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Abstract We find the Courant-sharp Neumann eigenvalues of the Laplacian on some
2-rep-tile domains. In R?, the domains we consider are the isosceles right triangle
and the rectangle with edge ratio +/2 (also known as the A4 paper). In R”", the
domains are boxes which generalize the mentioned planar rectangle. The symme-
tries of those domains reveal a special structure of their eigenfunctions, which we call
folding\unfolding. This structure affects the nodal set of the eigenfunctions, which,
in turn, allows to derive necessary conditions for Courant-sharpness. In addition, the
eigenvalues of these domains are arranged as a lattice which allows for a comparison
between the nodal count and the spectral position. The Courant-sharpness of most
eigenvalues is ruled out using those methods. In addition, this analysis allows to esti-
mate the nodal deficiency—the difference between the spectral position and the nodal
count.

Keywords Nodal domains - Courant nodal theorem - Nodal set

Mathematics Subject Classification 35B05 - 58C40 - 58J50

1 Introduction

Itis nearly a century, since Courant proved his famous nodal result, stating that the nth
Laplacian eigenfunction cannot have more than n nodal domains [16]. Eigenfunctions
which achieve this upper bound are called Courant-sharp and it was Pleijel who showed
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that there are only finitely many of them [37]. Much more recently, Polterovich proved
a similar result for domains with Neumann boundary conditions [38]. In his paper,
Pleijel also pointed out the Courant-sharp eigenfunctions of the square with Dirichlet
boundary conditions. What started in this early work of Pleijel is recently revived
as a systematic search of Courant-sharp eigenfunctions of various domains. Part of
this analysis owes to the broad interest in the general subject of nodal domains, but
this line of research in particular stems from the latest works on nodal partitions.
The search for Courant-sharpness was pioneered by Helffer, Hoffmann-Ostenhof, and
Terracini, who found that minimization of some energy functional over a set of domain
partitions is connected to nodal patterns of eigenfunctions [21]. In particular, they have
shown that if the minimum of this functional over domain partitions of k subdomains
is equal to the kth eigenvalue, then the kth eigenvalue is Courant-sharp. In addition,
the nodal partition of the corresponding Courant-sharp eigenfunction is a minimizing
partition.! This led to a particularized search for Courant-sharp eigenfunctions of
various domains over just the last couple of years. Among the domains that were
treated are the square, the disk, the annulus, irrational rectangles, the torus, and some
triangles, where the analysis in those cases is specialized to the considered boundary
conditions (either Dirichlet or Neumann). Most of those investigations are done by
Helffer collaborating with Hoffmann-Ostenhof and Terracini [23-25], with Bérard
[7,8], and with Sundqvist [26,27]. Additional results for various tori are proved by
Léna [31,32]. For further details and references, we refer the reader to the recent
reviews by Bonnaillie-Noé&l and Helffer [ 14] and by Laugesen and Siudeja [30]. While
these reviews came out and afterwards, three additional results, which for the first
time concern high-dimensional domains, were proven. Helffer and Kiwan determined
the Courant-sharp eigenfunctions of the cube [22], Léna found them for the three-
dimensional square torus [31] and Helffer with Sundqvist solved the problem for
Euclidean balls in any dimension [26]. Finally, in another direction, Helffer and Bérard
and also van den Berg and Gittins provided bounds on the largest Courant-sharp
Dirichlet eigenvalue and on the total number of them for a general domain [6,9].

In the present work, we determine the Courant-sharp eigenfunctions of certain 2-
rep-tile domains with Neumann boundary conditions. A domain is said to be rep-tile
(replicating figure, a name coined by Golomb [19]) if it can be decomposed into k
isometric domains, each of which is similar to the original domain. According to
the number of its subdomains (k), the domain is called rep-k or a k-rep-tile. The
convex polygonal 2-rep-tiles in the plane are known to be the isosceles right triangle
and parallelograms with edge length ratio ~/2 [35,36]. In this paper, we find the
Courant-sharp eigenfunctions of such Neumann triangle (Theorem 1.1) and Neumann
rectangle, together with all the 2-rep-tile high-dimensional boxes, which generalize
this rectangle (Theorem 1.2). In addition to being 2-rep-tiles, they all have the special
property that the cut which separates them into the mentioned two subdomains serves

! It is worthwhile to mention that a similar variational approach was recently developed by Berkolaiko,
Kuchment, and Smilansky. Their results also characterize the nodal sets of non-Courant-sharp eigenfunc-
tions [11].
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also as a symmetry axis> (or hyperplane for the boxes). Thus, for an eigenfunction
which is even with respect to the symmetry axis, its restriction to the subdomain, when
rescaled, yields again an eigenfunction of the same eigenvalue problem. This allows
us to identify a special structure, ordering all of the eigenfunctions, which we call the
folding (unfolding) structure. Using this classification, we prove that all eigenfunctions
within a certain class vanish on the same subset.> This property allows to rule out
Courant-sharpness of eigenfunctions without using the Faber—Krahn inequality [18,
29] or similar isoperimetric inequalities. Such isoperimetric inequalities form the first
step in ruling out Courant-sharpness in most of the works mentioned above (with the
exception of irrational rectangles, the disk, and Euclidean balls, where properties of
minimal partitions were used for that purpose). We present our result for the rectangle
in a general form (Theorem 1.2), valid for all n-dimensional (rn > 2) boxes which
are 2-rep-tiles and symmetric with respect to their hyperplane cut (see Fig. 8). It is
interesting to note that the case of the rectangle goes beyond the irrational rectangles
which were explored so far, as its square of edge ratio is rational (it equals two). Its
spectrum is, therefore, not simple as in the case of the irrational rectangles (treated in
[21]). Yet, the folding structure mentioned above allows to quickly rule out all of its
multiple eigenvalues, and the same goes for all high-dimensional boxes.

The outline of the paper is as follows. This section continues by providing useful
notations and exact statements of our main results. We then present the so-called fold-
ing structure for eigenfunctions of the isosceles right triangle in Sect. 2. In Sect. 3, we
complete the investigation of the triangle’s eigenfunctions and prove Theorem 1.1. In
Sect. 4, we present the folding structure for the box eigenfunctions and prove Theorem
1.2. In Appendix A, we present some identities concerning eigenvalue multiplicities
for the boxes, connecting those to the two-dimensional problem of the rectangle.
Finally, in Appendix B, we go beyond Courant-sharpness by describing some results
on the nodal deficiency, and in Appendix C, we point out how some of our methods
apply for the same domains, but with Dirichlet boundary conditions.

1.1 Notations and preliminaries

We consider the Laplacian eigenvalue problem on a bounded domain €2 with Neumann
boundary conditions

dp
— Ap = Ao, A aQ=0. (1.1)

We denote the corresponding spectrum by o (£2) and note that it can be described by
an increasing sequence of eigenvalues

O=A <M <A3<--- S o0.

2 Using involution symmetry for studying nodal counts may be found already in the early studies of
Leydolod [33,34].

3 This connects nicely to the recent works [1,15], though those do not concern Courant-sharpness.
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We define the following spectral counting functions:

N = {j|rj =2}, (1.2)
N = |{j|xrj <Ar}], (1.3)
NGy [ﬂ(k) hgo Q) (14)
NM+1 reo(Q
and denote the multiplicity of an eigenvalue by
d):=NQ)—N®). (1.5)

For an eigenfunction ¢ on €2, we denote by v (¢) the number of connected components
of 2\¢~! (0), also known as nodal domains.

In terms of those definitions, the celebrated Courant bound reads v (¢) < N (),
where ¢ is an eigenfunction of the eigenvalue A [16].
Let ¢ be an eigenfunction on 2 with eigenvalue L. We say that ¢ is a Courant-sharp
eigenfunction if v (¢) = N ()1). In this case, we also say that A is a Courant-sharp
eigenvalue.

1.2 Main results

Theorem 1.1 The Courant-sharp eigenvalues of the Neumann Laplacian on the
isosceles right triangle are L1, A2, A3, A4, L.

Theorem 1.2 Letn € N, n > 2, and let B®™ be an n-dimensional box of measures
. 1
I1 X Ip x -+ x I, where the ratios of edge lengths are given by ljlﬁ =2 (1 <

j < n —1). The Courant-sharp eigenvalues of the Neumann Laplacian on B™ are
A, A2, A4, Ag forn =2 and Ay, Ay for n > 3.

2 Eigenfunction folding structure of the triangle

We consider the following scaling for the isosceles right triangle:
D={(x,y)€[0,7]x[0,7]|y <x}.

For geometric convenience to be exploited later, D denotes the closed domain and the
Laplacian is defined on its interior 2 = D°.
Denote Ny := N U {0} and define the set

Q :={(m,n) €e Ng x Ng|m > n}, 2.1)
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Courant-sharp eigenvalues of Neumann 2-rep-tiles 825

which we call the set of quantum numbers. A complete orthogonal basis of eigenfunc-
tions is given by

Om.n(x, y) = cos(mx) cos(ny) + cos(my) cos(nx) ; (m,n) € Q, 2.2)

and the spectrum is given by

o (D) = [ = Nm, w1 | Gm.m) € Qf,
where
[(m, m)[I> = m* + n*.
It is useful to define
QG = {mm) € Q| lom, w1 < 3}
and observe that
Ny =M.

The isosceles right triangle D is symmetric with respect to the median to the
hypotenuse

L={(x,y) €eDlx+y=m}
and the symmetry is expressed by
Rx,y)=(@ —y, 7T —x).

We describe, in the following, a special feature of eigenfunctions on the triangle, which
is based on the symmetry above.

Lemma 2.1 Let A € o (D), then its corresponding eigenfunctions are odd (even) with
respect to L if and only if A is odd (even).

Proof Let Ay n € 0 (D), we get

Pmn (R (x,¥)) = @un(m —y, T —x)
= cos(mmw — my) - cos(nwr — nx)
+ cos(mm — mx) - cos (nwr — ny)
= (=)™ [cos(mx) cos(ny) + cos(my) cos(nx)]
=(=D""gun (x,y),
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826 R. Band et al.

sothat g, ,isoddifandonlyif m # n (mod 2) andevenifandonlyifm = n (mod 2).
AShpn = m? +n?, we get that ¢, , is odd if and only if A,, , is odd and even if and
only if X, , is even. The lemma now follows, since the elements of {<pm’n}m2 ne,
form a basis for the eigenspace. O

Lemma 2.1 motivates the following definition.

Definition 2.2 We define the subsets of Q that correspond to the odd and even eigen-
values

O :={(m,n) € Q| m # n(mod?2)}

2.3)
E:={(m,n) € Q| m=n(mod 2)}

and we denote the corresponding sets of eigenvalues by
0odd (D) = {dm.n| (m.n) € O}

Oeven (D) 1= {)\m,n| (m,n) € E} )

where in those sets, each eigenvalue appears as many times as its multiplicity.

Denote
1 2
ED:: {(x,y) eD|(x+y,x—y) e [0, ] }

and observe that L partitions D into the two isometric triangles %D and (D\%D) UL,

each is a scaled version of D by a factor +/2. The following defines the transformations
which describe the similarity relation between D and %D.

Definition 2.3 We define the coordinate folding transformation

F:iD—>D
2.4)
F(x7y) = (X‘i‘y’x_)’)
and the coordinate unfolding transformation as the inverse of F by
U:D— %’D
; 2.5)

Remark The mappings F' and U are, indeed, similarity transformations between D
and %D as

cosg —sinZ) (0 1Y (x
F(x,y)= 2 (sin% cos 7 )(1 0) (y)

scaling

isometry
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and

I (cosT —sinZ) (0 1) (x
Ux,y) = > (sin% cos )(1 0)(y)'

——
scaling isometry

The next definition introduces the notion of folding and unfolding of an eigenfunction.

Definition 2.4 Let ¢ be an eigenfunction corresponding to A € o (D),

(1) Assume A € Geyen (D), we define the folded function, Fp : D — R, as

Fo(x,y)=¢oU(x,y), (x,y) €D. (2.6)

(2) We define the unfolded function, Up : D — R, as

@oF(x,y) (x,y) € 3D

o 2.7
(poF)oR(x,y) (x,y) € D\3D

Uw(x,y)=[

Note that only folding of an even eigenfunction gives a new function whose normal
derivative vanishes on dD. Therefore, it follows that only folding of an even eigen-
function results with another eigenfunction. Unfolding of any eigenfunction always
results with another eigenfunction. Hence, we consider the foldings for the even eigen-
functions and the unfoldings for all eigenfunctions. We also remark that the folded
(unfolded) eigenfunction is of an eigenvalue which is twice as small (large), since
the coordinate folding (unfolding) transformation is a similarity transformation with
a scaling factor of V2 (1/4/2). Those results are stated and proved below.

Lemma 2.5 Let

¢ = Z Ok, 1Pk, 1
k

2+12=)

be an eigenfunction corresponding to the eigenvalue A, then the following holds:

Fig. 1 Unfolding of a set
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828 R. Band et al.

(1) If & € oeypen (D), then the folded function Fo is an eigenfunction corresponding
to the eigenvalue % and is given by

k+l k=l
Fo= 3 ori@rye,. where Fok.D=(5"5). (23
K2+12=)
(2) The unfolded function Ug is an eigenfunction corresponding to the eigenvalue 2\
and is given by

Up= 3, Ui Pygun. Where Ug (kD)= (k+1,k—1). 2.9)
k2 4-12=5

Proof First, consider the case that ¢ = ¢ ;. A simple calculation of Fey ; and Ugy
involving the trigonometric identity

2 cos () cos (B) = cos (o + B) 4+ cos (¢ — B),
yields
For1 = orgk.n
and
Uk = oug k.-
To conclude that Fei; and Ugy; are eigenfunctions, we need to verify that

Fo (k, 1), Ug(k,l) € Q. This is obvious for Ug (k, ), and as for Fg (k, 1), we

use that Ax; € Oeyen (D) implies (k, 1) € £, and thus, (%, %) € Q. The last part of

the claim is that Fo; ; and Ugy ; correspond to eigenvalues %Ak,l and 2Xy ;. Indeed,
we have

R T N
[Fo t.[* =35 (k2 +17) = S
and
|Ug (DI =2 (K +12) =224,

Finally, using the linearity of F and U, we conclude that the claim holds for

¢ = Z Ok, 1Pk,

K2412=2

The last lemma allows for a useful characterization of all eigenvalues.
Corollary 2.6

(1) Let 0 # A € o (D). Then, there exist unique 29 ¢ 6,44 (D) and k € Ny, such
that ). = 2800 Furthermore, d (0.) = d (A?).
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(2) Let A9 € 6,44 (D) and k € Ny. Then, 2500 € o (D).
Proof
(1) Let0 # X € 0 (D). As o (D) € Ny, we can write uniquely

A =2509 with keNy, 1?eNy odd. (2.10)

To show A©® e 0odd (D), consider ¢ to be an eigenfunction of A = 2k).0),
By Lemma 2.5, it follows that FX¢ is an eigenfunction and its corresponding
eigenvalue equals 27%1 = A Hence, () € o (D), but as it is odd, we further
have A9 € 6,44 (D). The equality of multiplicities of A and A arises as F¥ is a
linear isomorphism (its inverse is U¥) from the eigenspace of A to the eigenspace
of 2O,

(2) Let A9 € 644q (D) and k € Np. By Lemma 2.5, Uk maps an eigenfunction of
1 to an eigenfunction of 21, O

The last corollary implies that the spectrum has the following hierarchical structure:

00 00
k4 (0
cor=0( U ) =0 U o)) @
k=0 \ 10 eoy4q(D) k=0 \ (m,n)eO

where the second equality follows, since

A9 € opa (D) = A =n,,st (m,n)eO
= 20 = gk gy St (msn) € O

We will use this structure to divide the spectrum into three subsets and rule out sep-
arately the Courant-sharpness of the eigenvalues in each of those subsets (the three
parts of Proposition 3.1).

In the following, we will show for a given k € Ny and any A0 € goqq (D) that
the eigenfunctions corresponding to the eigenvalue 251 all vanish on a specific
(k-dependent) subset of D.

Definition 2.7 Let A € D, we define the unfold of A as (Fig. 1)

U(A) = (x,y)e%D|F(x,y)€A]U[(x,y)eD\%D|FoR(x,y)€A].
(2.12)

For k > 0, we define the k-frame as (see Fig. 2)

SO=L and Vk=1, sP=U). (2.13)

Proposition 2.8 Letk € Nogand 1V € 0,44 (D), then any eigenfunction correspond-
ing to 22 vanishes on the k-frame.
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830 R. Band et al.

0-frame 1-frame 2-frame

Fig. 2 The first five k-frames indicated by black solid lines

Proof Let 2O € 5o4q (D), we shall prove the claim for 2k7.0 by induction on k. For
k = 0, by Lemma 2.1, we get that any eigenfunction ¢ of 1(?) is anti-symmetric with
respect to L, and therefore

¢l =0
Next assume that the claim holds for k — 1, and let ¢ be an eigenfunction corresponding

to 284 By Lemma 2.5, we have that Fg is an eigenfunction corresponding to the
eigenvalue 2k=1,.0) "and hence

Fol =0.

slk—1)

Now, let (x, y) € S®. Since S® = U (S*V), we get that F (x, y) € S®D or
FoR(x,y)e S® D [see (2.12)]. If F (x, y) € S%=D then

¢x,y)=¢oUoF(x,y) =Fp(F(x,y)=0.
If FoR (x,y) e S® D, we note that ¢ is symmetric as 2¥A() is even and hence
P, y)=¢(R(x,y) =¢poUoF(R(x,y) =Fp(FoR(x,y))=0.

Therefore, <p|s<k> =0. |

3 Proof of Theorem 1.1

Using the definitions of Sect. 2, the set of Courant-sharp eigenvalues according to
Theorem 1.1 can be written as

3

C=1{0}uU {A%“’O)}}czo' 3.1
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We divide the remaining eigenvalues, o (D)\C, into three subsets and rule out their
Courant-sharpness by the following proposition.

Proposition 3.1 The eigenvalues of each of the following sets are not Courant-sharp:

(1)
AD = U {Ann}
(m,n) € O\{(L, 0)}
)
A® = |_| U {’\ng(m,n)}
k=1 \(m,n)eO:n#0
3)

ee]

AY = | U ot ano | | U Posao oi '
o Q k=4

k=1 \ (m,00eO\{(1,0)}
The proofs of the three parts of the proposition are essentially different and each

appears in a designated subsection.

3.1 Proving Proposition 3.1(1)

We start by providing some additional constructions, needed for the proof.

Definition 3.2 We define the following subsets of the lattice O:
(1) For 0 < X € R, we define

OMN=9XWNO, (3.2)

EA)=9A)NE. ’

(2) Let A C Q, define _8) A to be the set of points in A, such that their right neighbor
is outside A, that is

_8)A={(m,n)€A|(m+1,n)¢A}. (3.3)

We consider the following auxiliary eigenvalue problem on %D with mixed
Dirichlet-Neumann boundary conditions:

d
—Ap =g, w‘L=0, =

- —0. (3.4)

a(sD)\L
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832 R. Band et al.

Denote the corresponding spectrum by o (%D) and the spectral counting functions of
(3.4) by N (A), N (A) asin (1.3)—(1.4).

Lemma 3.3 Let 0 < A € R, then
N =10m]. 3.5

Proof Note thatif A, ;, € oodq (D) and ¢ is any of its eigenfunctions, then by Lemma

2.1, it follows that ¢ | 1p s an eigenfunction of (3.4) which means that A, 4 € & (%D)
2

This motivates to consider the mapping

@:O(A)e[iea(%i))'i<)\]

D:(p.q)—> Apg,

where we note that the set {)N» €o (%D)‘ X< A} contains each eigenvalue as many

times as its multiplicity in o (%D) Showing that @ is a bijection proves the lemma. To
show that & is onto, let A € { Leo (%D) ‘ r < A} and extend one of its corresponding

eigenfunctions ¢ anti-symmetrically along L, i.e., consider

¢ (x,y) (x,y) € 3D

¢ x.y) = ’_¢0R(x,y) (x.y) € D\;D°

By the reflection principle (see [28] for example), ¢ is an odd eigenfunction of (1.1).
By Lemma 2.1, we deduce A € 0oqq (D), and so there exists (p,q) € O(}), such
that A, , = . To show that @ is an injection, take (p1, q1) # (p2, q2), and observe
that the eigenfunctions ¢, 4, ©p, ¢, are linearly independent and anti-symmetric, and
hence, @), 4, ‘ 1D Pp2g | 1pare linearly independent and are eigenfunctions of (3.4),

which means that @ (p1, q1) # @ (p2, q2). O
We are now able to prove Proposition 3.1(1).

Proof of Proposition 3.1(1) Let A, , be such that (m, n) € O\ {(1,0)} and ¢ be any
eigenfunction corresponding to A, ,, Lemma 2.1 gives

v(</>)=2-V(<0I£D)- (3.6)

Since ¢| L is an eigenfunction of (3.4) with an eigenvalue A,, ,, we get by Courant’s

nodal thezorem [16] that
v (wllD) <N (M), (3.7)
2
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Fig. 3 Red disks correspond to
& (}L6,3) and the black squares
correspond to O (A6.3). The
empty disks and squares
correspond to 3 Q (%6,3) (color
figure online)

so that
V(@) <2+ N (hmn)
and by (3.5), we obtain
V(p) <2 (0 (hmn) +1). (3.8)

Next, observe that the following mapping:

B: O(hmn) > € (xm,,,)\( 8.9 () mg)

(3.9)
B(p,q)=(p—1,9),
is a bijection (see Fig. 3), and thus, we obtain
10 Gmar)| = [€ ()| = | 8.Q (mn) N ] (3.10)

We now have

(@) = 2(10 Gna)l+1) =[O Gmn)| + € (omn) [ +1
(38) (3.10)

+(1-]3Q@ma)nel). @Iy
Note that

Q () = & (i) || © o).

hence
N (Amn) = O (mn) | + € (o) |- (3.12)

Combining (3.11) with (3.12), we get

V@) =N (o) + (1= 3.Q (na) N E). (3.13)
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Therefore, to rule out the Courant-sharpness of A,, ,, we only require that
| 8.Q ()| > 1. (3.14)

Indeed, since (m,n) € O, we get (m — 1,n) € _8)Q ()\m,,,) N & and we are left with
finding one more point (p, q) € _8) Q (Amn) NE. As we consider (m, n) € O\{(1, 0)},
a simple calculation shows that if n > 1, then (m,n — 1) € _8) Q (km,n) N &, and if
n:O,Wehave(m—l,Z)e_a)Q(Am,o)ﬂ& m]

Remark 1t is easy to see that the last argument does not work for (m,n) = (1,0).
Indeed, we show later that this is a Courant-sharp eigenvalue (Lemma 3.9).

3.2 Proving Proposition 3.1(2)

The k-frame structure divides the triangle into k-dependent number of subdomains.
This is defined below and is used in the proofs of the current subsection.

Definition 3.4 Define the k-frame partition as

M (k)
k) ._ Mo k) __ (k)
PO =D\s® = | | D,

i=1

M (k)
where {Di(k) } denote the subdomains of this partition and M (k) is their number.

=1
Consider the flollowing eigenvalue problems with the boundary conditions induced by
the k-frame:

dp

sonap® ~ i lapap® 0 (3-15)

—Ap=21rp, ¢

We denote the corresponding spectra by o (Dl.(k)) and define the corresponding spec-
tral counting functions, and multiplicities

—(k
N0, NP0y, NPy, d® o,
as in (1.2)—(1.5).

Next, we bring two lemmata, the second of which provides necessary conditions
for an eigenvalue to be Courant-sharp.

Lemma 3.5 Let k € Ny and L0 € 6,44 (D). We have that

d (2’9\“’)) <d® (2’9\“’)) iefl,..., M®). (3.16)
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Proof Let A = 2¥2@and let

B = {(pl"-'vwd()»)}

be a basis for the eigenspace of A. Leti € {1, ..., M (k)}, by Proposition 2.8, we have
that B = [ 1 ‘,Di(k), ce @AY ’D“') ] are eigenfunctions of (3.15) on the domain D;k).

Assume by contradiction that the set B turns out to be linearly dependent, then we
have scalars «; € R not all zero, such that

> il pw =0.
l 1

However, then the eigenfunction > ; a;¢; of (1.1) vanishes on the open subset D,.(k),
and by the unique continuation property [4], we obtain that

Zal‘/’l =0,
!

contradicting the linear independence of 3. Thus, it follows that the dimension of the
eigenspace that corresponds to A € o (Dl.(k)) is at leastd (A) . O

Remark The strict inequality in (3.16) may, indeed, occur. This can be demonstrated
by applying Corollary 2.6(1) and Lemma 3.25 to some simple eigenvalue 1, , €
0odd (D), such that n # 0.

Lemma 3.6 Letk € No and 10 € 6o4q (D). If 251©) is a Courant-sharp eigenvalue
of D, then both of the following hold:

(1) Theeigenvalue 281 is asimple eigenvalue in o (Dl.(k)) foralli e{l,..., M (k)}.
(2) The eigenvalue 281 is a simple eigenvalue in o (D).

Proof Let ¢ be a Courant-sharp eigenfunction of 2A©) ¢ & (D), then
N (m(o)) — v (g). (3.17)

By Proposition 2.8, we have

M(k)

vig)= D v (qolpgk)) : (3.18)

i=1

Foralli € {1,..., M(k)}, we have that ¢| is an eigenfunction of the eigenvalue

p®

problem (3.15), and therefore, by Courant’s ﬁodal theorem, we have

M (k) M k)

Dov (¢|ng)) = > NP (25.9). (3.19)

i=1 i=1
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Rewriting the right-hand side of (3.19) and combining (3.17) and (3.18), we arrive at

& -~ () & -~ ()
N (20) = 3T (0) ¢ 3 T (20) -7 (220)]
i=1

i=1

If we consider the eigenvalue problem on [ J; ka) and use the variational principle to
compare with the eigenvalue problem on D, we obtain

Z(: k) (2k (0)) <N <2k (0>) (3.20)

The conclusion above appears, for example, in [17], page 408, Theorem 2 for Dirichlet
boundary conditions. Having Neumann boundary conditions, as in our case, brings to
the same conclusion.

It follows that

M)
S [N}") (zk,\“))) —N® (2’9\“)))] <N (2’%(0)) - N (2")&‘”) . (B2l
i=l1

By Lemma 3.5, we have

N (2"A<°>) N (2’%“”) NP (2’9\“”) N® (2’9\“’)) Vie(l,...,M®).

(3.22)

Plugging this in (3.21), we get

M)
COR )
I1=1
<N (2’<,\<°>) —N® (2’%“”) Vie(l,...,M®),
and as M (k) > 2, it has to be that
I (2’%“”) —-N® (2")&0)) —0 Viell,...,M®&),

which proves the first part of the lemma. The second part follows immediately from a
combination of the first part with Lemma 3.5. O

Remark The first claim of Lemma 3.6 is not restricted to the domains dealt with so
far and, indeed, appears in a more general form in Corollary 3.5(ii) of [2], where it
is proven for domains with Dirichlet boundary conditions. Yet, the second claim of
Lemma 3.6 does not hold for arbitrary domains, as it is based on the inequality (3.16)
which is not satisfied, in general.
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Fig. 4 Subdomain S as it appears in the 1-frame partition, P

Remark Lemma 3.6(2) may be also obtained as a direct corollary of Lemma B.1
(appears in Appendix B) and Corollary 2.6(1). In fact, Lemma B.1 is a generalization
of Lemma 3.6(2).

With Lemma 3.6 at hand, it is now possible to rule out the Courant-sharpness of
many more eigenvalues. This is done by applying the lemma to the following particular
subdomains of the triangle (see Figs. 4, 5).

Definition 3.7 We define the following subdomains of the k-frame partition:

(1) A square subdomain S € PV expressed by

i bid
S = (E,n) x (0, 5)' (3.23)
(2) Rectangular subdomains R € P Vi > 2, expressed recursively by

R = (U (3)o and RW = ({(x, y) € D|F(x,y) € R("—l)}>o.
(3.24)
Lemma 3.8 Let (m,n) € O, n # 0. Then, the following holds:

(1) Consider the eigenvalue problem (3.15) on S. Then, Aygn.n) € o (S) is a non-
simple eigenvalue.

(2) Letk > 1 and consider the eigenvalue problem (3.15) on R®.
Then, )LU/é(myn) €0 (R<k)) is a non-simple eigenvalue.

Proof We start by giving explicit expressions for the eigenvalues and the eigenfunc-
tions of (3.15) on the domains S and R® . To do that, we choose the following
convenient parametrizations for the domains. First, we consider S, which we write as

S:(O,%)X(O,%).

Fig.5 Subdomain RK) a5 it appears in the k-frame partition, P(k), fork =2,3,4
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The boundary conditions induced by the 1-frame are expressed by

R _o. 99 _
¢’|{x=o ory=0) =0 a_n|88\{x:0 or y=o = 0-
The eigenvalues are
Ay =C2p+ D2+ Q2q+ 1) (p,q) € Ng x Ny (3.25)

and the orthogonal set of eigenfunctions is given by

Ppg (x,y) =sin(2p+ Dx)sin(2g + 1) y); (p,q) € Ng x Ng.  (3.26)

We proceed with R®). The edges have ratio 1 : 2 and the longest one is of length
| = -+, thus we may write

i
R® = (0,1) x (0, 5).

2
The boundary conditions induced by the k-frame are expressed by

(8]

¢)| =0: 8_(,5| =0
RO\y=4} =7 B lp=4} T
The eigenvalues are given to be
Aokl (2 4 2) .
pg = P +q7) s (p.g) € Nx[2No +1] (3.27)

and the orthogonal set of eigenfunctions is given by

A . 7T. .x . 7'[. .
go,),q(x,y)zsm( 5’ )sm( ‘lly) (p.q) € N x 2Ny + 1]. (3.28)

We proceed to prove both parts of the lemma by pointing out on two linearly inde-
pendent eigenfunctions which correspond to the relevant eigenvalue. Recall that we
consider (m, n) € O, withn # 0.

(1) Define

( ) = m+n—1 m—n—1
pl»ql - 2 £ 2 £
(p2,92) = (q1, p1) -

Asm # n (mod?2), we get (p1,4q1), (p2,q2) € Nog x Np, and since n # 0,
we get (p1, q1) # (p2,q2). By (3.26), we get that ¢, 4, and @, 4, are linearly
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independent and by (3.27), we obtain
2 (m2 + ”2) = AUg(mn) = i171,111 = ipz,qz-

Thus, the eigenvalue Ayg m.n) € o (S) is non-simple.
(2) Define

(Pl»‘h) - (m+n,m—}’l),
(p2,92) = (q1, p1) .

Asm # n (mod2), we get (p1,q1), (p2,92) € Nx[2Ng + 1], and since n # 0,

we get (p1,q1) # (p2, g2). By (3.28), we get that ¢p,, 4, and @, 4, are linearly
independent, and by (3.25), we obtain

k 2 2 ~ ~
2 (m +n ) = )\U]‘Q(m,n) = )"PIsQI = )"PLQZ'

Thus, the eigenvalue gk oy €O (R®) is non-simple.

Proposition 3.1(2) follows immediately by combining Lemma 3.6(1) with Lemma
3.25.

3.3 Proving Proposition 3.1(3)

By Lemma 3.6(2), it follows that we only need to rule out the Courant-sharpness of
the simple eigenvalues of A,

Proof of Proposition 3.1(3) To show that the simple eigenvalues of A are not
Courant-sharp, we find, in the following, a subset 79 (Am.n) G Q (Am,n) U {(m, )},
such that |79 (Am.n)| = v (¢m.n). This will rule out Courant-sharpness of a simple
eigenvalue, since then

N ()\m,n) = |Q ()\m,n) U {(m, n)}i > |TQ ()\m,n)| =V (‘pm,n) .

Before proceeding, we rewrite A® as an expression that is more adjusted to the
following arguments:

3) 00 00
A® — {ramo}, 3 U {hmm}, _s-
First, we treat the case of a simple eigenvalue A, ,,, for m > 3. Its nodal set is
@ on {0} = {(x. y) € D|cos (mx) cos (my) = 0}.
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@ Ll (b) ¢ m

Fig. 6 a Nodal set of @3 3. b Blue points correspond to 7o (A3,3) and the empty square corresponds to
the point (4, 0) (color figure online)

Thus, we deduce that there are m nodal lines inside D parallel to the x-axis and m that
are parallel to the y-axis (Fig. 6a). The number of nodal domains is, therefore,

V(@mm) = D G +1). (3.29)
=0
Denote

70 (mm) = {G. j) |0 < j <i <m},

and observe that

1TQ (Amam)| =D G+ 1) = v (pmm) - (3.30)
i=0

A simple calculation shows that (see Fig. 6b)

70 (Amm) € Q (Amm) U {(m, m)}.

In addition, for m > 3, we have (m + 1,0) € Q (Ay,m)\7Q (Am,m), since
(m +1,0)|1> = m?> +2m + 1 < 2m* = Jpp.m.

Thus, we showed

70 (Amm) S Q (Amm) U {(m, m)}.
Next, we treat the case of a simple eigenvalue Ayy 0 € o (D) for m > 3. This
eigenvalue is the unfolding of A,, ,, which we treated above (and, therefore, their

multiplicity is equal). Its nodal set is, therefore, determined easily (Fig. 7a) and the
nodal count is given by
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(b) { 60, m

Fig. 7 a Nodal set of gg . b Blue points correspond to 7g (}\.6 0) and the empty square corresponds to
the point (5, 2) (color ﬁgure online)

m

v (02m.0) =20 (@mm) — (m+1) =D Qi +1). (3.31)
i=0

Denote
Tg (bomo) = {m+jom—i) [0<i<m, —i<j<i}.

Observe that

1To (hamo)| =D D 1=D Qi+ 1) = (p2m0). (3.32)
i=0 j=—i i =0

and a simple calculation shows that (see Fig. 7b)

70 (A2m,0) € Q (Aam,0) U{(2m,0)}.
Observe that for m > 3, we have 2m — 1,2) € Q (kzm’o)\TQ ()Qm,o), since
2m —1,2)|1> = 4m* — 4m + 5 < 4m® = Aam.o.
Thus, we showed

70 (Aam0) G Q (Aam,0) U{(2m, 0)}.

3.4 Concluding the Proof of Theorem 1.1

Finally, Theorem 1.1 is proved once we show that the eigenvalues we have not ruled
out are, indeed, Courant-sharp.

3
Lemma 3.9 The eigenvalues of C = {0} U {)‘U’é(l 0)} are Courant-sharp
) k=0
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Proof By Courant’s bound and orthogonality, the first two eigenvalues, 190 = 0
and A; o = 1, are Courant-sharp. Next, note that the eigenvalue Ao is simple,

3
and therefore, all of the eigenvalues in {AUE a 0)]k | are simple as well. It is now

straightforward to find the number of nodal domains of the eigenfunctions in the set

3
{wUE(l,O) } el (see (3.29), (3.31)) and verify that those three eigenvalues are Courant-
sharp as well. O

We end by noting that the nodal sets of the non-constant Courant-sharp eigenfunc-
tions are exactly the first four k-frames (see Fig. 2).

4 Proof of Theorem 1.2

We start by developing the eigenfunction folding structure of an n-dimensional box,

B™, whose edge length ratio is given by l,lﬁ =y = 2 (1 <j <n—1).For

convenience, we choose a scaling according to which /; = 7. We start by following the

construction from Sect. 2 and present the folding structure of the B eigenfunctions.
The set of quantum numbers in this case is

{m e Nj } 4.1
The orthogonal basis of eigenfunctions is
n
> i—1 -
i (X) = Hcos(y,,’ mjx;); meQ 4.2)
j=1
and the corresponding eigenvalues are

n

b= (W) e Q. (43)
j=1
We use the notations
o (B(”)) = {1 |7 € Q)
Q) = {m € Q| ry < 1}
and have as before that
N =120)].

The box B™ is symmetric with respect to the following hyperplane:

L= {ieB(”)

X = %} (4.4)
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and the reflection transformation is
R(G) = (r —x1, X2,...,%X,). 4.5)

As opposed to the case of the triangle, the eigenvalues of B are not integers (with
the exception of the case n = 2, where they are), but rather belong to Z [ynz], a finite
ring extension of Z. We consider Z [ynz] as a free module with the following basis:

qn—1
{y,{} - n is odd
). ];1 (4.6)
{ynj} n is even.
=0

g —

Furthermore, in the unique representation of A € o (B(”)) as a linear combination of
this basis, the coefficients are taken from Ny. This is used to define the parity of an
eigenvalue.

Definition 4.1 Denoting by p (1) the coefficient multiplying y,? = 1 when spanning
LEO (B(")) by G™, we call A an odd (even) eigenvalue if p (1) is odd (even).

Hence, we adopt here the dichotomy to even and odd eigenvalues, similarly to
the one we had in Sect. 2. The parity of an eigenvalue dictates the parity of all of its
eigenfunctions with respect to the reflection across L, which is proved in the following
(analogously to Lemma 2.1).

Lemma4.2 LetA € o (B(”)), then any eigenfunction of A is odd (even) with respect
to L if and only if A is an odd (even) eigenvalue.

Proof Letm € Q, such that gj; is an eigenfunction corresponding to A. Writing X as

: 2
Z';:l (y,{flmj) and using that G™ is a basis, we have that

m2 nis odd

py=1 | @.7)

2 2 :
mj +2m%+] nis even,

and in both cases, the parity of A equals the parity of m . From the explicit expression
of the eigenfunction, (4.2), we see that ¢;; is odd (even) with respect to L if and only
if m is odd (even). If A is a multiple eigenvalue and it is odd (even), the argument
above gives that the basis, {q)nq | Ay = k}, of its eigenspace consists of odd (even)
eigenfunctions, and therefore, so is any eigenfunction of A. O

Asin Sect. 2, Lemma 4.2 motivates the following definition (compare with Definition
2.2).

Definition 4.3 We define the subsets of Q that correspond to the odd and even eigen-
values

O:={meQ|m =1(Gnod2)},

R 4.8)
E:={me Q| m =0(mod?2)}
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ST 389
i
i

I3

\_/ ly

Fig. 8 Illustration of B® decomposed into two similar boxes, one of which is %B Q) (up to rotation)

and we denote the corresponding sets of eigenvalues by

Oodd (B(n)) = {)»,,ﬂlﬁ € O} R

Oeven (B(")) = {)»,;l’n_i € 5}.
Denote

1 .
—B(")z{xeD:xlfz}.
2 2

Observe that L partitions B into the two isometric boxes 3 3% and (B™\ 1 8®)UL,
each is a scaled version of B™ by a factor y,,. Namely,

l
(lls"'vln—1$ln)=yl‘l'(127"'11117 El)s (4'9)

where the left-hand side gives the edge lengths of B and the right-hand side gives
the edge lengths of %B(”) (see Fig. 8).

Remark Equation (4.9) may be perceived as a generalization of the A series (A3, Aa,
etc.) paper sizes to higher dimensions.

This similarity reveals the folding structure of the B eigenfunctions. Indeed, the
following two definitions and lemma are analogous to Definitions 2.3 and 2.4, and
Lemma 2.5 of the triangle case.

Definition 4.4 The coordinate folding transformation is

F:$B™ — p®

4.10
F(x1,x2,...,x5) i=¥n - (X2, X3,..., X4, X1) (4.10)
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and the coordinate unfolding transformation U is the inverse of F and is expressed
by

U:B®™ — 1pm

_ 4.11
U (12 x20 o xn) = 7 G X100 Xt - 11

Definition 4.5 Let ¢ be an eigenfunction corresponding to the eigenvalue A €

o (B(”)).
(1) Assume A is even. Then, the folded function Fo is defined by

Fo(X)=¢oU(X), x € B, (4.12)
(2) The unfolded function, Ugp, is

poF(X)
(poF)oR(X)

1 p3(n)
€ ;B

e BN Em (4.13)

=1 =l

U¢(2)=[

Lemma 4.6 Let ¢ = Z,;“ hm=h i Pin be an eigenfunction corresponding to the
eigenvalue A € o (B(")).

(1) If A is even, then the folded function is Fo = Zrﬁ; pm=. i PF () and corre-
sponds to the eigenvalue A g ) = yn_2k,;1, with

Fg (m) := (mz,m3,...,mn,%). (4.14)

(2) The unfolded function is Up = an; w2, Qi+ QUG () and corresponds to the
eigenvalue Ay iy = y,%k,;,, with

UQ (ﬁ:l) = (2mny m17 m2a-~,mn71)- (4'15)

Proof (1) LetAbeaneveneigenvalue of B, Let € Qbesuchthatz; = A. Asp (1)
iseven, we conclude thatm is even as well [see (4.7)], and therefore, Fg (m) € Q,

so that @, i) is well defined and it is an eigenfunction of B. Combining the

form of the eigenfunction ¢;;, (4.2), with the definition of its folding, (4.12), we
get

Fji (X) = ¢ o U (¥)

n
-1 Jj—1 -1
= cos (mlyn xn) I Icos (yn m;y, xj_l)
j=2

-1
1 . i—1
= Cos (y,fl lzmlxn) H cos (y,{ mj_ij)
j=1

= @ro i) (X) -
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If A is a multiple eigenvalue, the calculation above is valid for any eigenfunction
of the form ¢;;, and by linearity, it extends to Fp = Z;;,; =) Qi PFQ ()
Calculating the eigenvalue corresponding to ¢, (i), We get

n—1 n

. 2 . 2
-2 2 -1 -2 -1 -2
AFg (i) = Y m1+§ (Vn] mj+1) =V E (an mj) =Y, M-
j=1 j=1

(2) Let A € o (B™) and let m € Q, such that A;; = A. Let X € %B(”).

Ug; (X) = ¢jn o F (X)
n—1
— i—1
= cos (y,’: lm,,y,,xl) H cos (y,,] mjy,,xj_H)
j=1

n
i1
= cos 2mpx1) H cos (y,,] mj,lxj)
j=2

= Puom) (X) -
For ¥ € B(”)\%B("), we have

Up; (X) = Ups (R(X) = ouom (RX) = ouomm X).
(4.13) R(E)G%B(”) Lemma 4.2

Justas in the first part of the proof, we may use linearity to extend the relation above

to the whole eigenspace of A. In addition, itis easily verified that Ay i) = ynz)»,;,.
O

The last lemma allows to show that the eigenvalues inherit the folding structure.
This is shown in the following, which is analogous to Corollary 2.6.

Corollary 4.7 (1) Let0 A A €0 (B(”)). Then, there exist unique 2O € o0 (B("))
and k € Ny, such that A = y,%kk(o). Furthermore, d (A) = d (A(O)).
(2) Let O € 6,44 (B(")) and k € Ng. Then, ynzk)»(o) €o (B(”)).

Proof We start by observing that the second claim may be proven similarly to the
second claim of Corollary 2.6—start from any eigenfunction of (9 and by unfolding
it k times get an eigenfunction whose eigenvalue is y2¥A(©.

Next, we prove the first claim and start by proving the uniqueness of the represen-
tation A = yny‘ 1@ Assume by contradiction that y,,2 ki k%o) = ynz k2 Ago), with different
ki, k» € Ny and Ago), A;O) € Oodd (B(”)). Without loss of generality, k| > k2, and
hence, )Lg)) = y,,2 th _kZ))\go). Pick an eigenfunction of )»50) and unfold it k1 — kp times

to get an eigenfunction of the eigenvalue )\g)). By (4.13), this unfolded eigenfunction
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is even, and by Lemma 4.2, we deduce that its eigenvalue, Aéo) is also even and arrive
at a contradiction.

It remains to show the existence of k € Ny, A9 € ooqq (B(”)), such that A =
¥, 241 ©). There exists some 7 € Q, such that A = A;. If A € 0odq (B™), then the
statement holds with k = 0. Otherwise, by Lemma 4.6, we get that A ro ity = ¥, 2him
is an eigenvalue. We keep applying Fg to m until we get that A F i) = yn’zkk,;, is
an odd eigenvalue. Once we get that the lemma is proved and it only remains to show
that this process terminates after a finite (k) number of steps.

To see this, we may present the m entries as m; = p j2kf', with k; being the
largest possible (and formally, set p; = 0, k; = oo if m; = 0). The subsequent
applications of Fg cyclically shift the vector and divide the first entry by two [see
(4.14)]. Eventually, one of the entries would be odd and the process stops (unless
A =0).

Finally, the equality of multiplicities of A and A(?) arises as F¥ is a linear isomor-
phism (its inverse is UX) from the eigenspace of A to the eigenspace of 1(?. O

Defining the k-frame exactly asin (2.13) (see also Fig. 9) allows to prove an analogue
of Proposition 2.8, namely that for A € ooq4q (B™), its k-unfolded eigenvalue,
A= ynzkk(o) vanishes on the k-frame. This, in turn, shows that Lemmata 3.5 and 3.6
are valid for the high-dimensional boxes as well (with the k-frame partition defined
just as in Definition 3.4). All we need to use now is Lemma 3.6(2), according to which
multiple eigenvalues* cannot be Courant-sharp. Alternatively, we may use Lemma
B.1 which is a generalization of Lemma 3.6(2).

We are left to check the Courant-sharpness of simple eigenvalues. Since the nodal
set of the basis eigenfunctions, ¢;;, is determined by

n
Hcos(y,{flmjxj) =0; 0<x; < 7yt
j=I
it is straightforward to deduce that
n
viga) = [[omj + .
j=1

This is compared with the spectral position in the next proposition which rules out the
Courant-sharpness of all eigenvalues not appearing in Theorem 1.2.

Proposition 4.8

(1) Forn >3 and N > 2, Ay is not a Courant-sharp eigenvalue of B™.
(2) Forn=2and N ¢ {1,2, 4,6}, Ay is not a Courant-sharp eigenvalue for B®.

4 See “Appendix A”, where we discuss the possible eigenvalue multiplicities of the problem.
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Fig. 9 The first four k-frames of B@

Proof By the analogue of Lemma 3.6(2) (see discussion before this proposition), we
only need to rule out the Courant-sharpness of simple eigenvalues. Let A; € o (B(”))
be a simple eigenvalue.

Let Bg (M) = QN{( (1, ..., mu)|m; <mj, ¥j)}. Notethat Bg (1) contains all Q-
points contained in an n-dimensional box and Q (1) forms all the Q points contained
within an n-dimensional ellipsoid (see Fig. 10 for the n = 2 case).

In the sequel, we show Bgo (A) € Q(A) U (my, ..., m,) which rules out Courant-
sharpness, since it gives

N () =1Q@) U mi,....mp)| > [Bg ()| = v (¢q).
It is easily seen that
Bo () € QMU (my,....,my),
and to show that
Bo ) C QMU (mi,...,my),
we point out m’ € Q, such that m" € Q (1)\Bg (%). Note that this proof technique
resembles the one which is used in the proof of Proposition 3.1(3) and the set Bg (A)

plays the same role as the set 79 (i) there.
Start by assuming that 7 is such that there exists k for which m; < my, 1. Choosing

m =(,...,0, m+1 0,...,0), 4.17)
—_——
k—th position

Fig. 10 Tllustration of
Bg (r43)

!

3L

(0,4) i
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satisfies

At < AQ0,...0, mpyr 0,00 < Ap.
——
k+1—th position

We may, therefore, proceed by assuming that the entries of 7, form a non-increasing

ordered set.
We distinguish the non-increasing sequences by setting

1 ::mm[j |m.,' = min mq],
1<g=n

so that [ is the first index starting from which all entries are equal.

(1) I = 1.In this case, m is a constant sequence, that is
m=(my,...,mp).
Choose
m' = (m;+1,0,...,0).

We have

21

n

- 3

ki = mi Dy 1)=m%y and Az = (mi +1)%.
j:] n

An easy calculation shows that A5 < A; holds for all values of n and m with
the only exceptions being m = (1, 1) and m = 0. Indeed, we see later (Lemma
4.9) that those are Courant-sharp.

(2) I > 3. With

m=(m,..., my ...,my),
—~—

I—th position

choose

I—th position
and consider an auxiliary point

/A
m =m;+1,....my+1, 0 ...,0).
I
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Clearly, we have

At < A
and it is left to show
A < A (4.18)
To get (4.18), simply note that
| y2(k—1) k—1 i
YtV 1) < —F s+ 17 =3 7T+ 1),
1 - y}’l j=1
foralln > k > 3.
(3) I = 2. With
m=(my,my,....,mp)),
choose

m' = (0,my+1,0,...,0)

and consider an auxiliary point

m" = (my+1,mo, ..., m).
As
A < Ay
it is left to show
At < A (4.19)

We get that (4.19) is equivalent to

my >

(4.20)

This inequality holds if either n > 3 and my > 1 or n = 2 and m, > 3 (the case
n =2, my = 3 is demonstrated in Fig. 10).

The remaining subcases are as follows:

(a) Forn >3, my =0, we have that m = (m1,0, ..., 0) and

iy = 20,1,0,...0) < A(ny,0,....00 = Ains
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forall m; > 2.
Note that n > 3, my = 0, m € {0, 1} correspond to Courant-sharp eigen-
values (Lemma 4.9).
(b) Forn =2, my € {0, 1, 2}, we have the following subcases:
(i) Ifmy =2and m; > 3, then Ay = A(0,3) = 18 <m7 + 8 = A, 2)-
(ii) If my =2 and my = 3, then Az = A4,0) = 16 < 17 = A3,2).
(iii) Ifmy = Land m; > 3, then Az = A(0.2) = 8 < Mm% +2 = A(m,.1)-
(iv) If my = 0and my > 2, then Ay = A0,1) = 2 < m7 = A(my,0)-
Note that A(1,0y and 12,1y correspond to Courant-sharp eigenvalues (Lemma
4.9). O

Finally, Theorem 1.2 is proven by validating the Courant-sharpness of the remaining
eigenvalues.

Lemma 4.9

(1) Letn > 3. Ay and Xy are Courant-sharp eigenvalues of B™.
(2) For n=2 (the rectangle case), Ay, M2, ra, and Ag are Courant-sharp eigenvalues
of B,

Proof By Courant’s bound and orthogonality of eigenfunctions, A1 and X, are always
Courant-sharp. For the rectangle, B®@, one counts that the eigenfunction ¢, 1), which
corresponds to A4 has four nodal domains and the eigenfunction ¢(2 1) which corre-
sponds to A¢ has six nodal domains. O
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Appendix A: On multiplicity of eigenvalues of high-dimensional boxes

We start by relating the multiplicity function to the following classical problem. Denote
the sum of squares function by

r(z) = ){(m, n) € Zz, such that m? 4+ n? = z}| .

The equality d (1) = d (1) in Corollary 2.6 implies that r2(z) = r2(2¥z), for all
k € N, (see also [20], Chapter 2, Section 4). This fact nicely generalizes in Corollary
4.7 by the same equality. Indeed, defining the following quadratic form:

n
. 2
~1
g1, ..x) = (J/n] Xj) :

j=1

and denoting

() = |{(m1,...,m,,) € Z", such that g(my, ..., my,) = z}

’
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we get 1(z) = 1]l (y k) forall k € N. In particular, this relation seems more inter-
esting for even values of n, as can be interpreted from the following.

Proposition A.1

(1) Ifn is odd, then all eigenvalues ). € o (B(")) are simple.
(2) Let n be even, and let A € o (B(")) Then

(a) A is uniquely written as A = 22 A(/)y2]

(b) Each 1Y) is some eigenvalue of the rectangle problem (A € o (8(2))).

(¢) The multiplicity of A equals to the product over multiplicities of all .9)’s as
eigenvalues of the rectangle problem.

Proof
(1) Assume n is odd. Assume that there existm, m@ e Q, such that A = A0
We get
n | n i1 ) 2
(Y =S ) o
j=1 ]:1
2
_ 2(j=1) ) 2)
=22 ()~ (7))
m

21 1 2)\?2
_Zyw )(( <>) (m§>)
2j—1 (1) ? 2 ?
J= _
—i—ZZy ((mn;r'_ﬂ) (mn+2-1+j) )7

using y,' = 2, in the reordering of terms in the last line. The right-hand side of

an—1
the above is a linear combination of the basis {7/,{ } ~, so that we conclude for
all j, mgl) = m;z), as required.
(2) Assume n is even. Let m € Q, such that A; = A. We have

A:Zn:(ynj_lmj) Zyzo b (m +2m]+ ) (A.1)

j=1 j=1

and conclude

AU™D = m? 4 2m? . (A.2)
2

n
N1
. 2712 .
Hence, we have shown (a), where the uniqueness comes from {yn J } - beinga

basis. From (A.2), it is easily verified that AU-D e g (B(z)), and combining with
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(A.1), we deduce that the multiplicity of A € o (B(”)) is obtained as a product
over all multiplicities of {A"/ )};Z y

O

Remark The second part of the proposition above may be explained as the following.
One may express B¥) as a direct product of k scaled copies of B?). Denoting the edge
lengths of B®X by Iy, ...ly, the jth copy of B has edge lengths /;, [t ;. Each
eigenfunction on B can be expressed as a product of eigenfunctions on all different
k scaled copies of B®. Hence, each eigenvalue of B is a sum over eigenvalues of
all the B copies.

Appendix B: Nodal deficiency

The importance of nodal deficiency of eigenfunctions has been recognized in recent
studies [5,10-13]. It is the nodal deficiency that has been exactly expressed by varia-
tions over partitions and eigenvalues. These recent works concern manifolds, as well
as quantum and discrete graphs. We bring here some interesting bounds on the nodal
deficiencies of the spectral problems studied in this paper.

We define the nodal deficiency of an eigenfunction ¢ of an eigenvalue A by

S(@)=NQ)—v(p),
and the nodal deficiency of an eigenvalue by

8 (A) := min §(p). (B.1)
pEE(R)

Here E (1) is the eigenspace associated with A. In the following, we use the analysis of
Sect. 3 to derive lower bounds of the nodal deficiency of eigenvalues. The following
lemmata holds for all the domains treated in the paper. We use the notation €2 to
indicate both D and B™ and denote

J2 Q=D

Q) = .
y (2) Iyn Q= Bm

The next lemma provides a lower bound on the nodal deficiency of multiple eigenval-
ues.

Lemma B.1 Let A € 0,44 (Q) and k € Ny. The nodal deficiency of the eigenvalue
¥ ()% - 1O opeys

5 ()/ (@)% -)\<°>) > (d (MO)) _ 1) Mk, Q) —1),

where M (k, ) is the number of the subdomains of the k-frame partition of Q and
d (MO)) is the multiplicity of A 9.
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Proof For the sake of convenience, we abbreviate notations by writing y instead of
y (2) and M (k) instead of M (k, 2). Note that the following arguments below are
similar to those we have used in the proof of Lemma 3.6. We have

M (k)

M)
k
vig)= D v (90|Ql(k>) < > N© (ka ~A(0))

i=1 Courant’s nodal theorem '=

M(k
B ) B ) ()
M (k)

< N(y2k .)\(O)) n Z (Ni(k) (y2k .A(o)) _ Nlﬂk) (y2k .)\(0)))
-

variational principle (3.20) i=1

< N (VZk . MO)) N 1‘%":) (N (ygk .)\(0)) N (y2k ) A(o>))
LeES.S i=1
=N (y*0) Mk =D (N (% 2) =N (v 20)).
Thus

N(r* 20) —vi@) = @) - D (W (r*2@) = N (y*20)),

and
5@ = (a(r*2®) 1) w0 - 1.

Since the right-hand side does not depend on ¢, we get

5 (y2k -MO)) > (d (y2k -/\“))) _ 1) (M k) —1).

Finally, use

d (,\«))) —d <V2k . )\(0)) ’

(see Corollary 2.6 for the triangle or Corollary 4.7 for the boxes) to finish the
proof. O

We may obtain even more explicit bounds on the nodal deficiency by computing
M (k, ), as explained in the following. In the case of B", we can get an explicit
expression for M (k, B(”)), noticing the relations

VO<k<n-—1; M(k,B<”>)=2

Vk>0. M (k +n, B<">) — oM (k, B<">) —1
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Those relations may be obtained by noticing that all k frames are formed by hyper-
planes, all parallel to each other. The number of those hyperplanes determines
M (k, B™ ) and this number may be deduced by working out the definition of k-
frames (Definition 3.4 with (4.4), (4.5), and (4.11), and see, as an example, Fig. 7).
From those relations, we obtain

k

M (k, B(”)) _olil 1, Vk>0.

In the case of the triangle, we may also obtain the explicit expression for M (k, D).
Yet, as the calculation is somewhat cumbersome, we chose to provide the following
estimate. A square subdomain appears on the 4-frame partition (see Fig. 2). Getting
to the next k-frames, each unfolding at least doubles the number of this particular
subdomain (up to scaling), and hence, M (k, D) > c2* for some constant c. In effect,
the exact calculation gives the same order of magnitude, i.e., M (k, D) = e2h.
Applying Lemma B.1 for odd eigenvalues, where k = 0 and M (0, ) = 2, we get
8 (A @) > d (1) — 1. We may actually improve this bound by relating the nodal
deficiency with the count of boundary lattice points, as follows.

Lemma B.2 Let A € 6,4y (2), then
5 (MO)) > ’ 90 (A(O)) mg‘ —1.
%

Proof Let ¢ be an eigenfunction that corresponds to A9 € ooqq (2) . For the triangle,
we have by Eq. (3.13) that

5@ =]30(x”)ne|-1,

and the same bound for the boxes, defining 9 Q (»©) by generalizing (3.3). The
lemma now follows, since the right-hand side does not depend on ¢. O

Note that in the course of the proof of Proposition 3.1(1) [see (3.14)], it is shown
that ‘ _3) Q (A(O)) né ‘ > 1, so that the bound of the lemma above is not trivial. In fact,

by a lattice analysis, one may further get that the size of this set is of order v'A(®.

Appendix C: The Dirichlet problem

We shortly discuss below how the methods of this work may be applied to examine
the Dirichlet eigenvalue problem on the domains treated herein. The Courant-sharp
eigenvalues of the Dirichlet right-angled isosceles triangle are already determined in
[8] using the analysis of the corresponding Dirichlet eigenvalue problem [3], done by
two of the authors of the current paper together with Aronovitch and Gnutzmann.
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Let us lay the framework for examining the Dirichlet 2-rep-tiles. The quantum
number set of the Dirichlet triangle is

Q:={(m,n) e Nx N|m > n}, (C.1)
and the corresponding eigenvalues are
homn = lm, W15 (m,n) € Q.
For the boxes, the quantum number set is
Q= {r?z € N"}, (C2)

and the corresponding eigenvalues are

n

A = Z (y,‘,/_lmj)z; me Q. (C.3)

Jj=1

Note that these sets of quantum numbers are included in those defined for the Neumann
problems. We exploit this to define O, £, and, in turn, oogq (2) and oeyen (£2) for Q2
being either D or B exactly in the same manner as we did for the Neumann problem
(see Definitions 2.2 and 4.3). We obtain for the Dirichlet problem the following lemma,
which may be proved similarly to its Neumann analogues, Lemmata 2.1 and 4.2.

Lemma C.1 Let h € 0,44 (2) (A € Geven () ), then its corresponding eigenfunctions
are even (odd) w.r.t. L if and only if A is odd (even).

One should pay careful attention to the difference in phrasing of this lemma com-
paring to its Neumann analogues. Here, an eigenvalue belongs to the even spectrum
if and only if its eigenfunctions are odd. In turn, the folding transformation may be
applied only on even eigenvalues (alternatively, on odd eigenfunctions).

We use Lemma C.1 to express the nodal deficiency in terms of boundary lattice
points, adopting the notation y (£2) of the previous appendix.

Lemma C.2 Let A € 0ppen (S2), then we have
50»)=2-8(y(£2)_2-k)+‘_8)Q(A)ﬂ(9‘ —1

Proof Start by noting that Ug ‘ o is an injection and its image is £ (1) , thus

y(Q)722)
€0 =N(y @72 2). (C4)
In addition, note that

B: £() — O(/\)\(_B)Q(/\)ﬂ(’))

B(my,...,my) = (my —1,...,my),
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with n = 2 in the triangle case, is a bijection [cf. (3.9)], which gives
OWI=1EGmI+|326)n0)|. (©5)
We get

NG =IEWI+I0MI+1 =

- 2-N(y(Q)_2-k)+‘_B)Q(A)ﬂO —1.
(C4),(C5)

Choosing some eigenfunction ¢ of A, we have

NO=v@+8@ = 2v(¢l) +50. (C.6)
@ is odd

Hence
2N (y @72 2) + 3200 0] - 1=20 (¢l y5) +5 0,
which, in turn, leads to
5@ =28(¢ly0) +|2Q0n0|-1. (€7

Since the nodal deficiency of an eigenvalue is the minimal deficiency over all corre-
sponding eigenfunctions, we get

s@z2-8(y @2 2)+|320mn0|-1.
The right-hand side is independent of ¢, and therefore
swz28(y @72 0)+|30mwnol-1.

We note that the opposite inequality follows by the same method, which finishes the
proof. O

We end by noting that as )_8) Q ()L(O)) N E‘ > 1 (see (3.14) and discussion at the end
of the previous appendix), the result of the lemma both supplies a non-trivial bound
on the deficiency and also rules out all even eigenvalues from being Courant-sharp
(the argument is actually the same as the one used in the proof of Proposition 3.1(1)
to rule out the Courant-sharpness of odd eigenvalues in the Neumann case).
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