.
Due to Equation ([3.2)), we conclude

te (R(Jim (V) = 2cos(6s) and  tig 1) <L(I[1(:7m7n +1](V))) — 2.cos(0g.m.1))-
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Note that HX1 i, v(0m)) = Higm),v(0gm) holds by definition of the matrix and so

[e
te,m) (L(I[lcmn](v))> = 2cos(0g,m)-

Thus, the statement follows from the fact that g, 0c 7), Oc m,1) are admissible (even number

of m’s, see Remark . O

4.7. Sufficient conditions for the forward type properties. In this subsection, we prove
that various properties of the forward type (A or B) as in Definition are satisfied un-
der some conditions. The statements which we eventually apply in the next subsection are

Corollary Lemma Corollary and Lemma
We start with proving that the interlacing property holds under some conditions.

Lemma 4.14. Let Vi >0, m,n € N, ¢ € € be such that p(c) ¢ {—1,00} and [¢,m] € €. Con-
sider a spectral band I, in o, with the associated spectral bands {I[c m] MM and {I }M+1

introduced in Definition . If1<i< M and IZC }(Vl) Cetr 1e(V1), then
I[ic,m,n}(‘/l) = I[ Vi) <1t (Vl)

[e;m,n]

cmn

cm](

Proof. Let 1 <7< M and Vi > 0. We need to show the following inequalities

(8) L (T (A)) < L (T g (V1))
() R (1, (V) < R (1], 04)),
R (Tl (V1)) < B (1

(@) L (T (A)) < (1) ()

We proceed proving the inequalities above one at a time via an appropriate application of
Lemma Although the inequalities above and the assumption I, [Zcm] (V1) Cstr Le(V1) depend

on the l!xed V1 > 0, we will abbreviate notation, for the sake of easier reading, and omit the
V1 dependence in most parts of this proof.

(a) We aim to apply LemmaH for Ao = L(I} [C m}) to = L(I,
{0, 7} be such that

L(Ie) € 0 (Ho(8)), L(Iiy,) €0 (H[c "0, m])) and LI ) € 0 (Hiemn Blemnl)

These spectral edges, respectively Oc, 0[c m]; Ojc,m,n], are admissible, as can be verified by using
the index relation (4.9)) of Lemma in the characterization of admissibility from Lemma
Furthermore, Lemma applied to [c,m] € € implies

Niem) = N( (Tfem); H{i’;‘n](ﬁ[c,mﬂ) = n - ind(Zg ).

Apply Lemma (]ED to [c,m,n] € € and use again the index relation (4.9)) of Lemma to
conclude

N[c,m,n] = ( (I[c m n]) H[c m,n] (9[c m n])) = ind(I[iqmm,]) lnd( ) +n- lnd(l[c m])
Since I, (V1) Cetr Ie(V1), we infer L(Ic(V1)) < L(I}, (V1)) and o (He,v; (6c)) NI}, 1 (V1) =
0. Hence, L(I¢) € o (He(fc)) and Lemma [4.4] (b)) applied to ¢ € € lead to

Ne i= N (LI g); Hel06)) = N(L(Ie); Helbe)) +1 = ind(Ic) + 1

Summing up, we obtained N¢ + Ni¢ym) > Nicmn)- Moreover, o (He(fe)) N I[ZC m = () and
Lemma (EI) that Ao = L(I[ m}) is a simple eigenvalue of H[>C<” ](Q[Cvm]) @ Hc(0c). Using

admissibility, Lemma E (E{) yields the required inequality Ao = L(, [ZC m}) > L(I, [ZC . n}) = llo.

Let Oc, Ojcm) Olc,m.n) €

[cmn])
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(b) We aim to apply Lemma for Ao = R(I[Zc m
{0, 7} be such that

R(IC) €o (HC(HC)) ’ R(Ifc,m]) co (H[ij:n](e[c,m])) and R(I[Z:il n]) co (H[c,m,n] (e[c,m,n])) .

Then these spectral edges, respectively Oc, 0[c m]; 0[c,m,n), are admissible by inserting the in-
dex relation (4.10|) of Lemma into the characterization of admissibility from Lemma
Furthermore, Lemma [4.5] (d) applied to [c,m] € € implies

Nie) = N (R )i Hy Orcim)) =1+ (ind(Th ) +1) = 1

Apply Lemma to [c,m,n] € € and use again the index relation (4.10|) of Lemma
to conclude

N[c,m,n] =N (R(I’L+1 ) H[c m,n] (g[c m n])) lnd(I’L+1 )

[e,m,n]/? [e,m,n]

=n- (md( o) 1) +ind(I).

Since I[ic’m](Vl) Cetr Ic(V1), we infer R(Ifc’m}(Vl)) < R(I¢(V1)) and o (He v, (6c)) N1 [C m](Vl)
(. Hence, Lemma (c) applied to ¢ € € leads to

]) HO R(Il—i_l ]) Let 907 g[c,m]v e[c,m,n} €

[e,m,n

Ne:=N (R( o)) Hc(ec)) = N(R(Io); He(6e)) = ind(Le).

Summing up, we obtained N¢ + Ni¢ym) < Niemn)- Moreover, o (He(fe)) N I[c m = = ) and
Lemma H (EI) that Ao = R(I! [C m]) is a simple eigenvalue of H[i” ](H[CM]) @ H¢(f:). Using

admissibility, Lemma @ yields the required inequality Ao = R(I} e, m]) <RI Y = .

[c,m,n]
(c) We aim to apply Lemma H for \o = R(I[iqm]% o = R(If }). Let Oc, Ojc.m) O1c,m,n] €

c,mmn
{0, 7} be such that

L(IC) €o (HC(HC)) R(I[c m]) c€o ( [c, m](e[c m])) and R(I[zc,m,n]) co (H[c,m,n] (a[c,m,n])) .
Lemma @ applied to [c,m] € € implies

Niem) = N (RU e )i HiZy Biem)) = (ind(Ilg ) +1) = 1.
Apply Lemma to [c,m,n| € € and use the index relation (4.9) of Lemmato conclude

N[c,m,n} =N ( (I[c m n]) H[C m n](e[c m n])) = ind(l[ic,m,n])
=n- ind(I[iC m}) + ind(1.).
Since[f ](Vl) Cetr Ie(V1), we infer L(1.(V1)) < R( IZ V1)) and o (He, v, (6c))N
I, m]( 1) = (0. Hence, L(I.) € o (Hc(6c)) and Lemmah (IE[) apphed to ¢ € C lead to

Ne:=N (R(I[ HC(HC)> = N (L(Ie); He(8e))+1 =ind(le) +

cm])

Thus, Ne + Niem) = Niemon] —|— n > Nicm,pn follows. Moreover, o (He(fc)) N I[C m] = = ) and
Lemma that Ao = R(I} [C m]) is a simple eigenvalue of H X" ](G[C,m}) @ H¢(6:). Observe

e,
that Oc, 0)c m]; O[c,m,n) are admissible, if and only if n is odd by inserting the index relation (4.9)
of Lemma (4.9 into the characterization of admissibility from Lemma |4 Thus, if n is odd,
the previous considerations with Lemma E @) yield Ao = R(I’ c m}(V)) > R(I} fe,m n]) Ho-

If n is even, then Oc,0c s U[c,m,n) are not admissible. Moreover, Ne¢ + Nic ;) — 1 > Nicymn]
follows since n > 2 if n is even. Thus, Lemma (IEI) with o (He(6e)) N I [ic m = Qimplies

[c m]
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(d) We aim to apply Lemma for Ao = L(I} [C m]) lho = L(I[’Jr?il n]). Let Oc, ¢ m), Ojcmm) €
{0, 7} be such that

R(Le) € 0 (Ho(6c)),  Lljp) € 0 (HXL (Blem)) and LY ) € 0 (Hie ) Ofe ) -
Lemma, applied to [c,m] € C implies

N[C m] = N (L( [ic m]) H[ET;,-L](H[C m])) =n- ind(I[ic,m])'
Apply Lemma E (]E[) to [c,m,n] € € and the index relation of Lemma to conclude

N[c,m,n} =N <L(I[l;rrln7n}); H[c,m,n}(e[c,m,n})> = ind(I[Ijrln n}) =n: <ind(I[ic’m]) + 1) + ind(Ic)'

Since ][‘ m) (V1) Sstr Le(V1), we infer L(1c(V1)) < L(I, [c m (V1)) < R(Ic(V1)) and o (He,v; (6c))N
[c m]( 1) = 0. Hence, Lemma E ' apphed to ¢ € C leads to

Ne i= N (LI g); He(0c)) = N(R(Le); He(0c)) = ind(L).

Thus, Ne+ Nicm] < Nic,m,n) follows. Moreover, o (He(fc ))ﬂIZ m] = = () and Lemmaﬂ that
Ao = L(I[ic m]) is a simple eigenvalue of H[C ol (O1c,m)) © He(Oc ) Observe that 00, Oc,m)> Ofe,m.n)
are admissible, if and only if n € N is odd by inserting the index relation of Lemma
into the characterization of admissibility from Lemmal[4.6] Thus, if n € N is odd the previous
considerations with Lemmaa {IEI) yield the required inequality \o = L(I}. ) < L(I [Z:Ti n]) _
Ho-

If n € N is even, then Oc,0c ), 0[c,mn are not admissible. Thus, Lemma (]E[) with
o (He(0c)) N1, ) = 0 and Ne + Nig ) < Niemn Iply Ao = L(I, 1) < LI ) =pe. O

[c,m,n]

[e,m]

The next lemma is tailored towards proving property |(B2)]

Lemma 4.15. Let Vi > 0, m,n € N and ¢ € C be such that ¢(c) ¢ {—1,00} and [¢,m] €
C. Consider a spectral band I. in o. with the associated spectral bands {Ifc m]}f‘il and
{r [cmn }M+1 introduced in Definition . Let Jiem) and K¢, be the spectral bands as-
sociated with I. as defined in Definition|4.8. If

V1) Cetr Ie(V1)  and  ITMTL (V) Cyr 1.(V1),

[cmn]( [cmn]

then
R(Jiem)(V1)) < BRI}y y(V1))  and  L(ILH (V1)) < LK) (V1))

[e;m,n]

Remark. It might be that either Ji ;) or K¢ as defined in Definition @ do not exist. In
such a case, part of the statement is empty.

Combining Lemma and Lemma we get the following corollary which shows that
properties [(A1)} |(B2)| and |[(I)| hold under some conditions.

Corollary 4.16. Let V4 >0, m,n € N and c € € be such that p(c) ¢ {—1,00} and [e,m] € C.
Consider a spectral band I in o, with associated spectral bands {I[C m]}l , and {I? }M+1
introduced in Definition[3.3. If

1Ly ), I8 00) S (V1) and I, 0 (VA),
then I.(V1) satisfies the properties and [(T),

Proof of Corollary[4.16. First, we note that the condition in the corollary is equivalent to

[e;m,n]

‘/1) gstr Ic(‘/l)y

[cmn}(

I[jcmn](Vl) Cetr Ie(Vh) for all 1 < j < M +1 and I[’ }(Vl) Cetr Ic(V7) for all 1 < i < M,
since ‘ ) .
Loy < Tl and I < I{jﬂi l
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The assumption that I[z ](Vl) Cetr Ie(V1) for all 1 < ¢ < M is exactly property |(Al)| of
I.(V1). Moreover, this assumption allows us to apply Lemma and obtain

Vi) < Lo ,y(Vi) < I (Vi) forall 1 <i< M.

[cmn}( [cmn}

Thus, I.(V7) satisfies property |(I)l Furthermore, these relations imply that each of the bands
. M+1 . M

{I J (Vl)} . is not contained in any of the bands {I fe.m] (Vl)} L which is useful towards
Jj= ’ i=

[e,m,n]

proving property Recall (Definition @ the notation of the spectral bands J¢ ,,,) and
Kic,m) associated with I.. In order to prove (BZ)L it is enough to prove that I[Cmn](Vl) is

not contained Jic (V1) and [ M+L (V1) is not contained in Kic,m)(V1). This follows from

[e,m,n]

Lemma [4.15) O

Proof of Lemma[{15. (a) We prove that R(Jic (V1)) < R(I} c, mn](Vl)) First we note that
this inequality immediately holds if R(Ji¢ (V1)) < L(Ic(V1)), because I[c ] (V1) Cstr Le(V1)
by assumption. Therefore, we assume from now on that R(Ji¢ (V1)) > L(Ic(V1)). Although
the assumptions and the conclusions of the lemma depend on the fixed V7 > 0, we will

abbreviate notation, for the sake of easier reading, and omit the V; dependence in most parts
of this proof. Let Oc, 0jc ), O[c,m,n € {0, 7} be such that

R(Ic) €o (Hc(ec)) ) (J[c m]) €o (H[C m] (‘9[c m])) and R( [cmn]) co (H[c,m,n] (e[c,m,n])) .

Then these spectral edges, respectively Oc, 0c ), O[c,m,n), are admissible by inserting the index
relation of Lemma into the characterization of admissibility from Lemma Fur-
thermore, Lemma“ (%) for [c,m,n] € C and c € C, the index relation of Lemma [4.9)
and Lemma [4.5) E @ for the spectral band Ji¢ ) imply

N (B )5 Hicmn) e ) >) (! L) (4.18)
nd(le) +n - (ind(Jig ) + 1)

= N (R(Le); He(6)) + N (R(Jiem)s Hy Olem)) + 1

In order to proceed, we first show that R(Ji¢ ) < R(Ic). Assume by contradiction this is
not the case, namely R(Jic,,) > R(I.). We aim to apply Lemma for Ao = R(I) and
to = R( With 1) and R(Jjcm)) > R(I.) at hand, we conclude

[cmn])

N (R(I[c,m,n]); H[c,m,n](e[c,m,n])) = N(R(IC)a HC(QC)) + N (R(J[c,m])a H[ﬁf:n](e[c,m])) +1
> N (R(Ie); Hel(0e)) + N (R(Ie)s Hn (Bemp)) + 1

Using the notation from Lemma @, the latter reads Nicmn > Ne + N + 1. Thus,
Lemma yields p1o > Ao as Oc, O(c ], U[c,m,n) are admissible. On the other hand, It (e.mym] Cetr
I, implies R(I[lcmn}) = flo < Ao = R(I), a contradiction. Hence, R(Ji¢m)) < R(Ic) follows

as claimed.

With this at hand, we continue applying once again Lemma but this time for A, =
R(J, m]) and po = R(J, Using (4.18) and R(J|¢ ) < R(Ic), we infer

[cmn])

>N (R(J[c,m]); Hc(gc)) + N (R(J[c,m}); H[i%](ﬂc,m])) + L

Using the notation from Lemma the latter reads Nigmn > Ne + Niggm + 1. Recall
that we showed in the beginning of the proof, L(Ic(V1)) < R(Jjc,m)(V1)). This, together with
R(Jie,m) (V1)) < R(Ic(V1)), implies that R(Jic (V1)) is not an eigenvalue of He v, (6c). Hence,
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Ao = R(Jj¢m)(V1)) is a simple eigenvalue of He v, (6c) © H[f;‘n] vi (Olc,m)) using Lemmaa '
Thus, Lemma E @ applied with Ni¢ i) 2 Ne + Niggm) + 1 yields that pe > Ao,
R(I} ) > R(Jie,m)) as required.

[e,m,n]

(b) We prove that L(IM*1 (17)) < L(K{em)(V1)). First we note that this inequality imme-

[e,m,n]

diately holds if R(Ic(V1)) < L(Kjcm)(V1)), because I[MJrl }(Vl) Cetr Ie(V1) by assumption.

Therefore, we assume from now on that L(Kjc (V1)) < R(Ic(V1)). In order to simplify the
notation, we will omit the dependence on Vj in the following unless we want to emphasize its
dependence. Let Oc, 0jc ), O[c,m,n € {0, 7} be such that

L(Ic) co (Hc(ec)) ) L(K[c,m}) c€o (H[i?n}(e[c,m])> and L(IM+1 ) co (H[c,mm](g[c,m,n])) :

[e,m,n]

Then these spectral edges, respectively Oc, O[c ], Ojc,m,n]> are admissible by inserting the index
relation (4.12]) of Lemma into the characterization of admissibility from Lemma By
Definition we have ind(Kc ) = ind({ o 1. With this at hand, Lemma

em])
[c,m,n] € C and ¢ € C, the index relation (4.12)) of Lemma and Lemma

(c) for the
spectral band K, imply
N (LUEEL): Hig ) Olem ) = ind (8L ) (4.19)

= ind(Ze) + n - ind(Ke 1))

= N (L(Le); Ho(6)) + N (L(Kjepm); By Olem)) -

In order to proceed, we first show that L(K|c ) > L(Ic). Assume by contradiction this is
not the case, namely L(K[¢.,) < L(I.). We aim to apply Lemma for Ao = L(I.) and
fio = L(IMH! ) If L(K{ ) = L(I.), then Ao has multiplicity M, = 2. Thus, the previous

cmn]

identity (4 .19)) leads to
N (L) Higumng Orema))) < N (LIe); He(0e)+ N (L(Ie); HEn (Brem) ) + Mg — 1.

[e,m,n]/> e

[07
lows and the multiplicity of A\, satisfies M, > 1. Combing these with the Equation (4.19)

and L(Kc ) € 0 <H[C m] (O, m})>, we conclude

I L(Kjem) < L(L), then N (L(Kjem)i H (o)) < N (L(e); By (Bfem)) =1 fol-

N (LU Hiemn) Oiem)) = N (LU)s He(0e)) + N (L(Kiem)s HE (Orem))

< N (L(Le); He(0e)) + N (L(Ie)s HEn (Blem)) + Ma, = 1.
Using the notation from Lemma the latter reads Ni¢ ;) < Ne+Nem+ M, —1 whenever
L(Kem)) < L(I:). Thus, Lemma {4.7] (E[) yields po < Ao as Oc,0cm); Ujc,m,n) are admissible.
On the other hand, I[Cmn} Cstr Ic implies (I[]‘f;gln]) = o > Ao = L(I¢), a contradiction.
Hence, L(K|c ) > L(I:) follows as claimed.

With this at hand, we continue applying once again Lemma [£.7] but this time for A\, =
L(Kien)) and po = L(IZH! ). Using (4.19), the inequality L(Kjem)) > L(I) and L(Ic) €
0(Hc(0c), we infer

N (LU Hiemn)Oema)) = N (L(Le); He(8e)) + N (L(Kjem); HE (Bem))

< N (L(Kjem); He(0)) + N (L(Kjem); HSyOpem))

Using the notation from Lemma @ the latter reads Ni¢myn) < Ne + Nicm)- Recall that
we showed in the beginning of the proof, L(K[c (V1)) < R(Ic(V1)). This, together with
L(Ic(V1)) < L(K[c,m)(V1)), implies that L(K\ (V1)) is not an eigenvalue of He v, (6c). Hence,
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Ao = L(K[cm)(V1)) is a simple eigenvalue of Hey; (0c) ® H "\ |, (Olcm)) using Lemma .

[C,m],vl
Thus, Lemma applied with Ni¢ ;, ) < Ne + Ni¢ ) yields that po < Ao, ie., L(I[f(‘:len]) <
L(Kcm))- O

Next we show that the assumptions in the previous Corollary are satisfied whenever
the spectral band is of backward type A or B. The proofs of the previous lemmas in this
subsection were mainly based on applications of Lemma [4.7] This lemma will keep being
applied in the next proofs, but we will also need to make use of some trace identities, as
appear in Lemma [4.10] and Lemma [4.11

Lemma 4.17. Let m € N and ¢ € C be such that p(c) € (0,1). Let Vi > 0 and I, be a

spectral band in o, with associated spectral bands {I [ic m]}ij\il and {I’ }jj‘/‘:{l

[e;m,n]
Definition[3.3. If either

e I.(V) is of backward type A for all V> V; and M :=m — 1, or
e (V) is of backward type B for all V' >V} and M :=m,

introduced in

then
1[1(:7m71](v)a If](\:/{;yll](v) Cetr Ic(v)
and
I[lc:,m](v)v If](\;/{m}(v) Cetr IC(V)

for all V> V.
Remark. We have to exclude the cases ¢(c) € {0, £1, o0} so that we can apply Lemma (Z)

Proof. The claim follows once we show that for all V' > Vi,
L(Le(V)) < min { L(1fe y (V))s L(Tey(V)) }
V), RIML (V) < R(I(V)). (4.20)

[e,m,1]

max {R(I[M

c,m| (

Assume by contradiction that (4.20) does not hold for some V' > V;. Due to Theorem m
these strict inequalities in (4.20) hold for V' > 4. Thus, the continuity of the spectral band
edges in V' > 0 (Corollary implies that the maximum

Vo :=max{V >V} : ([£20) does not hold}

exists and Va € [Vi,4]. Due to Lemma the strict inclusions I, ﬁ: m](V) Cetr 1c(V) and
IM (V) Cyr Ie(V) for V > Vs yield

[e,m]

LI myy(V) < L,y (V) and  R(IY,, (V) < RUYIL (V) for V> Vs

[e,m,1]
Let Jic m) and K¢ ., be the spectral bands associated with I (Definition |4.8)). Since the strict
(V) Cetr Ie(V) and IM*TL (V) Cy I(V) hold for V' > Vi, Lemma [4.15

[e,m,n]

inclusions It
[c7m7n]

asserts

R(Jiem (V) < R(IL . a(V)) and LM (V) < L(Kpe,m (V) for V> Va.

[e,m,n] [c,m,n]
Note that we have R(I}, . (V) < R(I[]g;ln](V)) and L(I},,, (V) < L(Ify;ln](V)) for
V' > 0. Hence, the continuity of the spectral band edges in V' > 0 (Corollary leads to

LTl (V2)) < min { L(1 g (V2)), L(KGe ) (V2)) }

max { R(I, (V2)), R(Jie.m)(V2)) } < RO (V2)). (4.21)

[e,m,1]



THE DRY TEN MARTINI PROBLEM FOR STURMIAN HAMILTONIANS 35

Note that the spectral bands J¢ ;) and K¢ ,,) may not exist simplifying our considerations
below. This in particular implies

Vs = max {v > Vi : L(L(V)) = L(IL 1y (V) or R(I(V)) = R(IMH! (V))} .

[c,m,l [c,m,l]
We continue proving that this leads to a contradiction.
Case 1: We show that L(I(V2)) = L(I[{:m 1}(‘/2)) yields a contradiction. Set E := L(I.(V2)).
Thus, ‘t[c,m,l] (E; ‘/2)‘ = 2 follows from Lemma
B (using Vo > V1) and ¢(c) € (0,1), Lemmald.11] 1') yields !t | < 2. Hence, E must
by Lemma h (E[) Thus Equation (4

@) Since I.(V3) is of backward type A or

lie in the interior of a spectral band in ¢ ., (V2
and L(I.(Vs)) = L(I} em 1](Vg)) lead to

E = L(Ic(V2)) < R(Jje,m)(V2))-
Note that if Jc,,) does not exist, then there is no spectra to the left of L(/, [10 m}(‘/g)) contra-
dicting ‘t[c,m}(E; ‘/2)‘ < 2 and (D Hence, we may continue assuming that Jic ) exists.
Next we aim to apply Lemma [4.7 for Ao = L(I.(V2)) and po = L(I} e, 1](V2)). For the sake

of simplification, we drop the V5 notation in the following. Let Oc, 0jc ), Ojc,m,1) € {0, 7} be
such that

L(Ic) €o (Hc(ec))a R(J[c m}) c€o (H[ilm}(e[c m})) and L(I[lcm 1]) co (H[cm 1}(0[cm 1])) :

Then these Spectral edges, respectively Oc, 0 i), O[c,m,1), are admissible by inserting the index
relation into the characterization of admissibility from Lemma“ 6| for n = 1. With this
at hand, and Lemma E @ applied to c, [c,m, 1] € € leads to

Ne := N(L(IC)7 Hc(ec)) = lnd( C)
and using (4.11))
Nieym,1) = N( Tjem1p)i H[cmu(@[cmu)) ind (1}, ,, 17) = ind(Jje ) + 1 + ind(Le).
Furthermore, L(Ic) < R(J|c m)) and Lemmaﬁ @ applied to [c,m] € € for n =1 lead to

Niew) = N (o) By Oem)) < N (RUjem)s Hishy Oem)) = ind(Jjem)-
Thus, Ne+ Niem) < Nie;m,1) follows. Since Ao = E = L(Ic(V2)) lies in the interior of a spectral

band in o ) (V2) and the eigenvalues of H, ) m} VQ(H[C m]) are contained in the spectral band

edges of (¢ ) (V2) (by Lemma, we conclude that Ao is not an eigenvalue of H Vs (Oc,m))-
Thus, Ao is a simple eigenvalue of H* c m] v, Ore,m)) © He,vs (0c) using Lemma (IJEP

Lemma @ yields

. Hence,

Ao = L(I.(V)) < L(I[1C7m71](1/2)) = llo,
contradicting that these two values are equal by the initial assumption of the considered case.
Case 2: Similarly as in Case 1, R(IMT1 (V4)) = R(I.(V5)) yields a contradiction. O

[e,m,1]

We have seen that Corollary is set towards proving the forward properties [(A1l)} [(B2)]
Next, we aim to prove the forward property [(B1)], (also called the tower property).

Corollary 4.18. Let Vi >0, m € N and c € C be such that p(c) € {—1,00} and [e,m] € C.
Consider a spectral band I. in o, with associated spectml bands {I[c m]}Z , and {I} }M+1

introduced in Deﬁmtwn L If1<j< M+1 and r
and all n € N, then

[e;m,n]

(V) Cetr 1e(V) holds for all V >V,

[e;m,n]

(V) Cstr [[jc,m,n—l]

[e;m,n] (V)

holds for alln € N and V > Vi where I[jc,m,o](v) =1.(V).
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Proof. The proof is by induction over n € N. The induction base (n = 1) holds trivially since
1 (V) Sor Le(V) for all V > Vi and 01c ynn—1)(V) = 0e(V) if n = 1 by Proposition[IL.2 @)
For the induction step, suppose I? (V) Cstr I[J;m’nil](V) holds for all V' > V4. We show

A . [e,m,n]
that I[]C mnt1) (V) Cstr I[jcmn](V) holds for all V' > V;. Due to Proposition [[1.2 (H), we have

Tle,mnt+1](V) = Olcmn,1 (V). Furthermore, I (V) Coe I (V) holds for V' > 4 since

I(V) is either of type A or B for V > 4 by Theorem [2.16| Thus, I’

unique spectral band I[Lm’ny” (V) of type A that is strictly contained in I[jc’m’n} (V) for V> 4.
(V) for all V> V7.

[C,m,n-‘—l} [c,m,n]
[c,;m n+1](V) equals to the

Hence, it suffices to prove I} (V) Gt 1 []C

[C7m7n71 7m7n]

Let V > Vi. By induction hypothesis, we have I, (V) Cyr If, ,, . (V) for all V> V7,
namely I[jcm’n}(V) is of backward type B for all V' > V;. Furthermore, cp([c,m,n]) € (0,1)
holds as m,n € N. Thus, Lemma 4.17| applied to [c, m,n] implies I[lc S 1](V) Cstr I[JC m n](V)
for all V> V.

The next lemma is the crucial ingredient to prove the forward property |(A2)
Lemma 4.19. Let Vi > 0 and ¢ € C be such that ¢(c) € (0,1). Consider a spectral band
V= I(V) in 0.(V) which is of backward type B for all V- > Vi and I[lc 1 08 the associated
spectral band introduced in Definition . Then for all V > V4, I[lc 1](V) Catr 1e(V) (namely
I[lc 1](V) is of backward type A) and I, 1](V) is not of weak backward type B.

Proof. Since I.(V) is of backward type B for all V' > V, it follows that I.(V') is of type B
for all V' > 4 by Theorem Thus, there is a unique spectral band I, [lc 1] in oy 1] such that

Iﬁ:’”(V) Cetr Ie(V) for all V' > 4. By Theorem the lemma holds for all V; > 4, and so
we can assume in the proof that V7 < 4.

Consider the spectral bands Ji. o and K¢ associated with I (see Definition |4.8). Since
I(V)is of backward type B for V' > 4, we have ind(K|c)) = ind(Jic o)) + 1 (i.e., there is no
other spectral band between those two) and

YV > 4, J[C’O}(V) < IC(V) < K[C’O](V).
Lemma implies I[lcvl](V) Catr Ic(V) for all V- > Vj. 1t is left to prove that for V' > Vi,

Iﬁ: 1}(V) is not contained in any spectral band of o, _1)(V) = oc0(V) (where the last
equality follows from Proposition |II.2]). Actually, it suffices to prove that for all V' > V7,

R(Jeq)(V)) < BTy (V) and - L(Ig 1y (V) < L(Kje (V). (4.22)
Assume by contradiction that (4.22]) does not hold for some V' > V;. By Theorem 4.22

holds for V' > 4. Thus, the continuity of the spectral band edges in V' > 0 (Corollary [3.2
implies that the maximum

Vo immax {V 2 Vi : R{Jieq (V) = R(I y (V) or L(Th (V) = L(Kje (V) }

exists and Vo € [Vi,4]. We split into cases according to the nature of failure of (4.22)) at
V = V3, and show a contradiction for each of these cases. First note that Equation (4.13)) of
Lemma [4.9] implies

ind(Ij. 1) = ind(Jie,0)) + 1 + ind(le) = ind(Ke o) + ind(Ie). (4.23)

Since ¢(c) € (0,1), there is a k € N such that ¢ = [0, cp, ..., cg]. In the following we apply
Lemma to ¢, [c,m],[c,m,n] € C where ¢ = [0, ¢y, ...,ck—1], m = ¢ and n = 1. Note that
o(c) = ¢([c,0]), ¢([e,m]) = ¢(c) and ¢([c,m,n]) = ¢([c,1]). Thus, in effect it is as if we
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apply Lemma to [c,0],¢,[c,1] € € (rather than to ¢, [c,m],[¢c,m,n] € C). We use this
convention until the end of the current proof.
Case 1: We show that R(Jico)(V2)) = R(I} c, 1](V2)) yields a contradiction. We aim to apply
Lemma q for Ao = R(Jje)(V2)) and po = R(I} c, 1}(1/2)). For the sake of simplification,
we drop the V5 notation in the following unless we want to emphasize its dependence. Let
O1c,0]s Oc, Oc,1) € {0, 7} be such that

R(Jie0) € 0 (Hie0(0c0)) » R(Le) € o (HX'(0c)) and R(I 1)) € 0 (Hie,1(0pc1))) -

Then these spectral edges, respectively 0c g}, 0c, 0[c 1], are admissible by inserting the index
relation ([4.23)) into the characterization of admissibility from Lemma [4.6]for n = 1. With this
at hand, Lemma applied to [c,0] € C and [c, 1] € C leads to

N[C,O] =N (R(J[C,D])§ H[C,D] (e[c,O])) = ind(‘][c,O})
and

Nigqp =N (R(I[c 1); Hie, 1}(%,1])) = ind(Ij, 7).
Furthermore, I[c 1](‘/'2) Cstr Ic(V2) and the assumption R(Jio)(V2)) = R(I} c, 1](V2)) imply

R(Jie,0/(V2)) < R(Ic(V2)) € o (H;%(ec)) Thus, Lemmau @) applied ton =1 and ¢ € C

imply
Ne = N (R(Joq): HX'(6e)) < N (R(U): HY'(6e) = ind(Lo)

Thus, (4.23) implies Ni¢ 1] > Ne+ Nico)- If we prove that Ao = R(Jc g(V2)) is a Simple eigen-
value of H'y, (6c) @ Hic,0).v5 (0fe.0))» then Lemmald. 7 yields Ao = R(Jje,0/(V2)) < R(I}, 1;(V2)) =
lo, & contradiction.
By Lemma , simplicity of the eigenvalue Ao holds if it is not an eigenvalue of H, CX‘I/Q (6c) =

He v, (6e). Usmg Lemmag (€, R ) is the only eigenvalue of He v, (6c) in I¢(V2) . Thus,
our working assumption, R(J[C,O](Vg)) R(I} c, 1}(‘/2)) < R(I¢(V2)) implies that R(Jic0)(V2))
is not an eigenvalue of He v, (6c).
Case 2: We show that L(I} c 1](V2)) = L(Kjc(V2)) yields a contradiction. We aim to apply
Lemma for Ao = L(Kcq(V2)) and po = L(I[lc 1}(‘/2)). For the sake of simplification,
we drop the V5 notation in the following unless we want to emphasize its dependence. Let
Ojc,0s Oc, Ojc,1) € {0, 7} be such that

L(Ke) € 0 (Heo(01c0) » L(Ie) € o (HS'(6e)) and L(I[lc 1) €0 (Hie)(0e,1)) -

Then these spectral edges, respectively 0c g], 0c, 0[c,1), are admissible by inserting the index
relation into the characterization of admissibility from Lemma“ 6| for n = 1. With this
at hand, Lemmam () applied to [c,0] € € and [c, 1] € € leads to

Nico) == N (L(Kc0)); Hic0)(0jc,0)) = ind(K[c0))

and
Nieaj:==N (L(I[lc,q); H[c,u(@[c,l])) = ind(f[lc 1])-
Furthermore, I[ 1](V2) Cstr Ie(Vo) and the assumption L(I} = L(Kc0)(V2)) imply
(Hcf;.z(ec)) L(Ie(V3)) < L(K[¢)(V2)). Thus, Lemmaﬁ c ; apphed ton=1andce @
leads to

Ne =N (L(Kcg); HZ'(0e)) > N (L(Ie); HEM(0e)) + 1 =ind(Ie) + 1
Thus, (4.23)) implies Ni¢ 1] < Ne + Nic o). If we prove that L(K[co)(V2)) is a simple eigenvalue
of HY{, () ® Hic,0)v3 (0c,0)), then Lemma vields Ao = L(Ke0)(V2)) > LI}, (V) = po,

a contradiction.
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By Lemma , simplicity of the eigenvalue Ao holds if it is not an eigenvalue of H 5‘1,2 (0c) =
He v, (6e). Usmg Lemmag (¢, L1, Vg)) is the only eigenvalue of Hc v, (0c) in I¢(V2). Thus,
our working assumption, L(, (Vg)) L(IL ,1](V2)) = L(K[cg)(V2)) implies that L(K[c)(V2))
is not an eigenvalue of H v; (6c).

g

4.8. Backward implies forward type property. This section is devoted to show that if
every spectral band in o is either of backward type A or B, then each such spectral band
is also of forward type A respectively B. This is the content of Proposition [4.20 This
proposition is a crucial tool in proving Theorem which is done in Section [6] We recall
(Definition that a spectral band is of m-type A (respectively B) if it is of backward
type A (B) and of m-forward type A (B). A spectral band is of type A (respectively B) if
it is of m-type A (B) for all m € N. With that we introduce a useful notation via which
Proposition is stated and proved:

Vsl = sup 10,00\ {V €

for all ¢ € € and m € N such that ¢(c) ¢ {—1,00} and [c,m] € C.

each spectral band in o.(V) is either
of m-type A or of m-type B

Proposition 4.20 (Backward implies forward type). Let ¢ € C and ¢(c) € (0,1). If each
spectral band I1.(V) in o.(V) is either of backward type A for all V- > 0 or of backward type
B for all' V > 0, then Vuit([e,m]) =0 for all m € N.

We will state and prove two lemmas and two corollaries with the aid of which Proposition [4.20]
is proven at the end of this subsection. But, before starting this, we will need to somewhat
relax the notion of m-forward type and of the notation V.

Definition 4.21. Let V' > 0, m € N and ¢ € € be such that ¢(c) ¢ {—1, 00} and [c,m] € C.
A spectral band I¢(V) in (V) is of quasi m-type A (respectively of quasi m-type B) if Io(V)
is of m-type A (resp. m-type B) but the property does not necessarily hold, i.e. the
associated spectral bands I[iC m](V) of O(em)(V) for some 1 < i < M may be also of weak

backward type B. With this notion at hand, define

quasi . ~each spectral band in o.(V) is either
Voo~ ([e;m]) = sup <[0’ °0)\ {V cR: of quasi m-type A or of quasi m-type B :

Noting that
Vq”-“”([c m]) < Varit([e, m]),

crit

the strategy for proving Proposition is to first show V2% ([c,m]) = 0 and afterwards
V;:rit([c7m]> =0.

Lemma 4.22. Let m € N, ¢ € C be such ¢(c) ¢ {—1,00} and [e,m] € C, and Vy >
V24si((¢,m]). Let I, be a spectral band in o, such that

crit

(a) 1.(V) is either of backward type A for all V' > 0 or of backward type B for all V > 0,
and

(0) Loy (V)5 T 3 (V) Sste Le(V) holds for all V >V, where

Ao S 1 I.(V) is of backward type A for all V >0,
T m I.(V) is of backward type B for all V > 0.

If Vo > 0, then there is a § > 0 such that either 1.(V') is of quasi m-type A for allV > Vy—§
or I.(V) is of quasi m-type B for all V > Vy — .
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Remark. The § in the statement of the lemma only depends on the values ’L(I ! }(Vo)) —

[e,m,1
L(I(Vo)) |, |R(IM+1. (Vo)) — R(Ie(Vo))| and Vp. Here we use that the Lipschitz continuity
in Corollary [3.2]is independent in ¢ € C.

) [e,;m,1]

Proof. Since for V> 4, I.(V) is either of m-type A or of m-type B (by Theorem [2.16)), we
may proceed assuming that V) < 4. Since I.(V) is either of backward type A or backward
type B for all V' > 0, it is sufficient to prove the existence of a § > 0 such that

all I["qm] and I[]c —_— satisfy properties [[AT)] [[B1)] [[B2)] and [T)] for all n € N (4.24)

for all V' > V) — 4. Since by the assumptions of the lemma, Vj > Vc‘i?tas", we get that (4.24)
holds for all V' > Vj. In particular, we infer that

i j 1 M+1
I[C,m] (V)7 I‘[Yc7m7n] (V) gStI’ [L (I[C,m,l} (V)) ’ R(I[ngjl} (V))i| ’ (4'25)
forall V >Vy,1<i<M,1<j<M+1andnéeN.
B B B
[c, m,n] . s —
B [[C,m,n] B
[C7 m, 1] 1T W‘
Es [[C,'m,l] ][CJTLH Ey
[, m] T T 7
I[C,m} I[Qm] [e,m]
c : 1/B :
E 1. Es

FIGURE 4.5. A sketch of the spectral bands considered in the proof of Lemma

Define
Ei(Vo) := L(Ic(Vo)),  E2(Vo) := R(Ic(Vo)),
and
E3(V) := L(I[lc,m,u(VO))a Ey(Vo) = R(I[i/{:z}u(%))’
confer Figure Let V — E(V) be a spectral band edge of Ifc,m} (V) or I[{:,m’n](V) for some

1<i<Mor1<j<M-+1. By Corollary 3.2 the spectral band edges vary continuously in
V, namely V — E(V) is continuous, Thus, Equation (4.25) and assumption (b) yield

Ey\(Vo) < E3(Vo) < E(Vo) < E4(Vo) < E2(Vp).
Hence, mingeqq 9y [E(Vo) — Ex(Vo)| > 35 where

2= 3 min {|By(V) — Bs(Vo)l, [Ex(Vo) ~ Ea(Vo)l, Vo} > 0.
Now, we use
max{|E(V) — E(Vo)|, [E«(V) — Ei(Vo)|} <[V = Vo,  i€{1,2,3,4},
which holds by Corollary [3:2] to conclude
Es(V) < E(V) < Ey(V), V>, = E(V) < E(V) < Ey(V), V>V —.

We note that Vo — d > 0 holds, by the definition of 4.

Since E(V) was an arbitrary spectral edge of I7 m](V) or I/ (V) for n € N, we deduce for

le, [e,m,n]

alV>Vy—0,1<i<M,1<j<M+1,andn €N,
I (V) Cer I(V)  and I (V) Cyr Ie(V).

[c, [e,m,n]

m]
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Now, we apply Corollary which implies that Ic(V') satisfies the forward properties |(A1)
(B2)| and [(T)] for all V' > Vg — 6. Since I7. (V) Cyx I? (V) holds for all n € N and

[c,m,n] c,m,n—1]
V > Vy — 9, Corollary implies that I.(V) satisfies (B1)| for all V' > Vj — 4. O

We now apply Lemma for all spectral bands I in o.. Using that the number of spectral
bands in o¢ is finite and taking the minimum § among all . in o. (the § which is provided

by Lemma , we get:

Corollary 4.23. Let V1 >0, m € N and ¢ € € be such that ¢(c) & {—1,00} and [¢,m] € C.
Suppose for each spectral band I, in o., we have

(a) 1.(V) is either of backward type A for all V > 0 or of backward type B for all V > 0,
and
(b) I[lcml](V), IMTL (VY Cair 1(V) holds for all V > Vi, where

[e,;m,1]

Moo lme 1 1.(V) is of backward type A for all V > 0,
T m I.(V) is of backward type B for all V > 0.

Then V35" ([e,m]) < Vi. In particular, if (b) holds for all Vi > 0, then V2“*([¢,m]) = 0.

crit crit

Proof. Set Vy := V9'([¢,m]). First of all note that Vy < 4 by Theorem We seek to

crit
prove Vo < V1. Assume by contradiction V4 > V.
Let I.(V) be a spectral band in o.(V'), which by @ is either of backward type A for all V' > 0
or of backward type B for all V' > 0. Since Vy > V1, (]ED implies

I[lc:,m,l](‘/())a IM+1}(‘/O> Cstr Ic(vb)

[e,m,1
Due to Lemma and Vp > Vi > 0, there exists a § := §(Lc(V)) > 0 such that I.(V) is of
quasi m-type A or quasi m-type B for V' > Vjj — §. Since there are at most finitely spectral
bands in o¢(V), we can take the minimum of all these 6(I¢(V))’s and denote it by ¢’ > 0.
Then for all V> Vi — &', we have that every spectral band I.(V) in o.(V) is either of quasi
m-type A or quasi m-type B. Hence, by definition of V%%

crit

% — unasi([C’mD S ‘/b —6,,

crit

([e,m]), we conclude

a contradiction. O

By adding an additional condition to the assumption of Lemma we may get a stronger
implication (showing m-type rather than just quasi m-type), which is done in the following
lemma.

Lemma 4.24. Let m € N, ¢ € C with ¢(c) € {—1,00} and [e,m] € C, and Vi > Viic([c, m]).
Let I. be a spectral band in o, such that

(a) 1.(V) is either of backward type A for all V> 0 or of backward type B for all V > 0,

and
(b) I[lqu](V), I[J‘C{;}”(V) Cetr L1e(V) holds for all V- > Vp, where
Mo J T 1 1.(V) is of backward type A for all V > 0,
T m I.(V) is of backward type B for all V > 0,
and

(c) if m =1, then p(c) # 1,
if m > 2, then V" ([e,m —1]) = 0.

crit

If Vo > 0, then there is a 6 > 0 such that I.(V') is of m-type A for allV > Vy— 0§ or 1.(V) is
of m-type B for all V > Vi — 6.
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Proof. Applying Lemma which is justified by assumptions (a) and (b) here, there exists
0 > 0 such that for V>V — 9§, I.(V) is either of quasi m-type A or quasi m-type B. Thus,
we only have to show that I.(V) also satisfies the forward property for all V > Vj — 4.
We consider the following two cases:

Case 1: (m=1) If m = 1 and I.(V) is of backward type A then it does not contain any

spectral band of J[C,ll(V) for all V' > 4 by Theorem m Hence, there are no I[ic,u spectral
bands (see Definition and there is nothing to prove in this case. We need only to deal
with the case m = 1 when I.(V) is of backward type B. Towards doing this, notice that if
¢(c) = 0 then ¢ = [0,0] since [c,m] € € is assumed. But, o9 (V) = [~2,2] only consists of
a backward type A band, see Example Hence, when checking the case that I.(V) is of
backward type B, we may further assume ¢(c) # 0.

Combining this with condition (¢) of the lemma, we may now assume that ¢(c) € (0,1) and
I.(V) is of backward type B. By Definition since m = 1, we have exactly one spectral

band 1 [10 1](V) for which we need to show that it is not of weak backward type B for all

V > Vy — 6. Indeed, Lemma implies that for all V' > Vj — 4, I[lc (V) Sotr Ie(V) and
.7[1c 1}(V) is not of weak backward type B.

Case 2: (m >2) We need to show that I[’C m](V) is not of weak backward type B for all

1<i<MandV >Vy—0. Let 1 < < M. WeknowbyTheoremthatIi (V) is of

rCﬂTL]
backward type A in o[ (V) for V > 4. Denoting m’ := m—1 > 1, Lemma [2.10[implies that
I[Zé,m] equals to the spectral band Ifc,m’,l] In o¢ p 1], Which is of backward type B for V' > 4.

)
[e,m/,1

Using Lemma again, it suffices to show that I
in ¢ 1 (V) for all Vo> Vo — 4.

(V) is not of weak backward type A

By assumption (c) for m > 2, we have X/C‘iqftQSi([c, m']) = Viﬁam([c, m — 1]) = 0. Hence, for all

V' >0, I(V) is either of quasi m — 1-type A or I¢(V) is of quasi m — 1-type B. This implies
by |(B2)| that e 1](V) is not of weak backward type A for all V' > 0 . O

We now apply Lemma for all spectral bands I in o.. Using that the number of spectral
bands in o, is finite and taking the minimum § among all I in o. (the § which is provided

by Lemma , we get;:

Corollary 4.25. Let Vi >0, m € N and c € C be such that p(c) € {—1,00} and [¢,m] € C.
Suppose that each spectral band I. in o, satisfies

(a) I.(V) is either of backward type A for all V > 0 or of backward type B for all V > 0,

and
(0) L uiy(V)s Tk (V) St Le(V) holds for all V > Vi, where
Mo—dmT 1 I.(V) is of backward type A for all V > 0,
T m I.(V) is of backward type B for all V > 0,
and

(c) if m=1, then (c) # 1,
if m > 2, then V™ ([e,m —1]) = 0.

crit

Then Vait([e, m]) < Vi. In particular, if (b) holds for all Vi > 0, then Vuis([e,m]) = 0.

Proof. Similarly as in Corollary this follows immediately from Lemma [£.24] and the fact
that o¢(V) consists only of finitely many spectral bands independent of V' > 0. O

Finally, we are ready to prove Proposition [£.20]
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Proof of Proposition[[.20. Since ¢(c) € (0,1) and each spectral band I(V) in o.(V) is either
of backward type A or B for all V > 0, Lemma [£.17] implies

Loy (V) I (V) S Ie(V),  forallm e N, V >0, (4.26)

» e,m,1]
where M = m — 1 if I is of backward type A and M = m if I is of backward type B. Now
Verit([e,m]) = 0 is proven by induction over m € N.

For the induction base, let m = 1. Since Equation (4.26]) holds for m = 1 and ¢(c) # 1,
Corollary (for m = 1) implies Vit ([c, 1]) = 0.

For the induction step, let m € N be such that Vet ([c,m]) = 0 Thus Vst ([, m]) = 0

crit

follows as 0 < V2 ([c,m]) < Veut([c,m]). Since Equation (£.26) holds for m + 1 and

crit

VLSt (¢ m]) = 0, Corollary (for m + 1 > 2) implies Vcrit([c,m —|— 1]) = 0. O

crit

5. TOWARDS THE PROOF OF THEOREM - THE INDUCTION BASE

Theorem [2.15|is proven by induction. The induction base is proven in this section. Specifically,
we show in this section that for all V' # 0, the spectral bands in oy )(V) and o9 g1](V) are
either of type A or B. For this proof we express the transfer matrices, M¢(FE,V'), and their
traces, te(FE, V), (see Section using the dilated Chebyshev polynomials of the second kind
S;: R — R, [ € Ng. These polynomials are defined by

5_1(1') = 0, So($) = 1, Sl(:v) = I‘Sl_l(.%') — Sl_g(x),
see Appendix [[I| for more details and properties of these polynomials.

Lemma 5.1. For allm € N and V € R, we have

. Sm(E)  —Sm-1(F
Mg (E,V) = <Sm(1(E)) - m;EEg) ’ pek

Proof. We prove this by induction on m. The induction base (m = 1) follows just by definition

as
1 (E =1\ [ Sn(E) —=Snh-1(E)
Mio.o)(E>V) = <1 0 ) = (Sm_1<E) ~Sm—2(E)

using that S1(E) = So(E)E — S_1(E) = E. For the induction step, suppose the statement is

true for m. Then

Mgs (B, V) =Moo (E, V)M (E,V)

[0,0]
_(E -1 S (E) _1(E)
B <1 0 > <Sm_1(E) E)>
— (Esm(E) — Sm-1(E) _Esm 1(E) + Sm—2(E>>
B Sm(E) —Sm-1(E)
— <Sm+1(E) _Sm(E) >
Sm(E) - mfl(E)
proving the statement. O

Lemma 5.2. For all E;V € R and m € N the following holds:

(a) t[0707m] (E, V) = Sm(E) — VSm_l(E) — Sm_Q(E) fO?“ all E € R.
(b) t[070’17m}(E, V) = ESm(E — V) — 2Sm,1(E - V) fOT’ all E € R.
(C) t[0,0,l,m,l] (E7 V) == ESm+1(E - V) - 2Sm(E — V) fOT’ all E € R.
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Proof. We recall (Section that the transfer matrices are recursively defined by
M[O,O,Cl ,...,Ck] (E7 V) = M[O,O,Cl...,ckfz] (E7 V)M[O,O,Cl,u.,ck,ﬂ (E’ V)Ck °

@ Using Lemma we get
toom (B, V) =tr (Mio.0 (B, V) = tr (Mig) (B, V)Mo (E,V))

=o((6 V) (et )
=Sm(E) = VSp-1(E) — Sp—2(E).
(]ED We first observe that

1 -V EF -1
Mi01)(E, V) =M (E, V) Mg (E,V) = <0 1 > (1 0)

E-V -1

Thus, Lemma [5.1] leads to
t10,0,1,m] =tr (Myo,0)(E, V)Mo 01)(E,V)™)
=tr (M0 (E, V)M g (E —V,V)")

= (7 0) (oG Soey))
—ESp(E— V) — 28m_1(E — V).

(c) This follows from @ and Proposition @ asserting ¢(0,0,1,m,1] = t[0,0,1,m+1]- O

Recalling Example (see also Figure , we have 019 )(V) = [-2,2] and oj0,1)(V) =
[-2+4V,2+ V] for all V' > 0. Next, we prove two lemmas. The first lemma states that the
spectral band Ijg g)(V) := [~2,2] (in (g g)(V)) is of type A. The second lemma states that the
spectral band Ijg o 1)(V) := [-2+ V,2+ V] (in o)g(V)) is of type B. Hence, both lemmas
provide the induction base needed to prove Theorem

Lemma 5.3. Let Ijg (V) := [~2,2] be the unique spectral band of ojg (V) for V> 0. The
following assertions hold for all V' > 0.

(a) Ijo,0)(V) is of backward type A and not of weak backward type B,
(b) For allm € N, Ij (V) is of m-type A, namely Veit ([0,0,m]) = 0,
(c) For allm €N, 0190, (V) consists of m spectral bands satisfying
e the left-most m—1 spectral bands are of backward type A and not of weak backward
type B. These spectral bands are strictly contained in Ijg o (V).
e the right-most spectral band, which we denote Koo m(V), is of backward type B
but not of weak backward type A. The spectral bands Koo m(V) (one for each
m € N) satisfy
Tio,0/(V) < Kjg,0,m (V)

and
K[O,O,m](v) Cstr K[O,O,m—l](v) Cotr -+ Sstr K[O,O,l}(v) Cetr K[O](V)y
with the notational convention Ko (V) := R = oy (V).
Remark. Note that Lemma @ and (@ are enough for the purpose of providing the

induction base needed in the proof of Theorem But, is needed later in the proof of
Proposition and anyway parts of are already shown during the proof of (]ED below.
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FIGURE 5.1. A sketch of the spectral bands considered in the proof of Lemma

For the convenience of the reader, we sketch in Figure the spectral bands mentioned in
the proof of Lemma and their relations (< and Cgy).

Proof. Part @ of the lemma is already proven in Example (see also Figure .

Parts (]ED and ({c|) of the lemma are proven together by induction over m € N. Towards proving
them we denote M :=m — 1, since we are trying to prove that I}y g is of m-forward type A,
confer Definition

Induction base: The induction base consists of m = 1 and m = 2. We start with proving
(]ED andformzlandmzz

Let m = 1. Then ojg1(V) = [-2 + V,2 + V] and its unique spectral band Ky =
[—2 + V,2 4 V] is of backward type B but not of weak backward type A (as it is strictly
contained in oy (V) = R = Ko (V') and oy0/(V) = Ljo0(V) < Kg,0,1)(V)). This proves
for m = 1.

Let m = 2. We have tjg 2 (E,V) = E? — EV — 2 (see Example implying

\% V2
t[(),oz] (E, V) =2 < FE = 5 + T + 4,
toog(E,V)=-2 <« FEc{0,V}
This motivates to denote
Vv V2 Vv V2
Bo(V)i=5 =\ +4 EV):=0, B(V):=V, Ea(V)i=+/- +4,

so that Eo(V) < Ei(V) < Ex(V) < E3(V) holds for all V' > 0. Thus, Ijgg9(V) =
[Eo(V), E1(V)] and K2/ (V) := [E2(V), E3(V)] are the two spectral bands in o g2(V)-

is of backward type A for all V' > 0 since I[O 02](V) Cstr [=2,2] = Lj (V)

Clearly Ij,2(V) i
In addition Eo( ) < =2+ V for V> 0 and so Ijp (V) is not contained in Ko 1(V) =
[—2+V,2+V]. Hence, Ij2(V) is not of weak backward type B for all V > 0. The spectral
band Kjg,9(V) is of backward type B since Ko 9(V) Cstr [-2+ V,2+ V] = K{g,1)(V) for
all V > 0. In addition, E3(V) > ¥ +2 > 2 for all V > 0 leading to T (V) < Kpo,2/(V).
Thus, Kjg,,9/(V) is not of weak backward type A.

Summing up, we have proven (]E[) and , for m =1 and m = 2. It is left to show (@ for
m =1 and m = 2, namely that V4i:([0,0,1]) = 0 and V4it([0,0,2]) = 0.
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Verit ([0, 0, 1]) = 0: We first aim to apply Corollary for ¢ = [0,0] and m = 1. Applying
Corollary [4.23 would give that V.2 (0,0,1]) = 0 (see Definition [4.21) and then one needs
only to show property [(A2)|in order to conclude Vgit([0,0, 1]) = 0. But, in this case property
(A2)|is an empty statement since M =m — 1 = 0.

In order to apply Corollary for ¢ = [0,0] and m = 1 we note the following. The spectrum
oc has only one spectral band Ijp o that is of backward type A and not of weak backward
type B for all V' > 0, which is assumption of Corollary To check assumption (]ED of
Corollary we need to prove that I[lo,o,l,l}(v) Cstr Ljo,0)(V) for all V' > 0.

By Lemma 010,0,1,1] = 00,0,2 Consider the spectral band Ijg (V) = [Eo(V), E1(V)],
which we calculated above. In particular, we have seen above that Ij9/(V) Cstr {[o,0(V)
holds for all V' > 0. Therefore Ijg (V) equals to the unique spectral band I[%’O’Ll](V) by
Definition q3.3 . Thus, I[l(),o,l,l] (V) St Ljo,0)(V) for all V' > 0, which verifies all the assumptions
of Corollary As explained above, we conclude V4it([0,0,1]) = 0.

Verit ([0, 0, 2]) = 0: We aim to apply Corollary[4.25|for ¢ = [0,0] and m = 2 in order to conclude
Verit([0,0, 2]) = 0. Condition (@) of Corollary% was already verified above, as the spectral
band Ijg g that is of backward type A and not of weak backward type B for all V' > 0. We

have also proved above V2% ([0,0,1]) = 0, which verifies condition of Corollary

crit

We only have to check condition for all V' > 0. Specifically, it is sufficient to prove
It 2.1 (V); 1@{;2{1](1/) Cotr Ljo,0) (V) for all V > 0. Note that M + 1 =m = 2.
Using Proposition @ and Lemma we conclude

t10,0,2,1)(E, V) = to,0,3(E, V) = S3(E) — VS2(E) — S1(E)

We use this to express all the E' values for which t(g 2 1)(E,V) € {-2,2}:

V-1 V242V +9

E4(V) = 2 2 y E5(V) = —1,

V+1 VVZ_2V+9
Eo(V) =y — 5 : E:(V) =1,

V-1 VVZ42V 49 V+1 V2 -2V +9
Eg(V) = 5 + 5 , EQ(V) = 5 + 5 s

where Ey(V) < E5(V) < Eg(V) < E7(V) < Eg(V) < Eyg(V). Now, it is straightforward to
check that the three spectral bands in oo 2,1] are

Ipo2y(V) = [Ba(V), Es(V)l,  Igld, (V) = [Ee(V), Ex(V)]

and
Kp0,3(V) = [Es(V), Eg(V)].

Furthermore, 1[1070’271]0/), I[](\J/{(')’:Ql’l](V) Cstr Lj0,0)(V) for all V' > 0. Thus, Corollary {4.25/ implies
Verit([0,0,2]) = 0, hence statement (b)) of the current lemma holds for m = 2, and this finishes

the proof of the induction base.

Induction step: (see Figure Let m > 2 and suppose (induction hypothesis) that
Verit ([0,0,m]) = 0 and 079 g, (V) satisfies (c]) for all V' > 0.

We have ¢([0,0,m + 1]) = #H and 80 09 0,m+1](V) consists of exactly m + 1 spectral bands
by Proposition and Lemma Since Ko 0,m)(V) is of backward type B (and not of weak
backward type A) for all V' > 0, we conclude that Kjg (V) is of type B for V' > 4, see
Theorem Then propertyof K{0,0,m) implies that for V' > 4, there is a spectral band
K[O,O,m,l](v) in O'[(LO’m’H(V) of backward type A such that K[O,O,m,l](v) gstr K[O,O,m}(v)'



46 RAM BAND, SIEGFRIED BECKUS, RAPHAEL LOEWY

Furthermore (referring again to Theorem , T (V) = [-2,2] is of type A for V' > 4
and so it strictly contains m spectral bands of type B in oyg g, 1(V) for V' > 4. Since
(0,0,m,1] (V') has m+1 spectral bands, the spectral band Ko g .1 (V') mentioned above satisfies
the following: for V > 4, it is the unique spectral band in 0[0707m71](V) of backward type A; in
addition Kg g m1](V) Sstr Ko,0,m (V) (as seen above) and Ijg (V) < Kg,m,1)(V) for V >4
(since Ijg (V) < Kip,0,m(V) by the induction hypothesis). Furthermore, the left-most m
spectral bands in oy g, 1)(V) are strictly contained in oy o (V') for V' > 4. By Lemma
710,0,m,1](V) = 710,0,m41)(V), and in particular, we can identify Kjg g, 1)(V) with a spectral
band Ko 0 m41)(V) in 0(0,0,m+1)(V) and K g m41)(V) is of backward type B for V > 4.

We will show that

(d) K0,0m+11(V) Sstr Ko,0,m) (V) and Koo mi1)(V) € Lo, (V) for all V> 0,
(e) I[O,O}(V) < K[O,O,m—i—l}(v) for all V > O,
(f) Vit ([0,0,m + 1]) = 0.

Observe that these statements imply that parts (]ED and of the lemma hold for m + 1.
These implications are rather straightforward, and one just needs to notice that to get the
first bullet of () for m + 1, one needs also to employ Vgt ([0,0,m + 1]) = 0, which provides

the and properties of Ij (V') for all V' > 0.

Proof of (d): Since m > 2, we have ([0,0,m]) € (0, 1) and by induction hypothesis Kjg ¢ ,,,) (V)
is of backward type B for all V' > 0. Lemma implies o[ 0m,1] = 0,0,m+1]- Lhus,
Lemma applied to the spectral band Kjg g, (V') implies KJg g m1](V) = K[lo 0,m,1] (V) Cetr
Ko,0,m(V) for all V> 0. Moreover, Lemma asserts that K[lo,o,m,u(v) is not of weak

backward type B for all V' > 0, namely K [10,0,m,1](v) is not contained in a spectral band of

T10,0,m,1,—1] = 0,0 = [—2,2]. Since K gmi1)(V) = K[lo,o,m,u(v) holds for all V' > 0, we
conclude Kjy g m1](V) € [-2,2] for V > 0.
Proof of (e): For V' >0, (d) and [~2,2] = I}y 0)(V) < K[g,0,m (V) imply

=2 = L(Ijo,0/(V)) < L(K9,0,m)(V)) < L(K[0,0,m+1)(V))-

Furthermore, (d) asserts Ko om41)(V) € [-2,2] for all V' > 0 implying R(Ijg0(V)) <
R(K[0,0,m+1(V)) for all V> 0. Thus, Ij (V) < Kjg,m+11(V) follows for V' > 0.

Proof of (f): Since oy (V) consists only of the spectral band Ijg 5;(V') we need to show that
Ij9,0)(V) is of (m+1)-type A for all V' > 0. Since Verit ([0, 0,m]) = 0 and I g (V') if of backward
type A but not of weak backward type B for all V' > 0, Corollary (for m > 2) asserts
that we only have to prove

I[lo,o,m+1,1} V), fﬁﬁiﬂ,u (V) Sstr Ijo 0] V)

for all V' > 0 where M = (m+1) — 1 =m. Lemma asserts Sj(+2) = (+1)!(1 + 1) for
[ € N. Thus, Lemma @ leads to

It0,0041](£2, V)| =[S151(£2) — VS(£2) — Si—1(£2)] (5.1)
=[(£1)" (1 +2) - (£1)! (1 + 1)V — (£
=|(£1)* 2 F (1)1 + 1)V
=2F (1+1)V|.
Hence, we conclude from Proposition @ that
lto.0mr11 (=2 V)| = [tpomiz (-2 V)| =2+ (m+2)V >2,  V >0.

This means that for all V> 0, E = —2 is not a spectral edge of any spectral band in
10,0,m+1,11(V), see Lemma @ Since £ = —2 is a spectral band edge of Ijg(V), and
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since I[jb Omtl 1](V) Cetr I[Om(V) for1 <j < M+1andV > 4 (by Theorem|2.16|), we conclude

that I[{),o,m+1,1](v) Cstr I[o,0) (V') may be violated if and only if R (I{do’erLl](V)) > 2. Since

I[JO,O,erl,l} =< I[](\{J:nﬂﬂ holds by definition for all 1 < j < M 4+ 1, it suffices to show that for

all V>0,

RN () <2 (5.2)

For V > miﬂ, Equation and Proposition (EI) lead to

+2
[t10,0m+1,11(2 V)| = [t10,0m+2/ (2, V)| = [(m +2)V — 2| > 1=

— —2>2

m+1

Hence, (5.2) holds for all V > ;A proving Ity ..y (V) I[g{;; 11(V) Ssur jog(V) for all
V> miﬂ. Recalling also the induction hypothesis, Vit ([0,0,m]) = 0, we apply Lemma

for m +1 > 2 and ¢ = [0,0] and conclude that there exists § > 0 such that Ijg (V) is of

(m + 1)-type A for V > m4 — d. Since, Ijgg] is the only spectral band in oy g this implies

+1
Verit ([0,0,m + 1]) < miﬂ — 6. Thus, it is left to prove (5.2) for 0 <V < miﬂ — 4. Equation
1' together with 0 < V' < miﬂ — § implies

lto.0mi1(2, V)| =2— (m+1)V| <2,

so that there is a spectral band of oy y41)(V) which contains £ = 2, for 0 < V <
%ﬂ — 0. But, since 0(g,0,m,1] = 0(0,0,m+1] (Lemma ) and by the induction hypothesis,

I m (V) Cste oo (V) for V> 0, the only spectral band which can contain E = 2 is
K[l(),(),m,l](v) = Kp,0,m+1](V), and so

4
L (Kpomt1(V)) < R (Ijog(V)) =2 for0 <V < 1

In order to conclude 1D for0 <V < miﬂ — ¢, we will apply Lemmaw for [0,0],[0,0,m +
1],0,0,m+1,1] € € and Ao = R(Ijg0)(V)) and po = R(I[fy;; 111(V)- A direct computation
invoking Lemma [4.4] and Lemma [£.5] yields

R(Ijpq(V)) € (H[o,o],v(o)) , L(Kpomen(V)) €0 (H[E,lo,mﬂ},v(ﬂ))
and
R([[](\){S%H,l](v)) co (H[O,O,m+1,1],V<7T)) .
Thus, 0o = 0, Op0m+1] = T 0,0m+1,1 = 7 and these spectral edges are admissible
(Definition . Moreover, we can directly compute the values of the counting function
Nig,0 := N(R(Ijp,00(V)); Hjp,0,1(0)) =0,

N[o,o,m+1,1] = N(R(I[](‘){J;H,H(V); H[o,o,m+1,1],v(7r)) =m,

and using L (Koo m+1)(V)) < R (Ijp,(V))for 0 <V < miﬂ — 4, we get

Nio.0,m+1) = N(R(I,0)(V)); H[g}o’m (™) =m+1.

Hence, N 0j+No.0,m+1] > Njo,0,m~+1,1] follows. Moreover, using that we found L (K g n41](V)) <
R (Ijo0)(V)) = Ao for0 <V < ﬁ—& implies that Ao is a simple eigenvalue in H[>0<10 ] V(Mm@
Hp0),(0). Thus, Lemma @) yields

2= R<I[O,O](V)) =X > R(I[J(\)/{S:rln+171](v)) = Uo-

Hence, we have proven || forall0 < V < miﬂ — §. Thus, Corollary (for m > 2)
implies V4t ([0, 0,m 4 1]) = 0 proving (f). O
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Next we prove that the unique spectral band Ijgo1(V) = [-2 + V,2 + V] of og911(V) is of
type B for all V > 0. This is demonstrated in Figure [5.2]

Lemma 5.4. Let Ijg1)(V) = [-2+ V,2 + V] be the unique spectral band of o o11(V) for
V € R. The following holds for all V> 0:

(a) Ij0,1)(V') is of backward type B but not of weak backward type A,
(b) For allm € N, Ijgo1)(V) is of m-type B, i.e. Viuit([0,0,1,m]) = 0.

m—+1
I[lO.OAlJn,,l] I[();JL.,l.m,l]
910,0,1,m,1] : | —— —_
A B B
I[l().()jl.nl,] 150,1,m]
910,0,1,m] R St P
B J10,0,1,m] A A
[}
. .
070,0,1] ' * |
24V B Ij0,0,1) 24V
Ijo,0)
0-[070] L 4
—2 A 2
I10] R

FIGURE 5.2. A sketch of the spectral bands considered in the proof of Lemma [5.4]

Proof. Statement @ was already proven in Example for all V" > 0.

In order to prove (b)), let m € N and M = m since we aim to show that Ijg ) is of m-type
B, see Definition This will be done in two steps: first by applying Lemma to show
VI ([0,0,1,m]) = 0 for all m € N; then applying Corollaryto show Vit ([0,0,1,m]) = 0
for all m € N. In order to apply both corollaries we need to show that

Lo o1my(V), I[](‘fafll,m,l](V) Cotr Lo0.11(V), vV > 0. (5.3)

rit
(£1)!(1 4 1). Thus, Lemma leads to
t0,0,0,m1)(£24+ V, V)| =[(£2 4 V) Simi1(£2) — 25, (£2)]
=[(£24 V)(m +2) F2(m + 1)
=|V(m+2)£2|.

Thus, }t[070717m71](i2 +V, V)‘ > 2 follows whenever V' > mi—‘,-l' The values +2 + V', at which
the trace is evaluated, are the spectral band edges of I (V). By Theorem the strict
inclusions hold for V' > 4. Thus, by continuity of the spectral edges (Corollary
and ‘t[O,O,l,m,l](iQ + V,V)‘ > 2, holds for all V' > miﬂ. Hence, Lemma implies
that there is a 6 > 0 such that Ijgo1(V) is of quasi m-type for all V' > 4 _§, namely

’ m+1
Vauesi((0,0,1, m]) < 3.

crit

Step 1: We prove X/Cqu(ZSi([O,O, 1,m]) =0. Let V > %H‘ Lemma asserts Sj(+2) =

4
m4+1
Now let us consider the range 0 < V' < miﬂ — . First, for all V' > 0, the trace computation
above gives

[t001m12+ V., V)| =V(mn+2)+2>2
Hence, R(I[Qf;}m (V) < 2+V follows for all V > 0, since it holds for V > 4 by Theorem|2.16

and using continuity (Corollary . Since I[% 01m 1](V) =< I[J(‘)J(Tllm 1](V) holds for all V' > 0,
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it thus suffices to prove
24V < Loy my(V))  forall0<V < 2o -4

Let Jig,0,1,m] be the spectral band associated with Ijg g 1) of Definition 4.8 see also Figure [5.2]
Hence, it is the spectral band satisfying ind(Jjp 0,1,n]) = ind({g [0.0,1, ]) 1. Lemma E ,

Lemma and0<V§mi+1—5leadto

t0,01,m) (=2 + V, V)| =[(=2 + V) Sm(—2) — 25m-1(—2)|

=[(=2+V)(-1)"(m+1) — 2(=1)" 'm|
(=24 V)(m +1) + 2m|

‘ (m+1) —2| < 2.

By Lemma we conclude that —2 4+ V' is in the interior of a spectral band of oy g 1 m] (V).
On the other hand, -2+ V < L(I} 0,01 m](V)) holds for V' > =5 — 0. Thus the continuity of

the spectral edges in V' implies —2 +V < R(J|g0,1,m]) for 0 g V < m—H —9.

With this at hand, we prove (5.4) by applying Lemma with ¢ := [0,0,1], [c,m] =
[07 07 17m]7 [Ca m, n] = [0707 ]-7m7 1]7 )\0 = L(I[O,O,l](v)) =-2 + V and Mo = L(I[OO 1,m,1] ( ))
Let Oc, ¢ m)» Ojc,m,1] € 10,7} be such that

L(Ip0.11(V)) € 0 (Hy o1, (0c)) » R(Jj0,0,1,m(V)) €0 (H[>[<)71()717m]’v(‘9[c,m]))
and
L(Iﬁ),o,1,m,1](v)) € o (Hyp01,m1,v0em,1])) -

A direct computation yields ind(Ijg ¢ 1) = 0, ind(Jjg0,1,m)) = 0 and ind (I 0.0,1,m 1]) =1, see
Figure Inserting these indices into the characterization of admissibility in Lemma [4.6] we
conclude that these spectral edges are admissible. Furthermore, we can directly compute the
values of the counting function

Ne := N(L(Ip,011(V)); Higp,1),v(0c)) =0,
Nie,m1) = N(L(I[lo 0.1,m,1] (V)i Hio,0,1,m.1), V(G[O 01,m1)) =1,
and using L(Ijg,11(V)) = =2+ V < R(Jp0,1,m)) for 0 <V < =5 — 4, we get

N[c,m} = N(L(I[O,O,l}(v)) H[E })71,7”} (a[c,m})) =0.

Hence, N. —|— Nie,m] < Niem,1) follows. Moreover, Ao = L(I[001](V)) < R(Jjp,0,1,m(V)) for
0 <V < =5 — 0 implies that ), is a simple elgenvalue in H[o 0,.1,m], v (Oem)) © Higp,1),v (Oc)-
Thus Lemmaylelds 24V =X < o = L(I} [0,0,1,m 1}(V)) proving forall 0 <V <
4 _§. Hence, V2%*'([0,0,1,m]) = 0 follows.

m+ 1 crit

Step 2: We prove Vit ([0,0,1,m]) = 0. Let m > 2. We aim to apply Corollary and need
to check its assumptions @, @ and (¢). We have seen above that ojg ¢ 1)(V) has exactly one
spectral band Ijg o ;) which is of backward type B but not of weak backward type A, so that

assumption @ of Corollary 5 holds. By step 1 of the proof, we have V“**([0,0, 1 m]) =0

crit

and V4 ([0,0,1,m — 1]) = 0. The first implies that assumption (]Eb in Corollary [4.25| holds

crit

and the second 1mphes that assumption in Corollary holds using m > 2. Hence,
Verit ([0, 0, 1,m]) = 0 follows for all m > 2.

Let m = 1. Since ¢([0,0,1]) = 1, assumption (i) in Corollary does not hold for m = 1, and
we cannot apply that corollary. Instead, we directly verify that V¢([0,0,1,1]) = 0. Recall
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t[O’O,LH = t[0,0,Q] = E2 — EV — 2, see Example ThUS, 0'[0’071’1](‘/) = [EO(V),El(V)] U
[E2(V), E3(V)] with

v o [v? v [v?
Bo(V)i=5 —\[ 7 +4 BV):=0, E(V):=V, Ey(V):= 5+ 5 +4.

Thus, Ijg0,11](V) = [E2(V), E3(V)] Sstr Ljo,0,1)(V) and Ijg1,1)(V) is the unique spectral

band in o7jg1,1)(V) of backward type A. Since 2 < E3(V) for all V' > 0, we conclude that

Ij0,0,1,1(V') is not included in Ijg (V') and hence it is not of weak backward type B for all
*

V > 0. Thus, Ij,1)(V) satisfies for all V > 0. Since V2“**([0,0,1,1]) = 0 by step 1, we

crit

conclude Vit (]0,0,1,1]) = 0. O

6. PROOF OF THEOREM [2.15] - USING VERTICAL AND HORIZONTAL INDUCTION STEPS
Recall the definition of the critical value for m € N and ¢ € € with ¢(c) ¢ {—1, oo},

Verit ([c, m]) := sup|0, 00) \ {V eR

each spectral band in o.(V) is either
of m-type A or of m-type B '

In order to prove Theorem that every spectral band is either of type A or B, we show
that Vait([c,m]) = 0 for all ¢ € €, m € N with ¢(c) ¢ {—1,00} and [c,m] € €. To
prove Vit([c,m]) = 0, we use an inductive argument over the space of finite continued
fractions €. For the induction step we need to extend [c,m]| € C, both in terms of number
of digits (we call it a horizontal step) and also in showing that every digit m € N is valid
(vertical step). Towards this we supply the following two lemmas. Throughout this section
we use the notational conventions of Definition In particular, we use the notations of
the spectral bands {I[’;7m]}iﬂi1 in o(c m and the spectral bands {I[jcmm] }J]\f{l
M € Ny := NU {0} that are associated with a given spectral band I. in oe.

in Ole,m,n] with

Lemma 6.1 (horizontal induction step). Let m € N and ¢ € C be such that p(c) ¢ {—1,00}
and [e,m] € C. If Vait([e,m]) = 0 and Vait([e,m, 1]) = 0, then Veis([e,m,1,n]) = 0 for all
n € N.

Proof. Let ¢’ := [c,m, 1]. We have to show that Vi,it([c,n]) = 0 for all n € N. Since m € N,
we conclude ¢(c’) € (0,1). Thus, Proposition implies that it suffices to prove that each
spectral band in o (V') is either of backward type A for all V' > 0 or of backward type B for
all V > 0. Let I be a spectral band in o¢. By Theorem we already have that Io/(V) is
either of backward type A for all V' > 4 or of backward type B for all V' > 4. We treat each
of these two cases separately.

Case 1: (For all V' > 4, I+(V) is of backward type A). In this case, using (e o)(V) = 0(cm) (V)
(as ¢ := [c,m, 1] and by Lemma [2.5) we conclude that I/(V') is strictly included in a spectral
band of (¢ (V) for all V' > 4. By Theorem there is a unique spectral band Ij¢ (V)
such that I.(V) = Ifc7m71}(V) Cstr Lje,m)(V), for all V' > 4. Since Veit([e,m, 1]) = 0, we
conclude I (V) = I[ic,m,l](v) Cstr Lje,m) (V) for all V' > 0 implying that I/ (V) is of backward
type A for all V > 0.

Case 2: (For all V' > 4, I«(V) is of backward type B). In this case, using o _1)(V) =
O1e,m,0(V) = 0c(V) (as ¢ := [c,m, 1] and by Lemma we conclude that Io/(V) is strictly
included in a spectral band of o (V') for all V' > 4. By Theorem there is a unique spectral

band I.(V') such that I./(V) = I[Jcm 1](V) Catr Le(V), for all V' > 4. Since Vgit([c,m]) = 0,
we conclude I/ (V) = I[]C " 1](V) Catr Ic(V) for all V' > 0 implying that I./(V') is of backward

type B for all V' > 0. O
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Lemma 6.2 (vertical induction step). Let ¢ € C be such that ¢(c) € {—1,00} and [¢,m] € C
for all m € N. If Viie([e,m]) = 0 for all m € N and Viit([e,1,n]) = 0 for all n € N, then
Vait([e,m,n]) = 0 for all m,n € N.

Proof. We denote by T'(m) the statement that Viit([c,m,n]) = 0 for all n € N. We use
induction over m € N to prove that T'(m) holds for all m € N and the lemma follows. The
induction base T'(1) is true by the assumption in the lemma.

Suppose T'(m) holds. Denote ¢’ := [c,m + 1]. We need to show Vit([c,m + 1,n]) =
Verit([¢/,n]) = 0 for all n € N. Since m € N, we have m + 1 > 2 and so ¢(c’) € (0,1).
Thus, Proposition implies that it suffices to prove that each spectral band in oe (V) is
either of backward type A for all V' > 0 or of backward type B for all V' > 0. Let I be a
spectral band in o¢. By Theorem I.(V) is either of backward type A for all V' > 4 or
of backward type B for all V' > 4. We treat each of these two cases separately.

Case 1: (For all V' > 4, I/(V) is of backward type A). In this case, using o¢/ (V) = o¢(V)
(as ¢ := [c,m+1] and by Lemma[2.5)) we conclude that I/ (V) is strictly included in a spectral

band of o¢(V) for all V' > 4. By Theorem there is a unique spectral band I.(V) such
that Io(V) =TI }(V) Catr Le(V), for all V' > 4. Since Vit([c,m + 1]) = 0, we conclude

[e,m+1
I (V) = I[ic’mH}(V) Cetr Ic(V) for all V' > 0 implying that I(V) is of backward type A for
all vV > 0.
Case 2: (For all V' > 4, I«(V) is of backward type B). In this case, using oo _1)(V) =
Te,m)(V) (as ¢ := [c,m + 1] and by Lemma we conclude that I/ (V) is strictly included
in a spectral band of o(c ,)(V) for all V' > 4. Recalling that o/ (V) = 0(c m,1)(V) (again by
Lemma and applying Theorem we conclude that there is a unique spectral band

Iie,m) (V) such that I(V) = I[icm 1](V) Cstr L[e,m)(V), for all V' > 4. Since by the induction
hypothesis Vait([c,m, 1]) = 0, we conclude I (V) = I[icm (V) Sser Lemy(V) for all V>0
implying that I/(V) is of backward type B for all V' > 0. O

We are ready to prove Theorem [2.15

Proof of Theorem [2.15, In order to prove the theorem (that every spectral band is either of
type A or B), we show that Vit([c,m]) = 0 for all m € N and ¢ € € with ¢(c) ¢ {—1,00}.
For | € N, we denote by T'(I) the statement that

Verit ([0,0,¢1,...,¢]) =0 and Verit ([0,0, €1, ..., c41]) = 0, (6.1)

for all [0,0,¢1,...,¢1,c41] € € with ¢;41 € N. We prove by induction that T'(1) holds for all
leN.

We start from the induction base, T'(1). By Lemma and Lemma
‘/Cl“it([oy 07 Cl]) =0 and ‘/vcrit([o) 07 ]-7 02]) = 0)

hold for all ¢1, co € N. Using this, applying Lemma (with ¢ = [0,0], m = ¢1, n = c2) gives
that Vit ([0, 0, ¢1,co]) = 0 for all ¢, co € N, proving the induction base.

Now, suppose T'(I) is true for [ € N. In order to prove T'(I + 1), it suffices to show that
Verit ([0,0, ¢1, . . ., cry1, cr42]) = 0 for all ¢;40 € N. Apply Lemma (for ¢ =[0,0,c1,...,c1—1]
and m = ¢;) to the induction hypothesis (6.1]) with ¢;;1 = 1 to conclude

Verit ([0,0, 1, ...y 1, 1, ¢42]) =0,
for all ¢;49 € N. Using this and the induction hypothesis , we apply Lemma (for
c=1[0,0,c1,...,¢], m=c1, n = c42) and get that
Vit ([0,0,¢1, ..., ¢, a1, Cryo]) = 0,
for all ¢;41,¢+2 € N. Hence, T'(I + 1) holds. O
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7. PROOFS OF THEOREM AND THEOREM

In this section, we prove Theorem [I.7] and Theorem In addition, in the last subsection
we provide a useful characterization of type A and B spectral bands (which was conveniently
used in [BBL23|).

7.1. Proof of Theorem Theorem connects the spectra of all the rational approxi-
mants o, to the vertices of the spectral a-tree.

Proof of Theorem[I.7] The statement straightforwardly follows from the next Proposition
once one observes ga, = 0g0.c,,..c,] USing Lemma and ¢([0,0,c1,...,ck]) = ag. O

In fact, the following proposition contains one additional property @ (connecting the A, B
types of the spectral bands to the A, B labels of the vertices) which is insightful, but was not
included in the statement of Theorem [1.7] since the A, B types of the spectral bands were
not defined yet in Section

Proposition 7.1. Let a € [0, 1] \Q with infinite continued fraction expansion (0, c1,ca,cs,...).
Then there exists a unique bijection ¥ between all the vertices of spectral a-tree To, and all
spectral bands (viewed as maps on (0,00)) of {0[070,017“.7%]}keNU{_l 0} such that

(a) For each k € NU{—1,0}, ¥ bijectively maps each vertex in level k to a spectral band

0f 010,0,c1,....cx]-
(b) If u,w are two vertices such that u — w then V(w) Cgr U(u).
(¢) If uy,uy are vertices in levels k1, ks (respectively) such that |k1 — ko| < 1, then

up <up <= U(up) < ¥Y(ua).

(d) A vertex u is labeled A (respectively B) if and only if the spectral band (V(u)) (V) is
of type A (correspondingly B) for all V > 0.

Example 7.2. As mentioned in Example the order relation in Proposition is only
preserved by ¥ for vertices that are in the same level or in consecutive levels. In general
this may fail: Consider the middle spectral band (¥(w)) (V') = Jjg0,1,2)(V) in o9,0,1,9/(V), as
sketched in Figure (level 2). From Example [2.3] we have

to01.2(E, V) =E*—2E*V + E(V? - 3) 4+ 2V.

Thus, for V' = 1, we have Jjg19(1) = [1 — V/3,/2], which is strictly contained one level
below in Ijg 1)(1) = [~1,3] and two level below in Ijg (1) = [-2,2], confer also Figure
(dashed lines). On the one hand, we have u := (W~ (Ijg ) < (¥~ (Jjp0,1,9))) =: w for the
corresponding vertices in the spectral a-tree T, (here u is in level 0 and w is in level 2). On
the other hand, the previous considerations show that ¥(u) £ ¥(w).

Proof of Proposition[7.1. We will omit in the following the V' dependence unless it is crucial.
Let o € [0,1]\Q with an infinite continued fraction expansion (0,c1,c2,cs,...). For each
k € NU{0}, denote ay := ¢([0,0,¢q,...cx]) and Z—’; := ay; with co-prime py, qx, see also .
By standard properties of continued fractions (see e.g. Lemma (b)), we have for k > 0,

g-1=0, 9o =1, qx = crqr—1 + qr—2, ke N. (7.1)

Let 7, be the spectral a-tree with edge set &,. Observe that any bijection satisfying the
properties @ and must be unique since the vertices within a level k are totally ordered
by <, and correspondingly the spectral bands within ojg o, .., are totally ordered by <.

We start by constructing the bijection ¥ between all vertices of 7T, and the spectral bands
of all {0[0»0701’~~-»Ck}}keNu{—l 0} We do so inductively in k£ and start by handling the levels

k € {—1,0,1} in the induction base, sketched in Figure (3).
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(1 J1 Jo I M (u k—1)+1
level Kk +1 == — —
wip B B B AWM (u,k—1)+1

level k
level Kk —1 O T(a)
2 3 1 ‘/1 2 "1 ‘;11 B
(2) A . A (3) Too.e To00.e] L0.0.0a] Kp,0,c1]
: : level 1 et et e —_—
w1 W2 . Wey—1 w?
level k + 1 gt — W
: level O ' Tio.0] w0 ® '
level , . ! '
evel k u U (u) level —1 " oot R

FIGURE 7.1. In (1) and (2), the recursive construction of ¥ is sketched. In
(3), the map W is sketched for the levels k € {—1,0,1}. The plotted vertices
are mapped to the spectral bands next to them.

Induction base. Level k& = —1 of the graph 7, contains only its root. The corresponding
spectrum is ojg) = R. We set ¥ to map the root of the graph to the “spectral band” R in o).

In level k£ = 0, the graph 7, has a single vertex (connected by an edge to the root), which is
labeled A (it is vertex u° in Figure (a)). The corresponding spectrum oy consists of a
single spectral band Ijg g = [—2,2] which is of type A by Lemma . We then set ¥ to map

the vertex u” in level k = 0 to the spectral band [—2,2] of oy ).

In level £ = 1, the graph 7, has ¢; vertices which are totally ordered by the order relation <.
The right-most vertex is labeled B, which is the vertex w® in Figure (3). This vertex is
directly connected to the root. By construction, the left-most ¢; —1 vertices wy < ... < we—1
are labeled A, which are directly connected by an edge to the vertex u° in level k& = 0,
ie. (uo,wj) € & . The corresponding spectrum opg ., consists of ¢ = c¢; spectral bands
using Equation . By Lemma and Theorem the left-most ¢; — 1 spectral bands

I[l0 0.c]? ’I[Col(;;] of 0(g0,c,] are of type A and the rightmost spectral band K ) is of type

B satisfying I[Joo ) = I{Ozlcl} for1<j<e —2and ff&&il] < K[p,0,c,]- Moreover, Lemma

asserts 1[3070701] Cstr Ljo,0) for 1 <7 <1 — 1 and Iy < K[gp,c;] Sstr R. Hence, we define ¥ on

level k =1 by ¥(w;) = I[Joo el and ¥ (w’) = Kp,0,,]> sketched in Figure |7.1f(3).

By construction, W satisfies the claimed properties @), , , @, for the levels k& €
{=1,0,1}. We continue recursively constructing the map ¥ and inductively proving that
all properties of the proposition statement hold for all £ > 1. But, before doing so, we pro-

vide an enumeration of the vertices in level k of T, and of the spectral bands in ojg g, ... cp-

Counting vertices in level k of 7. For k > 0, define

N, ,EA) := number of vertices labeled A in level k,
N, ,§B) := number of vertices labeled B in level k.
We will inductively prove
/\/’,C(A) =q — q—1 and NIEB) = qr_1 (7.2)
using the construction of the tree 7, as described in Section and Figure

For the induction base, we check k € {0,1}. If kK = 0, then there is exactly 1 = gy — g—1 vertex
with label A and 0 = g_1 vertices with label B. If k = 1, then we have seen at the beginning
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of the proof that there are exactly ¢; — 1 = g1 — qo vertices with label A and 1 = gy vertex
with label B.
By the recursive definition of the tree we conclude
A A B B A B

N]iJr)l = (Ck+1 — 1) Né ) + Cr41 Nli ) and NIEJF% = Cg ng—i + (Ck + 1) ./\/-]57%
If we assume by induction hypothesis that (7.2) holds for k£ and k& — 1, then the previous
equations combined with 1) lead to N, ,5_/:)1 = Qg1 — qr and N, éfi = qp.

Counting spectral bands in o9 9., .. .- For k > 0, define

/\Nf,gA) := number of spectral bands of type A in oyg

C1,...,Ck}7

./\7,53) := number of spectral bands of type B in oy ¢, c,.....cr]-

We will inductively prove

N;EA) =qr—qr—1 and /\N/'k(B) = Qk—1. (7.3)

The induction base for k € {0,1} follows similarly as for the vertices. For the induction step
suppose ([7.3) holds for k£ and k£ — 1. By the forward property of type A and type B spectral
bands (see Definition [2.12]), we conclude with the induction hypothesis that

/\Nféfi > (crp1 — 1) -/\N/'k(A) + Ck+1 '/V,SB) = Ck+19k + Qk—1 — Gk,
NB > o A .- NB
k+1 = Ck b1 T (Ck’ + ) b—1 = CkQk—1 T Qr—2.

Note that we currently get above only inequalities (rather than equalities). The reason is
that we have not (yet) proven that counting the spectral bands according to Definition is
exhaustive. Namely, we have not proven yet that every spectral band may be written as I}

4 [e,m]
J
or I[Cm’n]

true and follows from the next argument. Applying 1} the estimates N, ,gf:)l > qr+1—qr and

N, k(ﬂ > qi follow. These are actually equalities since N, éﬁ)l + N, kgfi is bounded from above by
the total number of spectral bands in oy, which equals to gpy1- O

(as defined in Definition [2.12)) for appropriate choices of ¢, m, n, ¢, j. This is actually

Clv-"7ck+l]7

Induction step for constructing W and proving its properties. Let £ > 1 be such that there is
a map V¥ satisfying up to (and including) level k all the claimed properties , (]ED, and
@. We show that we can extend ¥ to a map satisfying these properties also in level k + 1.

For each vertex w in level k + 1 with label A, there is a vertex u in k& such that there is an
edge from u to w, i.e. (u,w) € &. Then the associated spectral band ¥ (u) in (g g, ..., has
(by the induction hypothesis) the label of u. Define

M (u, k) = {

By the definition of 7T, (see Section, u is connected to M (u, k) vertices w1 < ... < War(up)
of label A in level k + 1. Similarly, by Theorem and Definition m V(u) C op0.,....c]
strictly contains M (u, k) spectral bands Iy < ... < Ippu k) of type A in ojggc; . cp.q]- We
define ¥ to map these M (u, k) vertices to these M (u, k) spectral bands such that the < order
between them is preserved (i.e. W(w;) = I;), see a sketch in Figure|7.1{(2). We repeat this for
all vertices u in level k. Doing so, we have bijectively mapped all A labeled vertices in level
k + 1 to all spectral bands in og g, . ¢..,] Of type A since they have the same cardinality by

the previous considerations (Equations ([7.2]) and ([7.3))).

The vertices with label B are treated similarly: For each vertex w in level k + 1 with label
B, there is a vertex u in k — 1 such that there is an edge from u to w. Then the associated
spectral band W(u) in ojg g, . ., has (by the induction hypothesis) the label of u. As

cp+1 — 1w is of label A, (7.4)
Ch+1 u is of label B. '
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before u is connected to M(u,k — 1) + 1 vertices w1 < ... < Wys(yk—1)41 With label B
(ie. ,ie (u,W;) € &) and ¥(u) C o0, ] contains M (u, k — 1) + 1 spectral bands
Ji <o < Iyuk—1)41 of type B in ojggcy,.. e, - We define ¥ to map these M(u,k—1)+1
vertices to these M(u,k — 1) + 1 spectral bands such that the < order between them is
preserved (i.e. W(w;) = J;), see a sketch in Figure (1). We repeat this for all vertices u
in level kK — 1. By construction ¥ maps bijectively all B labeled vertices in level k + 1 to all
spectral bands in (g ;... ¢, Of type B since they have the same cardinality by the previous
considerations.

Ck—1

We emphasize at this point that by construction and the interlacing propertyof the spectral
band ¥(u)

V(wy) < V(1) < ... < V(DOprup-1)) < Y(Oriuk-1)) < Y(DOprup—1)41); (7.5)
borrowing the notation of Figure (1).

Since we have proven above that the number of vertices (distinguished by their labels) co-
incides with the number of spectral bands in oo, . ¢, 1] (distinguished by their types),
we conclude that W satisfies @ and @ Property (]E[) follows also immediately from the
construction and the induction hypothesis. Thus, it is left to prove .

We recall that we prove by induction, and that the induction base was already proven above.
It remains to prove that if £ > 1 and ¥ satisfies (i) for all vertices up to (and including) level
k, then it also satisfies for all vertices up to and including level k£ + 1. Explicitly, let w
and w be two different vertices, which are either both in level k + 1, or such that one of them
is in level k and the other in level k£ + 1. We need to show that

w=<w <= Y(w)<TYw). (7.6)

Suppose w — w. Since (b)) holds, w — @ implies ¥ (@) Cgtr ¥(w) so that (@) £ ¥(w) and
U(w) £ ¥(w). Hence, the right relation in above does not hold. By definition of < on
the vertex set of 7, one can show that w — @ implies w 4 @ and W 4 w, so that also the left
relation in does not hold. Therefore, the equivalence is valid in this case, and we
may therefore proceed with the proof assuming that w and @ are not connected by an edge.

Proof. If w and w are not connected by an edge, then we show next that either w < @ or
w < w. To see this, choose a path v from the root to w and a path 4 from the root to @
(both paths are unique). We denote by v the vertex of maximal level which appears in both
paths (such a vertex exists since the root appears in both paths). We denote by u the vertex
to which v is connected in v and denote by u the vertex to which v is connected in 4. By the
construction of the tree and the order relation < on its vertices (Definition [I.4|and Figure
we have that either v < 4 or 4 < u. Since u — w and @ — W we get (by Definition that
either w < w or w < w.

We will now show that w < @ implies ¥(w) < W¥(w). This actually proves ([7.6) which can
be seen as follows. Assume by contradiction that ¥(w) < ¥(w) and @ < w hold. Then the
previous implication leads to ¥(w) < ¥(w) contradicting ¥(w) < ¥ (w).

We continue proving that w < @ implies ¥(w) < ¥(w). We now go over all the possible
configurations in which w,w are either both in level k + 1, or one of them is in level k and
the other in level k£ 4 1 and they are not connected by an edge. There are 11 such cases and
we verify that ¥(w) < U(w) holds in all these cases.

We start by checking the cases in which w and @ are different vertices in level k£ + 1. Since
w # W, the injectivity of ¥ implies ¥(w) # ¥(w). Thus, (¥(w)) (V)N (¥(w)) (V) = O follows
from Proposition (different spectral bands in the same level do not touch). Hence, we
have

either V(w) < V¥(w) or Y(w)<TY(w). (7.7)
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FIGURE 7.2. The different cases in the proof of Proposition are outlined.

By the construction of the tree, there are vertices v and @ in level k or k — 1, which are
connected to w and @, i.e., (u,w), (@, W) € &. Then property (b) implies V(@) Cetr (@)
and ¥(w) Cgtr ¥(u). To show ¥(w) < ¥(w), one needs to treat 8 different cases. These cases
are plotted in Figure (1) to (8) and analyzed below.

In case (1), u < w follows from w < w. Recall that W is defined by sending the vertices which
are connected to @ to the spectral bands associated with ¥(u) according to Definition
In particular, the map W preserves the interlacing property |(I)| (see discussion around Equa-
tion (7.5))) implying ¥(u) < ¥(w). By ¥(w) Cstr ¥(u) and (7.7)), we conclude ¥(w) < ¥(w).
The case (2) is treated similarly. The cases (3) and (4), also follow directly from the definition
of ¥ and the interlacing property of ¥(u) = ¥(a).

In the cases (5) to (8), there is neither an edge between u and @ nor these vertices coincide.
By the definition of the order on the tree 7,, we conclude u < @ since w < @, (u,w) € &,
and (,w)€ &,. Since in these cases u and @ are in level k or k — 1, we get by the induction
hypothesis that u < @ implies ¥(u) < ¥(@). In the cases (7) and (8), since u, @ are in the
same level, so are ¥U(u), U(u) and hence we have even ¥ (u) <, U(a). Since ¥(w) Cgeir U(u)
and ¥ (w) Cgp U(a), we conclude ¥U(w) <gy ¥(w). However, in cases (5) and (6), we cannot
directly conclude from ¥(u) < ¥ (@), ¥(0) Cgr ¥(a) and ¥(w) Cer ¥(u) that ¥(w) < U(w).
A-priori, it is possible in these conditions that ¥U(w) < ¥(w) if ¥(w) and ¥(w) are both
included in ¥(u) N ¥(a). However, this leads to a contradiction as we explain now. Either w
is of type B (in case (5)) or w is of type B (in case (6)). Since ¥ preserves the labels by
either W(w) (in case (5)) or ¥(w) (in case (6)) is of type B. A spectral band which is of type
B cannot be of weak backward type A using Lemma Lemma Proposition and
Theorem But this contradicts that both ¥(w) and W(w) are included one level below
(since they are included in both ¥(u) and ¥(@) and one of them is in level k). This finishes
the proof for the cases (5) and (6).

Next, let w be a vertex in level k + 1 and @ be a vertex in level k. The symmetric case of w
being in level k and @ being in level k + 1 follows similarly. Recall that we want to show that
w < W implies ¥(w) < ¥(w). Let u be the vertex in level k (if w has label A) or k — 1 (if w
has label B) such that there is an edge (u,w) € &,.

If w has label A, then u # @ follows since otherwise w < @ is not defined. Since w < W, we
conclude u < w, which are both in level k, see Figure (9). Thus, the induction hypothesis
asserts that u < @ implies U(u) < ¥(w). Since ¥(u) and ¥ (w) are both spectral bands in
010,0,c1,...,c,]» they cannot intersect, i.e. (¥(u)) (V)N (¥(w)) (V) = 0 for all V > 0. Thus,
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U(u) <str ¥(w) follows. Since (u,w) € & implies U(w) Cepr U(u) by (B), U(u) <str V(D)
implies ¥(w) < ¥ (o).

If w has label B, then we have two cases sketched in Figure (10) and (11). In case (10),
¥ (w) < ¥(w) follows from w < 1 since ¥ preserves the interlacing property [(T)] (see discussion
around Equation ([7.5))) of the spectral band ¥(u) by construction. In case (11), there is no
edge between u and w. By the definition of the order on the tree 7., we conclude u < @
since w < w and (u,w) € &,. Thus, the induction hypothesis (v and @ are in level k and
k — 1) asserts that u < w implies ¥(u) < ¥(w). Thus, either ¥(w) C ¥(w) or ¥(w) < ¥ ().
However, ¥(w) is of type B since w has label B and ¥ preserves the labels by @ Thus,
U(w) is not of weak backward type A (as explained above when treating cases (5) and (6))
and so it is not contained in any spectral band of oy, . - In particular, ¥(w) is not
contained in ¥(w) implying ¥(w) < ¥(w) by the previous considerations. O

In the course of proving Proposition [7.I] we have actually shown the following auxiliary
statement. We phrase it here as a Lemma, which is interesting on its own right.

Lemma 7.3. Let o € [0,1]\Q with an infinite continued fraction expansion given by the
natural number coefficients, (0,cy,ca,cs,...). For all k € N, denote f]’—: = qy with co-prime

Dk @k GS i and -1 =0, go = 1.

(a) For all k € NU {0}, the level k of the spectral a-tree, T, contains q, — qi—1 vertices
of label A, and qi—1 vertices of label B (so a total number of q in level k).

(b) For all k € NU{0}, the spectrum oo g, ... . contains g, — qx—1 spectral bands of type
A, and qp_1 spectral bands of type B.

7.2. Proof of Theorem We first recall the terminology used in Theorem The
boundary 07, of the ordered tree 7, with edge set &, is

OTo = {v = (ug,u1,uz...) : ug is the root of T, and (wp—1,um) € &, for all m € N},

i.e. the set of all infinite paths which start from the root. Given v € 07,, we con-
sider the (infinite) intersection of all spectral bands which correspond to «’s vertices, i.e.,

Nmen (¥(um)) (V). By Proposition () (or equivalently Theorem @), we have
(¥ (um+1)) (V) Cetr (Y(um)) (V). With this at hand, we have argued in Section that
this intersection Ny,en (V(un,)) (V') contains a single point in o(H,, ), which we denoted by
E.(7; V) (see also [BBB™| lem. 5.11] for the case V > 4). This defines the map

Eo(-3V):0Tq = 0(Hayv),
whose properties are in the focus of Theorem

In this section, we split the statement of Theorem into various lemmas (Lemmas
and , which are proven separately.

Lemma 7.4. [also Theorem[1.9 (d)] Let o € [0,1] \ Q. For all v € 974, the map Eq(7; - ) :
(0,00) — R is Lipschitz continuous.

Proof. Fix v € 0T,. To prove the Lipschitz continuity (in V) of Eo(y; V) : 0Ta = o(Hav),
we use the Lipschitz continuity of the spectral bands proven in Corollary Denoting
v = (uo,u1,uz,...) we have that {(¥(um)) (V)},,en is an infinite nested sequence of com-
pact intervals such that [, (¥(um)) (V) = {Ea(y;V)}. In particular, this means that
limyy, o0 L ((¥(um,)) (V) = Eo(v; V). Hence, we get for all Vi, Va > 0 that

[Ea(v: V1) = Ea(y; Vo) = lim L ((W(um)) (V1)) = L ((¥(um)) (V2))]
where the last estimate follows from Corollary [3.2] O
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Lemma 7.5. [also Theorem (d), (d)] Let o € [0,1] \ Q. Then there ezists a function
Ny : 0To — [0,1] such that for all v € 0T, and all V > 0,

Na,V (Eoz(’y; V)) = Na('}’)'

In addition, we have the following spectral properties connecting between negative and positive
values of V:

(a) For all V € R and all £k € NU {0},

0(Ha,v) =—0(Hay —v)-
(b) For all V € R,

0(Ha,v) = —0(Ha,-v).
(c) For all y € 07, and all V < 0,

Na,V (_Ea(’}/; _V)) =1- Na(’)/)‘

Proof. We start by proving the existence of the function N,. Let v € 97, and V' > 0. Denote
v = (ug, u1,us,...), and for each j > 0 denote by k(u;) the level of the vertex u;. For example,
k(uo) = —1, since ug is the root of To. Note that {k(u;)},5, is an increasing sequence and
that 1 < k(uj11) —k(u;) < 2. In order to prove the lemma, we show that the value of the IDS
No,v(FE) is related to the spectral bands of the associated periodic approximations. We also
consider {E} = [E, E] as an interval and so we can use the notation I < {E} if I is another
interval.

By the definition of the integrated density of states, (1.2)), we have

#{reo(Havlgg 1) A< EalniV)}
Noy (Ea(y;V)) = lim : (7.8)
k—o00 qk_
periodic boundary _ 3 i {)‘ € 0’<Ha,v (0, —1] (0)) : A< By V)}
condition = e 7
#AN € Hayvligg, 11 (0)) : A< Eo(v; V)
(Lem.[Td) = lim { < k7 0ak 1l ) > }
~ fim # {1 is a spectral band of 0(Ha,,v) : I < {Ea(v;V)}}
k—o0 qx

# {I is a spectral band of U(Hakmj)y) A \Il(u])(V)}

jro0 Ak (uy)

(Prop. @) ~ fim #{w is in level k(u;) : w < u;} _

j=roo Ak (uy)

t Na(7),

where, moving to the second line, we used that Ha,v|jy . 1 (0) = Ha,vlg 1 + g + g0
is a rank two perturbation of Hay][o’ ar—1] and hence it might change the numerator of the
fraction above by at most two (applying twice Proposition and does not affect the
limit. When moving from the second line to the third, we replace the matrix Ha,V|[0,qk—1} by
Hak,V‘[o,qk—u' According to Lemma these matrices differ by at most one entry (the last
entry of the diagonal, when k is even), so once again (by Proposition such rank one
perturbation might change the numerator by one, but does not affect the limit. Similarly, the
numerator in the fourth line might differ than the numerator in the third line by one using
Lemma (€) (for n = 1), but this does not affect the limit. When moving to the fifth line
we use that the limit exists and henceforth may take a subsequence, {k(u;)};cy of {k},cy-

In addition, we used E,(v;V) € (¥(u;)) (V) for j € N, which holds by construction of E,.
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The last line clearly is independent of V' and depends only on the embedding of the path
within 7, so we may denote it by N (7).

We continue with treating the case V' < 0 and proving the second part of the lemma. We
recall that by Floquet-Bloch theory (see Proposition and Equation (3.1))), we have

o(Hoor) = | U(Ha,v\[ogru (9)), (7.9)

0€[0,n]

and contains exactly gx spectral bands. Using the g x gy, diagonal matrix, D := diag {1, —1,1, —

one can compute that

e D! Ha:*V|[0,qk—1] (0) D=-— Ha7v|[07qk_1] ((9) if ¢ is even.
e D! Ha,fV|[o,qk_1] (0)D = — HavV’[o,qk—l] (0 + ) if gy is odd.

The unitary equivalence between the operators above together with ([7.9) yields that for all
k € NU{0} (no matter whether g is even or odd) o(Ha, v) = —0(Ha, —v), which proves

property @
By Proposition we have

J(H%V) = klggo (U(Hak,v) U O—(Hak-‘—lyv)) .

Combining this with 0(H,, v) = —0(Ha, —v) yields 0(Hy v) = —0(Hqa,—v) and proves prop-
erty (]ED In order to prove , we return to the calculation ([7.8)) and write, for all V' < 0,

#{I is a spectral band of o(H,, v) : I < {E}}

N, E)=1
v (B) = Jim, m

@ lim #{I is a spectral band of o(H,, —v) : I = {—E}}
k—o0 qr

~ i % # {1 is a spectral band of o(Hq, —v) : I < {—E}}
k—o0 Qi

1 lim #{I is a spectral band of 0(Hq, —v) : I < {—E}} N, (B,

k—o0 qk

where in moving to the third line the numerators might differ by at most one, but this does
not affect the limit. Now, for V' < 0 and v € 97,, we substitute above E = —E,(v; —V') and

so Equation ([7.8]) implies statement . O

Remark 7.6. We note that the tree 7, was constructed to encode the spectral information
for positive values of V. This is reflected in Theorem (which is proven in Proposition
and Theorem [I.9} all phrased for V > 0. In light of Lemma one may wonder whether it
is possible to provide an analogous tree graph to reflect the spectral properties of o(Ha, v)
and o(H,y) for V< 0. Indeed, Lemma shows that such a tree will be a reflection of
the original tree graph, 7,. Returning to the construction of 7, as described in Section [I.3]
one may construct the analogous V' < 0 tree by just replacing the order of the two vertices
u?, w® which are connected to the root, such that w® < u". Obviously, the bijection ¥ in

Theorem [1.7] and Proposition [7.1] should be reflected accordingly.

Lemma also allows us also to provide the analogue of Theorem for V < 0.
Corollary 7.7. For all V < 0 and c € C with p(c) ¢ {—1,00}, every spectral band in o.(V)
is either of type A or B and its type is invariant for oll V < 0.

Proof. This follows directly from Lemma () and Theorem O
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FIGURE 7.3. The figure demonstrating the notation introduced in Remark[7.8]
The circled vertices are the ones that are counted for the corresponding relative
A-index. Note that not all vertices are plotted in each level.

Remark 7.8. As mentioned in the introduction, the representation of the the IDS N, via
07, allows to provide an explicit expression of the IDS. This is done in [Ray95a] using a
coding scheme and we shortly present here an adaptation of this expression using infinite
paths, i.e., elements of 97,. Towards this, we define for v = (ug,u1,...) € 974, the level
function £ : Ng — N_; by setting £(j) to be the level of u; (so that £(j) = k(u;), in the
notation used in the proof of Lemma . Next define the relative A-index indél(v,j) to be
the number of vertices w in level ¢(j) + 1 admitting an edge (u;, w) € &, (i.e. w has label A)
such that w < w41, see Figure [7.3] E Note that by the tree construction

{0 11— 1} if u; has label A,
lndrel(’y ]
{0 Cg ) +1} if u; has label B,

and indél(% j) = 0if and only if w1 is either the leftmost vertex with label B connected to
uj or the leftmost vertex with label A connected to u;. Finally, set

Sa(y, ) = 1 if u; has label A,
A= 00 if uj has label B.

With these notations at hand, the function N, : 0T, — [0, 1] is written explicitly as

N = —a+ Z 1ndrel(’y, ) + 6A(’Y7j)) (qg(j)a _pf(])) ’
j€Ng

_Pk

where py, qi. are coprime such that o = £, see Equation (1.5). This equality is an immediate

consequence of Lemma and [Ray95al, Theorem 4.7]. Note that this explicit representation
is a crucial ingredient in Raymond’s work to prove that all gaps are there for V' > 4. We refer
the reader also a more detailed discussion on that in [BBB™) Section 5.3, Proposition 5.21].

Lemma 7.9. [the surjectivity part of Theorem (d)] Let o € [0,1]\ Q and V' > 0. The
map Eq( - V) :0Tq — 0(Ha,v) is surjective.

Proof. Let V>0 and E € 0(H,,v). By Proposition we have £ € 04, (V) Uo0q,,, (V) for
all k € N and so E is contained in a spectral band of o, (V) or oq4,_, (V). By Proposition
there is a bijection W between spectral bands and vertices of the spectral a-tree 7,. We
conclude that we can choose a sequence of vertices, {w;} jen 0 Ta, such that £ € U(w;)(V).
In particular this sequence of vertices may be chosen such that for all j € N, w; is in level k;
and kj < kj—i—l-

By construction, 7, is a directed connected tree. Thus, we can choose for each j € N an
infinite path v; € 07, passing through the vertex w;, see a sketch in Figure (1). We note
that 07, is a compact space (using the product topology on spheres from the root, or equiv-
alently noticing that this space is a Gromov boundary). Thus, {v;} jeN admits a convergent
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subsequence {7j, },cy With limit v = (ug,u1,u2,...) € 0T,. We claim that E.(y;V) = E,
which proves surjectivity.

By the convergence of {’ij}leN to v, there is for each N € N, an Iy € N such that for all
[ > Iy, we have v[jo n) = Vj,ljo,n] and kj, > N (i.e. the vertex wj, does not appear on the first
N vertices of the path ;). Thus, for each N € N and [ > [y, we have uxy — wj, (a path
from uy to the vertex wj). Hence, Proposition () implies ¥(wj,)(V) Cotr ¥(un)(V).
Since by construction E € ¥(wj,)(V), we conclude E € ¥(uy)(V) for all N € N. Hence,
E = E,(y;V) follows from the definition of E, by the intersection of all ¥(uy)(V). O

Next, we show that the map E,( - ;V) : 0Ty — o(Hga,v) is order preserving. Towards this,
recall the order relation on 07,. Let v1 = (ug,u1,...),y2 = (wo,w1,...) € OTq. If y1 = 7o,
we set both 71 < 79 and 2 =< 1 (so that the order is reflexive). Otherwise, there exists a
unique k£ € Ny such that up_1 = wg_1 and ug # wi. By Definition either

e u; < wy for all I > k and so y; <X 9, or
o w; < u for all I > k and so y2 < ;.

(1) s (2)
S
§ 4 o L{((ui+2) V), 1 B ‘m(\wm SI)
= 0 y
O\ e mer e ema e e mee e e e e Ui Ny | NN
a, o Y2 iy j+2 B V)B_.{,((\[/(,[v,‘/ M))(“ ))
level 3 k] L((¥(u;21))(V)),_| B ’“—wi(éfj
level 3 Uj+1 A
( V(1)) W2 R p NP
fovel 2 L((¥(u)(V)) B 1A R((W(we)) (V)
level 1 ug™ Wi = W(j)f )
level 0 =
i
level —1 ’
root  wuyp Uyt = w1

FIGURE 7.4. In (1), the sequence of paths and vertices constructed in
Lemma are outlined. In (2), the paths 1 and ~2 and their associated
spectral bands in the proof of Lemma, [7.10] are sketched.

Lemma 7.10. [also Theorem[1.9 (#)] Let a € [0,1]\ Q. If v1,72 € OTa satisfy vi < 72, then
Eo(71; V) < Eo(y2; V) for all V> 0.

Proof. Let V. > 0 and v1 = (ug,u1,-...),72 = (wp,w1,...) € T4 be such that v1 < vo. If
v1 = 2 then Ey(71;V) = Eu(y2; V) by definition, and we may proceed assuming v; # 72 .
Let k € Ny be such that u; < w; for all 4,7 > k . It is worth pointing out that neither the
vertex u; (respectively w;) is necessarily in level j nor both uj, w; are in the same level.

However, since two vertices connected by an edge differ at most by two levels, we conclude
that we can choose a map ¢ : N — N with lim; , ¢(j) = oo such that u; and wy;) are at
most one level apart (so, they are either in the same level or in consecutive levels). Such a
map is in general not unique - an example is depicted in Figure (2). For k as above, there
is a jo € N such that for j > jo, we have j > k and £(j) > k. Thus, u; < wy;) holds for
j > jo. Then Proposition implies (¥ (uj)) (V) < (¥(wy;))) (V) for j > jo using that
uj and wy;) are at most one level apart. Hence, L ((¥(u;)) (V)) < R ((¥(wy;))) (V) for
J > jo follows from Definition [2.6| By construction of E,, we have

Ba(31:V) = lm L((¥(;)) (V) and Ea(:V) = lim R (W) (V)

Thus, Eq(71;V) < Ea(y2; V) is concluded. O
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We note that the statement of Lemma[7.10] can be strengthened: If v; < 42 and y1 # 72, then
Eo(v1;V) < Eq(y2;V) (not equall) follows for all V' > 0. This is an immediate consequence
of the injectivity of Eq( - ;V) : 8Ta — 0(Ha,v), which is proven in Lemma [7.16] (later within
this subsection). Tovvards proving this injectivity, we introduce the notion of a spectral band’s
central point (which we call Zentrum) and develop a couple of auxiliary lemmas.

We recall the notion of the trace functions (Section , te(E, V). In what follows, whenever
E : (0,00) — R is taken to be a V' dependent map, we abbreviate notation and use also
te(E(V)) or even t.(E). Adopting this notation, for any ¢ € € and I. a spectral band of o,
we have that [tc(L(Ic))| = [te(R(Ic))| = 2, te(L(le)) = —tc(R(I:)) and that tc[; : I — [-2,2)]
is strictly monotone and continuous (see Definition and Section . Hence, t. vanishes
exactly once on I.. Explicitly, for each V' € (0,00), there is a unique Z(I.(V')) such that
te (Z(1c(V)),V) =0. We call Z(I.), viewed as a map (0,00) 5V +— Z(I(V)), the Zentrum
of the spectral band I, even though it is only the center in terms of the image of ¢, and not
necessarily equal to 3(R(Ic) — L(Ic)). Note that (0,00) > V ~— Z(I¢(V)) is continuous by
construction.

Reading the following lemma may be aided by looking at Figure
Lemma 7.11 (Monotonicity of t(¢ , » in n). Let ¢ € € and m € N be such that [¢,m] € C.

Let I, be a spectral band of type B with the unique associated spectral band I ﬁcm 1] of type B
as introduced in Deﬁniti. Furthermore, let Ji¢ ) be the associated spectral band with 1.

as defined in Definition |4.8. If E(V) := R(Jj¢m)(V)) € Ic(V) for V > 0, then the following
statements hold.

(a) We have E(V) < Z(I1(V)) and sign (t.(E(V))) = sign (t. (L(1:(V)))).

(b) For alln € N, we have E(V) < Z (I V)) and

fem,n)
sign (tem o) (B(V))) = sign (temn) (Ll (V)))) -
(c) IFE(V) €Il . (V). then for alln € N,
tieamal BV > [temn-1)(EV))| > o > [temy(E(V)))] > 0. (7.10)
(d) IFE(V) €I, ((V), then for all n € N,
sign (tem) (E(V)) - tiemm—1](B(V)) - tiemn (B(V))) = +1.

Proof. Let V' > 0 be such that E(V') € I.(V). For brevity, we remove the V' dependence from
the notations unless we want to emphasize its dependence. For convenience of the reader, a

sketch of the involved spectral bands is provided in Figure The order in which we prove
the sections of the lemma is @, , (]ED and @

[c,m,n| B'—l—t—' ------- A»/I—flﬁﬁ :
:Z([[lc.,m,n]) Z(I[c,:z;,n]) :
eom. 2] B, . B
>, 1, T T
1Z(IL Z(IM+1 ) :
[C m 1] [[lc.m,fl] B ( [C"h?]) ( [C?mj]) | B {\c[;‘;llj
,m, —_—— e -
2T ) 2145
I [e,m,1] A A [e,m,1])
[c, m] . | T —— - i
J E e ™M E K
[c,m] I | [e,m] [c,m] I [e,m]
I | I
c | 1 B |

FIGURE 7.5. A sketch of the situation in Lemma [7.11]
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(a) Since I. is of type B, it is proven in [Ray95a, Proof of Lemma 3.3] (see also [BBBF]
Corollary 4.15]), that there exists a unique value E; € I such that

te(E1) i= 2cos <m”+1> sign(te(L(Ie))) (7.11)
and Fy € 1, [L 1> Where [, [10 m] is the left-most spectral band of type A which is contained in I,
see Definition Recalling that .7[1c m] Cetr Ic and Jiem] = e we get Jic ) <str I[lC m] (the

relation must be strict since both spectral bands are in U[Cm]). Note that we used the fact
that I is of type B. If I. is of type A and m = 1, then I, would not contain such a spectral
band I} ] and the argument fails, consult Example [7.13

[e,m
Thus, J[cm] <str I[lc ] implies £ < Ej. Recalling that tc| I 18 strictly monotone and that
te(Z(Ie)) = 0, we get from that if m = 1, then Ey = Z(I.) and if m > 1, then
Ey < Z(I;). In either of these cases, we conclude E < Z(I.). This estimate immediately
implies sign (tc(E£(V))) = sign (tc (L(Ic(V)))) since tc|;_ is strictly monotone and continuous
and E(V) € I.(V).

The statement is proven by induction over n € N simultaneously for all V' > 0 satisfying
E(V)e I[lc,m,l](v)' By @, we have [tc(E(V)))| > 0. Thus, it suffices for the induction base

to show [tem 1) (E(V)))| > [te(E(V)))|. In order to simplify notation, define
(V) i=te(E(V)), y(V):=tem(EV)) and 2(V):=tem1y(E(V)).

By [Ray95al, prop. 3.1 (iii)] (see also [BBB™, prop. 4.7], we have oc(V)N0(em)(V)NO (e m,—1) (V) =
0 for V' > 4 implying Jic ;) (V) <str Le(V) for V' > 4. Using the continuity of the spectral
band edges (Corollary |3.2)), we get that there is a V; > 0 such that E(V1) = L(I¢(V1)) and for
V > Vi, we have E(V) < L(I¢(V)) (and in particular E(V') ¢ I[lc,m,l](v))' Since all spectral
bands are either of backward type A or B (strict inclusions), we conclude E(V1) € (¢ m,1)(V1)
implying

20A)] = [tem (BOAD)| > 2 = [t BOAD)] = (V)] (7.12)

Recall that we aim to prove |z(V)| > |z(V)| if E(V) € I} (V). Therefore, we assume by

[e,m,1]

contradiction that |z(V’)| < |z(V")| for some V' > 0 with E(V’) € I} (V'). We have seen

[e,m,1]

above that for V' > Vi, we have E(V) ¢ I[lcm 1](V) and so V' < V4. By continuity of these
maps in V and by ([7.12), there is a Vj > V' > 0 satisfying

EVo) € Iig Vo), [2(V0) = |2(Vo)| and  [2(V)] > |z(V)| for V > V. (7.13)
We will show that Vo = 0 contradicting Vo > 0. Since E(Vp) € I} }(VO) Cetr 1e(Vo), there

[e,m,1
is an € > 0 such that E(V) € Ic(V) for Vj <V < Vi +e. Since in this case E(V) < Z(1.(V))
holds by (&), we conclude |z(V)| > 0 for Vj < V < Vj +e. By the choice of Vp, we have
|z(V)] > |=(V)| > 0 for Vj <V < Vp + € implying
sign(2(V)) = sign (temy (LU (V) -

Hence, (@) together with Lemma imply sign (z(V)y(V)z(V)) = +1. Moreover, |y(V)| = 2
follows from Lemma since E(V) = R (Jie,m)(V)). Combining these observation with the
Fricke—Vogt invariant (see Proposition [[1.2] (b)), we conclude

44 V2 =2(V)2 +y(V)2+2(V)?2 —2(V)y(V)z(V) = 2(V)? + 44 2(V)? = 2jz(V)2(V)|
=4+ (Ja(V)| = [2(V)])?,
for Vo <V < Vp+e. If V\ Vp, then ([7.13) leads to
2 _ li 2 _ li N 2 _
Vol i, 14 i, (lz(V)] = [z(V)])" = 0,

contradicting Vg > 0. This proves the induction base.
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For the induction step, suppose that E € I[C 1) and ‘t[c’m’n](E)} > ’t[c,m,n_l] (E)’ holds for
some n > 1. Using the recursive trace relation i in Proposition we conclude

}t[c,m,nJrl}(E)‘ = ‘t[c,m](E)t[c,m,n](E) - t[c,m,nfl}(E)‘
> ‘t[c,m] (E)‘ ‘t[c,m,n] (E)‘ - ’t[c,m,n—l] (E)‘
=2 {t[c,m,n} (E)‘ - }t[c,m,nfl}(E” > ‘t[c,m,n](E)} ’

where we used that |t[c,m](E)} = 2 (since £ = R(J|c ) and the induction assumption.

Like in (H), it suffices to prove E(V) < Z (I[

traces follows then directly. By [Ray95al prop. 3.1 (iii)] (see also [BBB“‘ prop. 4.7], we have
oc(V) Moy, m}(V) N Olema)(V) = 0 for V' > 4 implying Jie ) (V) <str [, [cm 1](V) for V> 4.
Cstr [10 ] (tower property), we then conclude

V)) The statement of the signs of the

cmn](

Since I[C ——

E(V)<L (I[lc’myl](V)> <L (I[cmm(V)) <z (I[lt;m’n](V)) . V>4

If B(V) € Ilcmn (V), then E(V) € I[lcml](V) follows as I[lcmn] Cetr I[lcml} holds by the
(V).

tower property |( By , we conclude ¢, ) (E(V)) > 0 whenever E(V) € I[lcm 1
Thus, B(V) < Z I[C ](V)) follows.

(d) The case n = 1 follows from (a)), (b) and Lemma The case n > 1 follows from ([b])
and Lemma [£.13] O

Remark 7.12. We point out that statement in Lemma @ fails if I is not of type B and
henceforth also the consecutive statements are not necessarily true anymore, see Example [7.13]
and the short explanation in the proof. However, the statement can be extended to the case
that I is of type A and m > 1.

Example 7.13. Here we show that a spectral band edge may pass the Zentrum of an adjacent
spectral band one level below, if this band is not of type B. Let ¢ = [0,0] and I.(V) = [-2, 2].
Then I.(V) is of type A (Lemma and K (V) = [-2+ V,2+ V]. Since t.(E,V) = E
(Example , the Zentrum satisfies Z(I.(V)) = 0. If BE(V) := L(Kiem)(V)) = =2+ V, then
E(V) > Z(I(V)) if V > 2 and E(V) < Z(I(V)) if V < 2. In particular, sign(R(I.(V)) #
sign(E(V)) whenever V < 2.

Lemma 7.14 (Estimating t(c ,,, n]). Let ¢ € C and m € N be such that [c,m] € C. Let I. be a
spectral band of type B with the unique associated spectral band I [1c,m,1} of type B as introduced
in Definition|3.5. Furthermore, let Jc,, be the associated spectral band with I. as defined in
Definition f EWV) = R(Jem(V)) € I[lc,m,l](v) for V>0, then for alln € N,

ltiemn (EOV)| = [t(BE(V))| =n - V.

Proof. Combining the Fricke-Vogt invariant (Proposition m (b)) with the fact that the
product of traces is positive (Lemmam @)) and ‘t[c m] (E(V)) ’ = 2, we conclude for j € N,

44V = (tem(EVN) + (tHems ) (BEVN) + (tem s (E(V)))?
~ e (B(V)) -t m i 1]< (V) tiem iy (E(V))
= (tem) (EWV)) + (temy—1)(EWV)))? + (tem s (E(V)))”
—|ttem](E(V)) - tiemj—1)(E(V)) - tiem ) (E(V))]
=4+ (Homj-1)(EV)* + (temg (EV))® =2 [tem -1 (B(V)) - tomi (B(V))]
=4+ (|t ) BV = [temi-y (EV))])*.

2
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Hence, Lemma implies
‘t[c,m,j](E(V))‘ - ’t[c,m,jfl}(E(v)M =V

Summing the above for j ranging from 1 to n, then a telescoping sum argument and ¢[c ,, o] = e
(Proposition [I1.2)) lead to the desired claim. O

Remark 7.15. One can prove the symmetric cases of Lemma nd Lemmal[7.14 Let Kic

be the spectral band associated with I, defined in Definition and [ []Z[:Ill] be the associ-

ated spectral band defined in Definition Set E(V) = L(Kcm)(V)), see also Figure
Similarly as in Lemma [7.11} one can prove that for all n € N, that if E(V) € IM*1 (V), then

[e,m,1]

sign (t[c,m](E(V)) ’ t[c,m,n—l](E(V)) ’ t[c,m,n] (E(V))> =+1

and

ey (E(V))| > 0.

tomnn(E(WV))| > .. >

temm(B(V))| >
With this, one can similarly repeat the proof of Lemma and get for n € N,
temn(E(V))| -

if B(V) = L(Kem(V)) € ML (V) where I, is of type B and Kicm) is the associated

[e,m, 1]

spectral band of I introduced in Definition

tc<E(V)) =n-V,

We finally prove the injectivity of the map F,.

Lemma 7.16. [the injectivity part of Theorem[1.9 (d)] Let o € [0,1]\ Q and V > 0. Then
the map Eqo( - ;V) : 0Ty — o(Ha,v) is injective.

Proof. Let v, = (ug,u1,...),y2 = (wo,wy,...) € 0T, be different. We have to show that
Eqy(71;V) # Eo(y2 V). Since y1 # 72, there is no loss of generality in assuming that v1 < o
and 1 # 2. Note that ug = wq is the root of T,. Since v; < s, there is a ky € Ny such that
u; = w; for 1 < j < kg and u; < w; for j > ko.

We now describe two auxiliary paths 47, and g (in step 1) such that v1 < ~vr < yr <X 72 and
v # Yr- Hence, Eq(71;V) < Eo(v1; V) < Ea(Yr; V) < Eq(72; V) follows from Lemma
In Step 2 we show that in fact E,(vr; V) # Eq(vg; V) finishing the proof.

Step 1: The auxiliary paths v;, and g are recursively constructed, see a sketch of the main
ideas in Figure |7.6, Since up, = wg, and ug,+1 < wWgy+1, there is a unique vertex w,fgﬂ
satisfying

(1) ugy41 < w,?oﬂ and there is an edge ug, — w,§0+1,
(2) every vertex w satisfying fulfills either w = w,ljo 4 Or wﬁ) 4 <w.

Note that such a vertex exists since wy,+1 satisﬁes Define Uﬁ() 41 i= Ukg+1. By construction
and the interlacing property (Figure (2)), we have

uﬁo 11 < w,f; 41 and the vertices have different labels. (7.14)
Continue defining ~;, as follows. For j € N, choose uéo +1+; to be the unique rightmost
vertex such that there is an edge uﬁ) i1 uﬁo 4140 L€ for any other vertex w, for which
there is an edge u£0+1+j_1 — u, we have u < u£0+1+j. Then, ~y, is defined by the path
(ug, . - . ,uko,u£0+1,u,€0+2, o).
Similarly, we define yr but instead of choosing the rightmost vertex, the leftmost is chosen. For
jeN, w,?oﬂﬂ is the unique leftmost vertex such that there is an edge wfoﬂﬂfl — wﬁ)ﬂﬂ,
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FIGURE 7.6. A sketch of the construction of the paths v;, and vg.

. . . R R
i.e. for any other vertex w, which admits an e;lge wk%+1+j_1 — w, we have Wi 4145 = W
Then, g is defined by the path (wo, . .., wky, Wi 1, W 1o+ -)-

By construction, we get (as justified below) that for all j € N,

: L R
(a) the vertices UIEOHH and w,}?+j+1 are of type B,
(b) the vertices uy , j+1 and wy . are in different but consecutive levels,

L R ‘ TR R
(¢) Up 4 jy2 = Wiyt 1 and there exists no other vertex u with wy .o <u < w4y

Statement (a]) follows as the leftmost (resp. rightmost) vertex u connected to some vertex w
(except the root) is always labeled B by definition of the branching, see Figure (2). By
Equation 1) the vertices uﬁo 41 and w,fo 41 are in consecutive levels. By (EI)7 uﬁo it is
two levels higher than uéo i and w,ﬁ) 4j+1 1s two levels higher than w,lfo 4 Thus, (]EI) follows
inductively from @ Finally, follows from construction and the definition of the order.

From ([7.14) we get v, < yr and v # yr. Since we choose for 7, the rightmost vertices (and
for vr the leftmost vertices) in the construction, we have 7 < 7 and yg =< 2 (note that
they can be equal). Thus, Lemma implies

Eo(v1;V) < Ey(vi; V) S Eo(vr; V) < Eo(y2; V).

Step 2: Let V' > 0. We show En(7v1;V) # Eo(vr; V). By definition of the map E,, it suffices
to prove

{Ealyu; V)Y = () (T(uyr145)) V) # () (T 114)) (V) = {Ba(yr; V)}.  (7.15)
Jj€No J€No

Let (0,¢1,c2,...) be the continuous fraction expansion of . Let ¢ € N be the level of the
vertex w,ﬁ)+2, ie. W (w,ﬁ)w) is a spectral band of o9 g c, ... We will prove that if for m € N,

m m+1

() (P uky1)) V) ) (V] () (Rwryiag,)) (V)] #0 (7.16)

J Jj=1
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then
- 2
m < j:E 1 Co425 < V (717)

Note that the first inequality is trivially true since ¢; > 1 for all ¢ € N. After proving this
statement, if we assume by contradiction that does not hold, it means that
holds for arbitrarily large m, and hence that 0 < V < % for all m € N, which brings to a
contradiction and yields Eo(vr; V) # Eo(yr; V). So, it is left to prove that implies the

upper bound in ([7.17]).
Suppose ([7.16]) holds for m € N. In order to simplify the notation, define for j € N,

Ji(V) = (U(ug,o4,)) (V) and L;(V) = (U(wf, ;) (V).
Then @, (]ED and in step 1 inductively imply (using Proposition that for j € N,

e J; is a spectral band of T10,0,c1,..rc012;—1] A0 Jjp1 Sotr Jj,

e /; is a spectral band of T10,0,c1,....Cot2)—2] and Ij11 Cer 15,

e Jj is the rightmost band 7o ¢, . cp ;1] satisfying J; < I, namely,
set € := [0,0,¢1,...,¢rq2j-2], M = coyoj-1 and Ic := I, then J; = Jg ) using the
notation of Definition 4.8

e [; .1 is the leftmost spectral band of type B strictly contained in I; two levels above,
ie. set ¢ := [0,0, Cly.-. ,Cg+2j_2], m = Cr+25—1 and 1 = Co+25, then Ij+1 = I[lé,ﬁl,ﬁ]
using the notation of Definition

These properties are sketched in Figure [7.7]

I
level £+ 2m 'B—M' [0,0,¢15- -5 Coqom]
Jm B Z(Imt1)
level £+ 2m — 1 —_— [0,0,c1,. .-, Copam—1]
[ ] ° E’ﬁl .
. 7 5 . .
level £+ 3 J2 [0,0,c1,- .-, coq3]
Ey B IQ
level £+ 2 T [0,0,c1,- .-, coq2]
Ji B Z(I2)
level £+ 1 [0,0,c1,- .- coq1]
Ey B ]’1
level £ T [0,0,¢c1,...,¢]
Jo B Z(I1)

level £ — 1 [0,0,c1,...,co—1]

FI1GURE 7.7. A sketch of the spectral bands Iy, ..., I,+1 and Jy,..., Jpy in-
troduced in the proof of Lemma [7.16]

Set E; := R(J;) to be the right spectral band edge of J;. If (7.16) holds for m € N, then
Ej € Ij for all 1 < j <m. Thus, Lemma [7.14] leads to
Coy2j5 V= ‘t[0,0,61,...,cg+2j](Ej(v))’ - ‘t[0,0701,~~,62+2j72}(Ej(v))

Moreover, Jji1 Cgtr Jj implies Ej1 < Ej;. In addition, Lemma @ implies Ej1 <
Z(Ij41) and Lemma [7.11] (b)) yields E; < Z(I;;1). Recall Z(I;) is the Zentrum of the interval
I;. Note that we can apply Lemma by the previous considerations and because for
m € N implies F; € I;1. Since the trace b0,0,c1,..rcp2;] 1S strictly monotone on the spectral

band I;11, Lemma @ the estimates Fj 11 < Z(Ij+1), Ej < Z(Ij41) and Ej1; < E; yield
t00e1,cora Bitt (VD] > [t000, i (B(V))| 1€G<m=1.  (7.19)
Summing Equation ([7.18)) for all 1 < j < m and reordering the summands leads to

Z C€+2j : V = Z ‘t[0,0761,...,65+2j](E]'(V))‘ - ‘t[o,o,cl,...,C(+2j,2](Ej(V))
j=1 j=1

. 1<j<m.  (7.18)
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= ’t[o,o,cl,‘..,64+2m](Em(V))’ - }t[O,O,cl,...,cZ](El(V))‘

>0

<0 by Equation
< ‘t[o.o,cl,..,765+2m](Em(v))‘ :

Since Equation ([7.16)) holds for m € N, we conclude Ep(V) € Im+1(V) C 0(0,0.c1,....c019m] (V)
and use it in the inequality above to get

D criai V< Ho0.e1,mceram] (Bm(V))] < 2.
j=1

This proves that (7.16)) implies ([7.17]). O

Remark 7.17. We observe that the upper bound in the proof of Lemma|7.16| may be improved,
using Remark Specifically, it can be shown that if (7.16)) holds for m € N and V' > 0,
then

2m 9
2m < Zce+j < v
j=1

Here m dictates how many spectral bands of type B overlap (at least 4m) and ¢ is the level
of the vertex w,ljo 4o~ Thus, 4 bands of type B can only overlap if V' < 1. Note that we only
provided here a rough estimate which is enough for our purpose to prove injectivity. However,
these estimates may be further refined.

Remark 7.18. Note that if V' > 4, then proving the injectivity of E,(-;V') is substantially
shorter. Specifically, from [Ray95a, Proposition 3.1 (iii)] (see also [BBB™, Proposition 4.7])
one can deduce that if V' > 4 and u,w € 7T, are two vertices which are not connected by
a directed path then ¥(u)(V) N ¥(w)(V) = 0. Using this in the proof above follows
straightforwardly if V' > 4.

Proof of Theorem[1.9 Theorem [I.9] is merely a combination of Lemma [7.4 Lemma
Lemma[7.9] Lemma [7.10] and Lemma O

7.3. A different characterization of the types of spectral bands. Lemma @ to-
gether with Proposition [7.I]allow us to prove a characterization of the types of spectral bands
for all V' # 0. This justifies Remark [2.8) as well as the definitions used in [BBL23].

Proposition 7.19. Let ¢ = [0, ¢, c1,¢2,...,cx] € C with ¢(c) & {—1,00} and V # 0. For a
spectral band I. in 0., we have the following equivalences
I.(V) is of

Le(V) is of type A = kard type A

< IC(V) Cstr U[O,co,cl,...,ck_l](v)

and

. I.(V) is of I(V) € 010.co,01, 001 (V) and
Ie(V) is of type B & backward type B < I.(V) Cetr U[O,co,cl,.“,ck,g](v)-
Proof. First note that we only have to treat V' > 0 due to Lemma (&). If o(c) = 0 (ie.
c = [0,0]), then oy g consists of exactly one spectral band Ijg g = [~2, 2] of type A satisfying
the first three equivalent statements and not the second one, see Lemma,|5.3

If p(c) =1 (i.e. ¢=10,0,1]), then o] consists of exactly one spectral band I}y ;) of type
B satisfying the second three equivalent statements and not the first one, see Lemma
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Suppose ¢ € € is such that ¢(c) € (0,1). By Theorem a spectral band is either of
type A or of type B. First note that I.(V) is of backward type A if and only if I.(V) is
strictly contained in o(c0)(V) = 0(0,0.¢y,...c, (V) by Definition Moreover, if I.(V) is of
type A (respectively B) it is by Definition also of backward type A (respectively B).
Conversely, if I is of backward type A (respectively B), then it is of type A (respectively B)
by Proposition and Theorem since ¢(c) € (0, 1).

If I.(V) satisfies Ie(V) € 0(0,0,c1,....cx_1](V) = [c,0(V), it follows by Definition that I.(V)
is not of backward type A. Thus, Theorem implies that I.(V) is of type B. If conversely
I(V') is of type B, it is by definition not of backward type A and so Ic(V') € o(0,0.c;,....cr_1] (V)
follows. Tt is left to prove Ic(V) Cstr 00,0,c1,...cr_o](V) if Ic is of type B. Therefore, let
a € [0,1] \ Q be such that its first £ > 1 digits in the continued fraction expansion coincide
with ¢, ¢, ..., ci. Proposition[7.1]implies that there is a vertex w in the spectral a-tree 7, with
label B (as Io(V) is of type B) in level k in the spectral a-tree 7, such that W(u)(V) = I.(V).
By construction of 7, (Section [1.3]), there is a unique vertex w in level k£ — 2 such that w — w.
Applying again Proposition , we conclude that Io(V) = U(u)(V) Cetr U(w)(V) where
W (w)(V) is a spectral band in o9 g, ...c, o1 (V)- O

Remark. The previous statement asserts that the type of a spectral band determines whether
it is contained one or two levels below as it was used in [BBL23]. We note however that a
spectral band of type A may also be contained two levels below depending on the coupling
constant V' > 0. Such an example was given in Example by the spectral band Jjg .1,
that is of type A, but it is contained one and two levels below for V' =1 (but not for V' > 4).
This explains the extra condition in the characterization of type B bands.

APPENDIX I. STURMIAN DYNAMICAL SYSTEMS

This appendix contains a very short description of Sturmian dynamical systems. A thorough
background may be found in the books [Fog02] [Lot02, [DEF25]. In addition, we state a lemma
summarizing some basic properties of Sturmian sequences and mechanical words, which are
applied in this paper.

To define the Sturmian Hamiltonian we have defined the sequences
Wa(n) := Xj—ai(ne mod 1), neN, acl0,1],

which are called mechanical words [Lot02, Section 2.1.2] . If o € Q, w, is also called a Sturmian
sequence. They naturally define a dynamical system as follows. Let A := {0,1} be equipped
with the discrete topology and A% := {w:7Z — A} be the compact metrizable space equipped
with the product topology. Consider the shift 7' : A% — A% (Tw)(n) := w(n —1), n € Z,
being a homeomorphism. This induces a continuous group action Z ~ A% via (n,w) — T"w.
For a € [0, 1], we have w,, € {0,1}” and its associated orbit closure (in the product topology)

Qq 1= Orb(wy) := {T"wy : n € Z}

defines a dynamical system Z ~ Q. If a€ Q, then w,, is periodic, i.e. there is a period ¢ € N
such that T9%w, = w,. Note that in this case Orb(w,) = Q. There are various different
representations of this dynamical system. For instance, the authors in [BIST89, Lemma 1]
proved that

wa(n) =lan+1)] — lan], neN, ae|0,1]\Q.
A different approach to describe these words is via a recursive rule using the continued fraction
expansion (0, cy,ca,...) of a € [0,1] \ Q is described in [Lot02, Equation 2.2.9]. The reader
is also referred to [BBB™| for a more detailed discussion. The following lemma provides the
properties of mechanical words which are useful in our paper.

Lemma I.1. Let ¢ =[0,0,¢1,c¢2,...,¢;] € C for k € N and % = @(c), with co-prime pg, qx.
Then the following holds.
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(a) The sequence wpy is periodic with period length qi. Let its period Wy, € {0,1}% be
q
defined by ’

Wk(z) = wak(i)a OS’LSQk_l
(b) For k € N, we have g = ¢ - qk—1 + qr—2 with ¢_1 = 0 and ¢ = 1.
(c) The period of wr, satisfy the following Wy = 0, W7 = 0711 and if k > 2, then
a,

W = Wk’—QWlsil’ k=0 mod 2,
FTAWE Wiy, k=1 mod 2.

(d) For k > 1,
o If k=0 mod 2 then wy (i) = Wi(i) for all 0 <1i < g — 1.
o If k=1 mod 2 then wy (i) = Wi(i) for all 0 <1i < g — 2.

Proof. The first two parts of the lemma are basic. The third and fourth parts appears e.g. in
[BBB™, Lemma 2.4]. O

The dynamical system €, is minimal (namely for all w € Q,, we have Q, := Orb(w)) and
uniquely ergodic (it admits a unique shift invariant probability measure). Particular elements
of Q, are the sequences wy¢ € {0,1}% for £ € [0,1] defined by wq¢(n) = X[1—a,1[(§ + na
mod 1). For o, & € [0,1] and V € R, consider the self-adjoint operator H, v : ¢2(Z) — (*(Z)
defined by
(Hovet)(n) :=v(n+1) +¢(n — 1) + Vwae(n)p(n).

If £ = 0, this operator coincides with Hgy defined in Equation (LI). Let o € [0,1] and
V € R be fixed. Since wy¢ € 2, and €2, is minimal, the spectrum o(H,,v¢) is independent of
¢ € [0,1] and coincides with o(H,,1 ). Moreover, the integrated density of states N, ¢ can be
defined for each ¢ € [0, 1] as in Equation where Ho, v |jo,n—1 18 replaced by Ho vieljon—1)-
Since the dynamical system (), is uniquely ergodic, the function N, ¢ is independent of
¢ € [0,1] and coincides with N, . Therefore, we set ¢ = 0 throughout this work.

APPENDIX II. CHEBYSHEV POLYNOMIALS AND TRACE IDENTITIES

In this section, we provide several known identities of traces and their connection to Chebyshev
polynomials, see e.g. [Cas86, [Ray95al, BISTR9, BBB™, [Ray], [DF25]. Moreover, we prove
Lemma 171

I1.1. Chebyshev polynomials. A crucial tool for studying the spectral theory of Sturmian
Hamiltonians are the dilated Chebyshev polynomials of the second kind (see [DLME], (18.1.3)])
Sp: R — R, n € N_q, defined by

S_i(x) =0, So(x):=1, Sp(x):=2x-1(x) — Sp—2(z) for x € R.
For z € R\ {0}, denote by sign(z) € {+1, —1} the sign of x.
Lemma II.1. Let z € R and n € Ng. Then the following holds.

(a) We have Sp41S,-1 — S22 = —1.

(b) If |x| = 2, then sign(x)" 1S, 1(x) = n.

(c) If |z| > 2, then sign(x)"Sy(z) = |Sn(x)| and
sign(x)"xSp—1(x) > 2}Sn_1(x)}.

(d) If |x| > 2, then

X

sign(x)" (Sn(x) — 55’”_1(3:)) > 1.


https://dlmf.nist.gov/18.1.E3

THE DRY TEN MARTINI PROBLEM FOR STURMIAN HAMILTONIANS 71

(e) If |z| > 2 and n > 1, then
sign(z)" (Sn(z) — gsn_l(x)) > 1.

Proof. The proof follows by induction using the recursive relation, the details can be found
for instance in [BBB™, Lemma IIL.2.]. O

I1.2. Trace identities . This section is devoted to various trace identities and the proof of

Lemma [A.11]

The following proposition is a collection of well-known identities of the traces, see e.g. [Cas86,
Ray95a, [BISTRI, [DF22, BBB™, [Ray| [DF25]. Recall that for ¢ € €, ¢, is a function of E,V € R,
but we abbreviate notation and suppress this dependencies in the following.

Proposition I1.2 (trace maps). Let m € N, n € Ny and ¢ € C be such that [c,m] € C. Then
the following holds.

(a) We have t[c,m,O] = le, t[c,m,l] - t[c,m+1] and t[c,m,fl] = t[c,mfl} :
(b) We have for all V € R, (the Fricke-Vogt invariant)

VZ2rd =1, 0 T 1 12— Hentnlente
(c) For —1 <1 <n, we have

t[c,n+1] = SlJrl(tC)t[c,nfl] - Sl(tC)t[c,nflfl}'
In particular, we have t[¢ 1) = tetiepn) — ten—1) (for 1=0).

We will continue with two auxiliary lemmas which are needed to prove Lemma In order
to treat certain cases of the backward type A (¢ = 0) bands or backward type B (¢ = —1)
bands, we need the following identity.

Lemma I1.3. Let m € N and ¢ € € be such that [e,m]| € C. Let V € R and E € R be such
that |tc(E,V)| = 2. Then for alln € N and ¢ € {—1,0},

t[c,f] (Ea V)Sn (t[c,m] (Ea V)) :meé (2(m - E)Sn-‘rl (t[c,m] (Ea V)) - Z(m - £>t[c,m,n] (Ea V)

= (= 1= Ot (B, V)Su(lpem) (B, V)
holds where z := sign(t.(E,V)).
Remark. This lemma is closely related to [BIST89, prop. 2].

Proof. For the sake of simplicity, we abbreviate the notation in the following and write tz =
ts(E,V) for ¢ € C. As a direct consequence of Lemma (]ED, we conclude that Sj(tc) # 0
for all I > 0 since |tc| = 2. Proposition[[I.2] () (applied for n =m—1andl =m—2—¢> —1)
leads to
t[c,m] = Sm-1-¢ (tc)t[c,l—l-é} — Sm—2-¢ (tc)t[c,E]'
Since S,,—1-_¢(tc) # 0, we derive
1

tearn = 57 (e + Smoa—e(te)tier)). 1.1
[Crl"’_é] Sm—l—f(tc) [Cvm] m—2 (C) [Cﬂ ( )
Let n € N. Using again Proposition @ and (with [ = n), we conclude

teamn) = Snt1 (Hem)) e 0] = Sn (tem)) e, 1) = Snt1 (Hem) Jte = Sn (tem) ) em—1)- (11:2)
The case £ = 0 and m = 1 need to be treated separately. We treat this case later and first

assume that if £ = 0 then m > 2. Then Proposition (applied for n = m — 2 and
l=m—3—/{>—1) and Equation (II.1]) leads to

t[c,m—l} :Sm—Q—Z(tC)t[c,l-‘rZ] — Sm—3—¢ (tc)t[c,@
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Sm—?—é (tc) Sm—?—é (tc)2
=——“*¢ c.m + t c - S —3—0(t
Sm%ié(tc) [c,m] [c,¢] <Sm1e(tc) m—3 f( C)
Sm—?—é(tc) Sm—?—é(tc)Q_ m—3—€(tc)5m—l—£(tc)
tem) + te,q :
Smflfé (tc) Smflfé (tc)
Since S, Sk_9 — S,%_l = —1for k=m —1—{¢ by Lemma @, we conclude
SmefZ (tc) 1
fomo]) SNy g ———————.
[C7 1) Sm—l—f (tc) [C, } [C,@ Sm—l—( (tc)
Inserting the latter into Equation (II.2), we get
Sm—2-0(tc) Sn (te,m))
- S, o) te — S (trem]) ————L 0 — d . II.
treman) = St (Fesm e = Saltlem)) g == S tem) ~teag =0 (IL3)

We claim that the latter identity holds also if £ = 0 and m = 1. Indeed, this follows immedi-
ately from Equation (IL.2), tcm—1) = tc,g) Sm—1-¢ (tc) =1and S,,—o_¢ (tc) =0.

Now we can proceed with arbitrary ¢ € {—1,0} and m € N. Reorganizing Equation (II.3)
leads to

t[c,f] Sn (t[cvm]) :Smflfg (tc) (Sn+1 (t[cvm])tc B t[cvmvn}) o SM*Q*E (tc)Sn (t[cvm])t[cvm]
Since we assumed that t. = te(F,V) = 2z, Lemma () implies S, (tc) = 2"(n + 1) for
n > 0. Thus,

e Sn(tem) =217 (m = 0) (Sut (tiem) 22 — e
=2 (m =1 = 0) S (tem)Hem)
follows proving the desired identity. U

Lemma I1.4. Let m,n € N and ¢ € C be such that [c,m] € C. Let V € R and E € R be such
that
lte(E, V)| =2 and ]t[cym](E,V)\ > 2.
Then for alln € N and ¢ € {—1,0},
[t1e.a (B, V) Sn (team) (B V)| = (m = 0)(2 = [temm (B, V)]) + 2|Sn (tem) (B, V)
holds and the estimate is strict if additionally |t(c . (E, V)| > 2.
Remark. The latter estimate is the general formula that we need to treat backward type A

bands (¢ = 0) or backward type B bands (£ = —1).

Proof. In order to simplify notation, set t := t(c ,,,) (£, V'), 21 := sign(t) and 2 := sign(tc(E£,V)).
Furthermore, we abbreviate the notation and write tz = tz(E, V) for € € €. Due to LemmallL3]
and 22" = 1, we have

HeySu(t) = 2~ A0 (20m = O 8011 (1) = (m— 1= 02148, (1) = 2027 (m = Otie )
Hence,

EEAG] 2‘2(m — 027841 () — (m — 1= 0)2011S, (t)‘ —[(m = Ot (e |

t
=2(m = O (S (1) = 5 (1)) + 2448 (t) = (m = O)[tiemn
>2(m —£) +2]Sn ()| = (m = 0)|tiemn|

follows by first using the triangle inequality, secondly Lemma and @ since [t| > 2
and finally Lemma and @ Note that the last estimate is strict by Lemma @ if
|t| > 2. This leads to the desired estimate. g
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Now we can prove Lemma

Proof of Lemma[{.11]. Recall the assumptions of the proposition. Let V € R, m,n € N, ¢ € C.
Let I(V) be a spectral band of o¢(V') of backward type A or B. Set

_J0, I(V) is of backward type A,
" | =1, I(V) is of backward type B.

Let £ € {L(I(V)), R(I(V))}. Then |t q(E,V)| < 2 follows from Lemma and the
estimate is strict if ¢(c) € (0,1).

@ If [tic,m](E, V)| > 2, then Lemma and m — ¢ > 1 imply
2[Sn (tem)) | = ltie0Sn (bem))| = (m = 0)(2 = [te.mm]) +2|Sn (tie.m) |
and S0 [t[¢m,p| > 2 must hold.
@ If [tjc,m) (£, V)] > 2, then Lemma and m — ¢ > 1 imply
2[Sn(tem)| = [tenSn (tem)| > (m = 0)(2 = [tiemm]) +2[n (te.m))|
and s0 [t[¢m,p)| > 2 must hold.
Since ¢(c) € (0,1), Lemma asserts [te (£, V)| < 2. If [tjem(E, V)| > 2, then

Lemma [[T.4 and m — ¢ > 1 imply
2|Sn(ttem)| > [tie.1Sn (bem) | = (m =€) (2 = [tem.m]) +2[Sn (te.m)|
Thus, [t{c,m,n)| > 2 must hold. O

APPENDIX III. A PERTURBATION ARGUMENT FOR EIGENVALUE INTERLACING

This section is devoted to the proof of Theorem Given an n X n hermitian matrix X, we
denote its eigenvalues in non-decreasing order by

Ao(X) S A(X) - < Apa(X) < A1 (X).

We first recall a well-known result on interlacing of eigenvalues using classical Weyl inequali-
ties, see e.g. [HJ13, Corollary 4.3.3, Theorem 4.3.6].

Proposition III.1. Let X and Q be n X n hermitian matrices, and suppose that Q) is a
positive semidefinite, rank one matriz.

(a) For j=1,...n—1, we have

A1 (X + Q) < Aj(X) < A(X + Q).
(b) For j=0,...n—2, we have

(X = Q) < \(X) £ Air (X - Q).

From these inequalities we can directly derive the following estimates for traceless rank two
perturbations.

Corollary III.2. Let X and Y be n X n hermitian matrices, and let Q@ =Y — X. If Q has
rank two and trace zero, then

Aj—1(Y) < A(X) < Ay (Y), j=12,...n-2.

Proof. Using matrix diagonalization one may verify that there exist n x n hermitian, positive
semidefinite matrices @1, @2 of rank one such that Q = Q1 — Q2. Applying first Proposi-

tion[[IL.1] (&) to X and X +Q1, and then Proposition[[IL1] (b) to X+ Q1 and Y = (X4+Q1)—Q2
O

yields the desired inequalities.
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Let ¢ = [0,c¢q,c1,...,ck] € € be such that k € Ny and ¢ € N if £ > 1. Note that this implies
¢(c) ¢ {—1,00}. Recall the notations of the matrices Hc (0) and H.{,(0) for 6 € [0, ] as
introduced in Section We aim to apply Corollary to the matrices

H[c,m,n],V (e[c,m,n]) and H[i;;lnLV (Q[C,m]) S HC,V(HC)

with appropriate choice of Oc, O(c ), Ojc,m,n] € 10,7} It turns out that if Oc, Ofc 1), Ofc,m,n) €
{0, 7} are admissible (see Definition [3.5)), then these matrices are a rank two perturbation
with trace zero of each other. To formalize this statement, we define the matrix

( (Hcy(@c) 0

n if k=0 mod 2,
0 H[f:,m],V (e[cvm])>

H[eim,n} (e[c,m], GC) =

HXn 0 0
[e,;m],V ( [C”"}) ifk=1 mod 2.
L 0 HC,V( c)

In the following statements we refer to vectors € R? as column vectors and use the notation
z' to indicate the transpose of a vector (which is then a row vector). We also use the notation
(z,y) to denote the (Euclidean) inner product between vectors.

Lemma III.3. Let V € R, m,n € N and ¢ = [0,cp,¢1,...,cx] € C be such that k € Ny and
ck € Nif k=1 be such that [e,m] € €. Let EL = ¢(c), 22 = ¢([e,m]) and 22 = ¢([e,m,n])
be such that p;,q; are coprime. If Oc,0c ] Ojcmn) € {0, 7} are admissible, then there are
z = z(0e, e[c,m]a e[c,m,n])v y = y(be, e[c,m]v e[c,m,n]) € R%® such that

Hicomn),v (Q[C,m,n}) - Hﬁj’m’n}(e[qm], 0c) = zat — yyt

18 a symmetric rank two perturbation with trace zero. Furthermore, set

ol if k=0 mod 2, nge if k=0 mod 2,
dy = . and dg = ;
ngy ifk=1 mod 2, q1 if k=1 mod 2.

(a) If w = (w1, ... wq,0,...,0)" € R is orthogonal to x and to y then w; = wg, = 0.
(b) If w=(0,...,0,wy,...wg,)" € RB is orthogonal to x and to y then wy = wg, = 0.

Proof. Let eq,...,eq, be the standard orthonormal basis of R%, namely e; is the i-th unit
vector in R%. Recall that for the continued fraction expansion, we have the identity g3 =
nga+q1 = dy +da, see e.g. Lemmal[l.T] The statement of the lemma follows by straightforward
calculations invoking Lemma so we just explicitly write here the expressions for the
z,y € R® in the statement of the lemma. Let k& € N be even. If (¢, 0jc ), Ojc,m.n)) = (0,0,0),
then

1

°o E(el —€ngs — Engat1 +€g), Y= (—e1— eng + engar1 +egs).

Sl

It (607 e[c,m]ve[c,m,n]) = (7T7 T, 0)7 then

1

o E(el + engy + Engat1 Feg5), Y= (—e1+ eng — engar1 +egs).

Sl

If (607 e[c,m]ve[c,m,n]) = (7‘—7 0, 7T), then
1 1
T = %( — €1+ €ngy + Engot1 +€q3), Y= ﬁ(el + €ngs — Enga+1 + €g3)-
If (607 e[c,m]ve[c,m,n]) = (07 7, ), then

1

°o ﬁ(el + Engy + Engat1 —€g5), Y= (—e1+eng — engar1 — egs).

Sl

The case when n € N is odd is treated similarly. O
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Remark I111.4. Statements @ and (]ED in Lemma are used to conclude strict inequalities
in Theorem 3.4, Towards this, we use that if two consecutive (up to cyclic permutation)
entries of a solution (see @ and (]ED) vanish, then the whole solution vanishes, since we have
a nearest neighbor interaction.

Now we have all tools at hand to prove Theorem

Proof of Theorem[3.4 Recall the statement of the theorem. Let V' > 0, m,n € N and ¢ =
[0,co,...,cx] € C be such that ¢(c) ¢ {—1,00} and [c,m] € €. Thus, ¢t € Nif k£ > 1.
Furthermore, Oc, O(c 1), Ojc,mn) € {0, 7} are admissible, i.e., they satisfy Oc + 0jc m) + Ojc.mn] €
{0,27}. Consider Y = Hig yn),v (O m,n)) and X = H[if;n}’v(e[c’m]) @ He v (6:). We need to
prove that
Aj-1(Y) < A(X) < Aja(Y)
and that the inequalities are strict whenever \;(X) is a simple eigenvalue of X. First, ob-
serve that by construction X and Z := H® (i, ,.1,0) share the same eigenvalues (with
[c,m,n]\"[c,m]

same multiplicities). Thus, the claimed inequalities follow directly from Corollary [I11.2| and
Lemma [II1.3] Tt is left to prove that those inequalities are strict if \;(X) = \;(Z) is simple.

Let n € N and borrow the notation of Lemmal[[IL.3|for ¢, g2, ¢3 € N and d;, d2 € N. Following
Lemma [[IL.3} there are z := z(0c, Ojc.m]; Ocmm))s ¥ = Y(0c,Ojcm)> Oe,mn)) € RIS such that
Y — Z = za' — yy'. Moreover, x and y satisfy the assertions @f) and (]ED in Lemma [[I1.3] Set

Z(z) = Z + a2’ and Z(y) == Z —yy'.
Then we have

Y = Z 4zt —yyt = Z(x) — yy' = Z(y) + x2'.
Recall that g3 = ngs + q1 = di + ds (Lemma and H, [z";n] V(H[Qm]) is an ngo X nge matrix
while He v (6c) is an ¢ X 1.

(a) We prove \;(Z) < Aj+1(Y). Assume by contradiction that A\;(Z) = Xj41(Y’) holds and
\j(Z) is a simple eigenvalue of Z. Due to Proposition [IL.1{ (using that zz" and yy® are positive
semidefinite), the previous identities lead to

Ai(Z2) < Aj(Z(y)) < A (Y) and A(2) < Aj(Z(2)) < Aja(Y).
Thus,
X i= A(2) = 5(Z(2) = M (Z(y) = A (V).
follows by our assumption.

Let w € R%\ {0} be an eigenvector of Z corresponding to the eigenvalue A. Since A is a simple
eigenvalue of Z, then either (1) A is an eigenvalue of H [Z,Zn},v(e[c,m}) or (2) A is an eigenvalue
of He v (6c), but not both. These two cases can be treated similarly using Lemma We
only prove here case (1).

xXn
[Cvm] :V

sponding eigenvector w of z is of the form w = (w1, ..., Wng,,0,...,0)" € RB if k € N is odd
(where k is determined by the length of the tuple ¢) and w = (0,...,0, w1, ..., wye,)" € RS
if k € Nis even. Set u := (wq,...,Wng)"

Since A is an eigenvalue of H (0c,m)) but not of He v (fc), we conclude that the corre-

We claim that (z,w) = 0 = (w,y) holds. Before proving this identity, let us show how
these equalities finish our proof. If (z,w) = 0 = (w,y), then w; = wpg, = 0 follow from

Lemmal[[IL3] (&) if & is odd and from Lemmal[[IL3 (b) if & is even. Since H" )/ (fjcm)u = Au

and each equation in the system involves three consecutive (going cyclically) of the entries of
u € R™2 we derive v = 0 and so w = 0. This is a contradiction as w # 0 is an eigenvector of
Z for the eigenvalue A.
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Now let us prove the claim (x,w) = 0 = (w,y). Since X\ = \;(Z) = A;j(Z(x)), there is an
eigenvector v of Z + za! with eigenvalue \. Using that Z + xz! is hermitian and 2'w = (z, w),
we conclude

Mo, w) = (v, (Z + zz")w) = (v, Zw) + (z,w)(v,z) = Mv,w) + (z,w){v, )
implying (z,w)(v,x) = 0. If (v,z) # 0, we immediately derive (z,w) = 0 as desired. If
(v,z) =0, then
= (Z 4+ zaxt)v = Zv + (z,v)x = Zv
follows. Thus, v = Cw holds for some C € R\ {0} as A is a simple eigenvalue of Z with
eigenvector w. Hence, (v, x) = 0 leads to (w,z) = 0 as claimed.

Similarly, we conclude (w,y) = 0 using that X is an eigenvalue of Z(y).

(b) Similarly to case (a), we can prove \;j_1(Y) < A;(Z). Assume by contradiction that
Aj—1(Y) = X\j(Z) holds and \j(Z) is a simple eigenvalue of Z. Then Proposition |I11.1{ leads
to

Aji—1(Y) < Aj-1(Z(2)) < Aj(2) and A1 (Y) < A(Z(y)) < Ai(2).
Thus, our assumption yields
Xi= N (Z) = Mo (Z(2) = M(Z() = (V).

Next, let w € R% \ {0} be an eigenvector of Z for the eigenvalue A. By simplicity of the
eigenvalue A = \;(Z), A is either an eigenvalue of H[i | v (Ojc,m)) or of He v (0c). Thus, w has

either the form w = (w1,...,wg,0,...,0)! € R%® 0r7 w = (0,...,0,wr,...,wg,)" € R®. As
before one can show that in both cases (z,w) = 0 = (w,y) holds. Then Lemma [[II.3| yields

wi = wq, = 0 (respectively wi = wg, = 0) and so w = 0 follows, a contradiction. O
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